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RESUMO

Este trabalho fornece algumas contribuicbes originais para o estudo
geométrico de equagdes evolutivas que descrevem superficies pseudo-esféricas
(equagdoes PEs). Por definicdo, uma equacgédo PE para fungdes z = z(x, t) é
equivalente as equagoes de estrutura dw; = ws A Wy, dw, = W A W3, dws = w1 A
w, de uma variedade Riemanniana 2-dimensional com curvatura Gaussiana K =
-1, com 1-formas w; = fi; dx + fi- dt, i =1, 2, 3, satisfazendo a condicdo de nédo-
degeneragdo wi A w, = 0 e com f; fungdes suaves de x, t, z e suas derivadas
com respeito a x e t. Usando a nogdo de representacao a curvatura nula (RCN),

pode-se dizer que toda equagao PE admite uma RCN a valores em sI (2, R).

A primeira contribuicdo deste trabalho diz respeito a uma classificacao

completa e explicita de equagdes PEs evolutivas de segunda ordem da forma z!
ozt ?

fi(x t zi,z.,z) e for =n. De acordo com a classificacéo dada, estas equacgbes

=AXx, t,z)z2+B(x, t, z,z;), comz=z (x,t)e z; = sob as hipoteses que f =
subdividem-se em trés classes principais (chamadas de Tipos I-1ll) juntamente
com os correspondentes sistemas de 1-formas {w;, w,, w3} que, em virtude da
hipétese f,; = n, definem para cada tipo uma familia a 1-pardémetro de RCNs
associadas. Nesta classe de equagdes PEs encontram-se em particular algumas
equagles ja conhecidas, dentre as quais as equagoes integraveis classificadas
por Svinolupov e Sokolov, a equagéo de Boltzmann, e equagdes de reacdao e
difuscao como a equacao de Murray. Ulteriores novos exemplos explicitos séo

também apresentados.

A segunda contribui¢@o é relativa ao problema de existéncia de imersoes
isométricas locais, no espaco Euclidiano 3-dimensional E?, para as familias de
superficies pseudo-esféricas descritas pelas equagbes PEs da classificacao
acima. O resultado principal obtido neste caso € que estas imersdes existem
somente para as equagdes do Tipo |, que possuem forma de lei de conservacéo,
e isso levou a uma extensado natural deste resultado ao caso das equagdes
evolutivas de ordem k da forma D' (f (x, t, z)) = D* (Q(x, t, z, z4, ..., z,)). No
ambito da literatura existente sobre este problema, todos os resultados obtidos
nesta parte do trabalho séo novos; em particular além de equacdes de segunda
ordem, como por exemplo as equacdes de Boltzmann, Murray e as equacdes
de Svinolupo e Sokolov, entre os exemplos de equagbes PEs que admitem
este tipo de imerséo isométrica ha também equagdes de ordem superior como
as equagbes de Kuramoto-Sivashinsky, Sawada-Kotera, Kaup-Kupershmidt e

inteiras hierarquias de equacoes integraveis como as de Burgers, mKdV e KdV.

Finalmente, nés consideramos o problema de construir familias a
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1-pardmetro nao-triviais de RCNs para equagdes PEs. Este problema é de
interesse especial para as aplicagcdes da teoria das RCNs, por exemplo no
célculo de solugdes exatas e hierarquias infinitas de leis de conservagéo, e
tem sido resolvido no caso mais geral de RCNs a valores em g, com g uma
sub-algebra de gI (n, R) ou gI (n, C), usando a teoria de simetrias classicas de

equacoes diferenciais.

Os resultados originais deste trabalho séo exibidos nos Capitulos 2, 3 e
4. Em particular, os resultados do Capitulo 4 tem sido recentemente publicados

no artigo [15].

PALAVRAS-CHAVE: Equacdes que descrevem superficies pseudo-
esféricas; equacdes integraveis; representacdes a curvatura nula; imersdes

isométricas; simetrias classicas; geometria das equacdes diferenciais.



ABSRACT

This work provides some original contributions to the geometric study of
evolution equations which describe pseudospherical surfaces (PS equations).
By definition, a PS equation for functions z = z(x, t) is equivalent to the structure
equations dw; = ws A W, dw, = W; A w3, dws = w; A w,0f a 2- dimensional
Riemannian manifold with Gaussian curvature K = -1, and with 1-forms w; = fis
ax + fio dt, i =1, 2, 3, satisfying the non-degeneracy condition ws A w, # 0 with
fi smooth functions of x, t, zand derivatives of z with respect to x and t. Using
the notion of zero-curvature representation (ZCR), one can say that every PS

equation admits an sI (2, R)-valued ZCR.

The first contribution of this work concerns a complete and explicit

classification of second order evolution PS equations of the form z! = A(x, t, z)
'z

Ox’

(x, t, z1, z, z ) e f2: = n. According to this classification, these PS equations are

Z, + B (x, t, z, z;), with z = z (x, t) and under the assumptions that f; = f;
subdivided into three main classes (referred to as Types I-lll) together with the
corresponding systems of 1-forms {w:, w,, w3} which, in view of the assumption
f21 = n, define for any such equation an associated 1-parameter family of ZCRs.
Some already known equations are found to belong to this class of PS equations,
like Svinolupov-Sokolov equations admitting higher weakly nonlinear symmetries,
Boltzmann equation and reaction-diffusion equations like Murray equation. Other

explicit examples are presented, as well.

As a second contribution we considered, for the families of pseudospherical
surfaces described by above class of PS equations, the problem of existence of
local isometric immersions into the 3-dimensional Euclidean space E* We found
that only Type | equations admit such a kind of immersion and, on the base of this
result we also provided an extension to the case of k-th order evolution equations
in the conservation law form D' (f (x, t, z)) = D* (Q(x, t, z, zi, ..., Z,)). The results
and explicit examples discussed in this part of the work are new, when compared
with the existing literature, in particular the examples include equations like
Boltzmann, Murray and Svinolupov-Sokolov equations, as well as higher order
equations like Kuramoto-Sivashinsky, Sawada-Kotera and Kaup-Kupershmidt
equations and also full hierarchies of integrable equations like Burgers, mKdV
and KdV.

Finally, we considered the problem of constructing nontrivial 1-parameter
families of ZCRs for PS equations. This problem is of special interest for the
application of the theory of ZCRs, for instance in the calculation of exact solutions

and infinite hierarchies of conservation laws, and has been solved in the more
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general case of g-valued ZCRs, with g a Lie sub-algebra of gl (n, R) or gI (n, C),

by using the theory of classical symmetries of differential equations.

The original results of this work are exposed in the Chapters 2, 3 and 4. In

particular, the results of Chapter 4 have been recently reported in the paper [15].

KEYWORDS: Equations describing pseudospherical surfaces; integrable
equations; zero-curvature representations; isometric immersions; classical

symmetries; geometry of differential equations.
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INTRODUCTION

Dierential equations which describe pseudospherical surfaces (PS equations) arise
ubiquitously as suitable models in the description of nonlinear physical phenomena as well
as in many problems of pure and applied mathematics. Geometrically these equations are
characterized by the fact that their generic solutions provide metrics on open subsets of
R?, with Gaussian curvature K = -1. The rst well known example of such an equation is
the sine-Gordon equation z,, = sin(z). This example was discovered by Edmond Bour [3],
who realized that in terms of Darboux asymptotic coordinates the Gauss-Codazzi equations
for pseudospherical surfaces contained in R, reduce to the sine-Gordon equation. Then,
the discovery of Backlund transformations rst, and later the construction by Bianchi of the
superposition formula for solutions of this equation, focused even more attention on the sine-
Gordon equation, that in the end it turned out to be an important model in the description
of several nonlinear phenomena (see for example [31, 35, 59]). However, it was after the
early observation [56] that "all the soliton equations in 1 + 1 dimensions that can be solved
by the AKNS 2 2 inverse scattering method (for example, the sine-Gordon, KdV or modied
KdV equations) ... describe pseudospherical surfaces", that the general study of these
equations was initiated. In particular, it was with the fundamental paper [20] by S. S. Chern
and K. Tenenblat that initiated a systematic study of these equations. The results of [20],
together with the considerable eort addressed over the past few decades to the possible
applications of inverse scattering method, gave a signicant contribution to the discovery of
new integrable equations. For instance, Belinski-Zakharov system in General Relativity [8],
the nonlinear Schrddinger type systems [19, 24, 27], the Rabelo's cubic equation [6, 46,
47, 55], the Camassa-Holm, Degasperis-Procesi, Kaup{Kupershmidt and Sawada-Kotera
equations [11, 14, 50, 51, 52, 53] are some important examples of PS equations which
are integrable by inverse scattering method. All these facts prove the relevance of these
equations and justify the general interest in their study and classication. This thesis provides

some contributions to the geometric study of evolution PS equations.

From a geometric point of view, every PS equation € satisfies the following remarkable
property: to any generic solution (see below) z = z(x, t) of &, dened on an open domain U
c R?, it is associated a Riemannian metric dened almost everywhere on the domain U with
Gaussian curvature K=-1. . Indeed, by definition a differential equation £ for a real function
z =z(x, t)is a PS equation if it is equivalent to the structure equations dw, = w, A w,, dw, =
w, A\ w, dw, =w, A w,of a 2-dimensional Riemannian manifold whose Gaussian curvature
K= -1, and with 1-forms w, = f, dx + f ,dt satisfying the non-degeneracy condition w, A w, #

0 with fij smooth functions of x, t, z and derivatives of z with respect to x and t. Notice that

Introduction



according to the denition w, A w, is generically nonzero on the solutions of a PS equation
&. However, this condition does not guarantee the property that, for any solution z : U c R?
- R, the restriction (w, A w,)[Z] of w, A w, to zis everywhere nonzero on U. Relatively to a
given system of 1-forms {w,, w,, w_}, we will call generic a solution z: U ¢ R? - R such that
(w, A w))[Z] is almost everywhere nonzero on U, i.e., it is everywhere nonzero except for a
subset of U of measure zero. Thus, for any generic solution z: U c R2 - R of a PS equation
&, the restriction 2] of | = w, + w, to z defines almost everywhere a Riemannian metric
[z] on the domain U with Gaussian curvature K = -1. It is in this sense that one can say
that a PS equation describes, or parametrizes, a family of non-immersed pseudospherical

surfaces.

Forinstance, one may easily check that sine-Gordon equation z, , = sin(z) is equivalent

to the above structure equations for the following system of 1-forms

wy = %.sin (z) dt,

wy = ndr + %COS (=) dt, (0.0.1)

wy = 2, dr,
with n € R - {0}. In this case one has that [ = w? +w? = Elgdt"’ + 2 cos(z) dx dt + nidx?.
Notice that, with respect to the system (0.0.1), sine-Gordon equation admits non-generic
solutions. For instance, z = ki, k € Z, is a non-generic solution of sine-Gordon equation. PS
equations can also be characterized in few alternative ways (see Section 1.2, of Chapter
1). For instance, above structure equations are equivalent to the integrability condition of
an auxiliary first order linear system, and this naturally leads to study some properties of
PS equations by using the notion of zero-curvature representations (ZCRs), (see Sections
1.2 and 1.5, of Chapter 1) which originates by the observation that some nonlinear partial
differential equations (PDEs) can be interpreted as integrability conditions of an auxiliary
linear system [54, 60]. Indeed, since the early applications of the inverse scattering method
to the computation of soliton solutions of PS equations like KdV [1, 28], the notion of ZCR
has been widely used in the study of PS equations as well as of most general nonlinear
PDEs (see for instance [2, 8, 9, 26, 54, 65] and references therein). In particular, it is typical
for an integrable system of PDEs to admit a ZCR which depends on some real parameter
n, usually referred to as the spectral parameter. An example of this is given by the sine-
Gordon example (see Section 1.2, of Chapter 1). The presence of such a parameter is
crucial not only for the determination of exact solutions, via the inverse scattering method
[1, 64] or the finite gap integration method [42], but also to guarantee other remarkable
attributes of integrable equations like, for instance, parametric Backlund transformations

and the existence of infinite hierarchies of conservation laws (see Section 1.6, of Chapter
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1, and also [18, 20, 54, 56]). However, only nontrivial parameters are suitable for such
applications of 1-parameter families of ZCRs. Hence the problem of deciding whether a
parameter is trivial or not is particularly relevant in the theory of PS equations, as well as
in the most general theory of ZCRs. This problem has been already studied in the paper
[38], by identifying a cohomological obstruction to removability and providing an effective
method for the elimination of trivial parameters. In Chapter 4, as discussed below, we
consider another important problem which is that of constructing families of ZCRs (or linear

problems) depending on nontrivial parameters.

In [20] Chern and Tenenblat obtained characterization results for evolution equations
ofthe form z,= F (z, z,, ..., z,) (from now on we denote z,= 9z /92*), under the assumptions
that fi= fl.j(z, z, .., z) and f, =n, where n is a parameter. . In the same paper the
authors also considered a similar problem for equations of the form z, = F (z, z,, ..., z,).
A noteworthy result of this study was an effective method for the explicit determination
of entire new classes of differential equations that describe pseudospherical surfaces.
Motivated by the results of [20], in a series of subsequent papers [30, 46, 47, 48], the same
method was systematically implemented and new classes of pseudospherical equations
were identified still with the basic assumption that f,, =n. Then in [18] the authors showed
how the geometric properties of pseudospherical surfaces may provide infinite number of

conservation laws when the functions f,,. are analytic functions of the spectral parameter n.

In 1995, Kamran and Tenenblat [34] generalized the results of [20] by giving a
complete characterization of evolution equations of type z,= F (z, z,, ..., z,) which describe
pseudospherical surfaces, in terms of necessary and sufficient conditions that have to be
satisfied by F and the functions fi= f/.l.(z, z, ..., Z) , with no further additional conditions.
Another generalization of [20] came in 1998 by Reyes who considered in [49] evolution
equations of the more general form z,= F(x, t, z, z,, ..., z,), allowing x, t to appear explicitly
in the equation and assuming that fi= f,./.((x, tz,z,..,z)and f, =n.Then, in a subsequent
series of papers [50]-[52] Reyes also studied other aspects of such equations.

In 2002, differential systems describing pseudospherical surfaces or spherical
surfaces (with constant positive curvature metrics) were studied by Ding-Tenenblat in [24].
Such systems include equations such as the nonlinear Schr'odinger equation and the
Heisenberg Ferromagnet model, and large new families of differential systems describing
pseudospherical surfaces were obtained. In particular, these families have relations with
those obtained by Fokas in [27].

Also we mention that a higher dimensional geometric generalization of the sine-

Gordon equation, characterizing n-dimensional sub-manifolds of the Euclidean E2"' with

constant sectional curvature K = —1, was considered in [62] and its intrinsic version as a
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metric on open subsets of R, with K= -1, was studied in [7], by applying inverse scattering
method. Other differential n-dimensional systems that are the integrability condition of
linear systems of PDEs can be found in the so called generating system (see [61] and its

references).

The several characterization results obtained in [20, 34, 49] are extremely useful,
either in checking if a given differential equation describes pseudospherical surfaces or in
generating large families of such equations. For instance, as an application of [34], Gomes
[29] and Catalano-Tenenblat [17] classified evolution equations of the form z, =z, + G(z, z,,
z,2,2z)and z, =z, + G(z, z, z, z,), respectively, under the auxiliary assumptions that f,,
and f, are linear combinations of f.,. More recently, the same assumptions have been used
by Silva and Tenenblat in [14] to give a classification of third order equations of the form z,=
z,,+ )\zzs+ G(z, z,, z,), with A € R.

The results of [14, 17, 29] permit the explicit description of huge classes of equations
describing pseudospherical surfaces which, apart from the already known examples,
represent a great amount of new equations whose physical relevance is highly expected.
For example, some applications of equations classified by Rabelo and Tenenblat [6, 30, 46,
47] have been recently discussed by Sakovich in a series of papers (see for instance [55]).

Of course, the same should occur in the case of results obtained in [14, 17, 29].
In Chapter 2 we give a classification of PS equations of the form
n=A(x,t,z) 20+ B(x,t,2,2). A#0,
with associated 1-forms
wy = fudr 4 fiodt, ws = fordr + foadt, ws = farde + faadt,

such that fi= f,.].(x, t, z,z)and

for =, nekR.

The main result of this classification shows that these evolution equations fall into
three classes, further referred to as types. In each type, differential equations and associated
linear problems can be easily obtained by choosing some arbitrary differentiable functions.
Examples of such equations are the already known Svinolupov-Sokolov equations admitting
higher weakly nonlinear symmetries [43], Boltzman equation, Marvan equation [39] and
reaction-diffusion equations like Murray equation. Many other examples are presented

forward the end of Section 2.2 and in Section 2.5.

In Chapter 3 we study the problem of determining local isometric immersion of the
families of pseudospherical surfaces described by the PS equations classified in Chapter 2,

as well as for that described by some simple generalizations.
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From the classical theory of Monge-Ampére equations of the form f _ f - f,2 =
K, it follows that surfaces of constant Gaussian curvature K always admit local isometric
immersions in E®. However, due to Hilbert theorem, there exists no complete isometric
immersion of bidimensional Riemannian metrics with Gaussian curvature K = -1 in E2.
Hence, in particular, any given pseudospherical surface described by a PS equation &

admits a local isometric immersion.

Hence, in view of the Bonnet theorem, to any generic solution z of £, it is associated
a pair (f[z], I[Z]) of first and second fundamental forms, which solves the Gauss-Codazzi
equations and describes a local isometric immersion into E® of the associated pseudospherical
surface. However, the dependence of (/[[Z], /[[z]) on z may be quite complicate and in general
it is not guaranteed the existence of a pair (/, /) which satisfies Gauss-Codazzi equations
and smoothly depends on the generic solutions z of €. In particular, the domain of the local
immersion of the pseudospherical surface associated to a generic solution z is in general a
subset of the domain of z, and by passing to generic solution z'these domains could change

as well.

Nevertheless such a pair (/, Il), which satisfies Gauss-Codazzi equations and
smoothly depends on the solutions z, may still exist for some very special equations. An
example is provided by the sine-Gordon equation with w,, w,and w, given by (0.0.1): indeed
in this case one has | = ”igdtg + 2cos(z) dz dt + n*dz? and it is known (see for instance
[61], Theorem 2.4) that Gauss-Codazzi equations are integrable and admit the second
fundamental form Il = +2 sin(z) dx dt as an explicit solution. Hence one can always find
local isometric immersions of pseudospherical surfaces corresponding to generic solutions

of sine-Gordon equation.

Hence, in view of sine-Gordon example, it is natural to ask whether are there other
PS equations which admit such a local isometric immersion for the described family of

pseudospherical surfaces.

Recently this question has been investigated by T. Castro Silva, N. Kahouadji,
N. Kamran and K. Tenenblat in the papers [13, 32, 33], under the assumption that the
coefficients of the second fundamental form // depends on finitely many derivatives of z and
does not explicitly depend on x and t. In [32, 33] they provided an answer in the case of k-th
order evolution PS equations z,= F (z, z,, ..., z,) and second order hyperbolic PS equations
z,,= F(z, z,), by restricting the study to the classes of 1-forms {w,, w,, w} classified in [20]
and [47]. Analogously, in [13] they provided an answer in the case of PS equations of the
formz, -2z, =Azz, + G(z, z, z)), A € R, by restricting the study to the classes of 1-forms {w,,

w,, w} classified in [14].
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The results of these papers prove that, in the class of PS equations, the property
of admitting local isometric immersions of the type considered above is exceptional since
it holds only for some special classes of PS equations. In particular it turns out that sine-
Gordon equation occupies a particularly special place amongst all these PS equations.
Indeed, in view of the second fundamental form /I = +2 sin(z) dx dt, for the sine-Gordon
equation the restriction (/[z], /[2]) of the pair (/, /l) to a given generic solution z, defined on
a domain U c R? is still defined on the same domain U without additional requirements.
On the contrary, for all the other examples identified in the papers [13, 32, 33] the second
fundamental form is only defined on a strip contained in the domain of a considered generic
solution. Moreover, on the immersed pseudospherical surface defined by any given generic
solution z of sine-Gordon equation, the normal curvatures a, ¢ and the geodesic torsion b
in the directions e1 and e2 dual to w1 and w2 (see sub-Section 1.1 of Chapter 1) depend
explicitly on the particular solution z: indeed one can prove that for the sine-Gordon equation
a = +2/tg(z), whereas b = +1 and ¢ = 0. On the contrary, for all the other examples identified
in the papers [13, 32, 33] one has that a, b and ¢ are independent of z, and only depend on
x and t. Hence we can say that the local isometric immersions of pseudospherical surfaces
described by sine-Gordon equation have the property of having “z-dependent” functions a,

b and c.

The aim of Chapter 3 is that of continuing the investigations of papers [13, 32, 33]
in the case of evolution PS equations classified in Chapter 2, and for a simple k-th order
generalization of equations of Type I. Indeed, by first considering PS equations of the form
z,=A(x, t, z)z, + B(x, t, z, z,) with f,, =1 classified in Chapter 2, we found that only Type |
equations admit these kind of local isometric immersions. Then, on the base of this result,
we found an extension to the case of k-th order evolution equations in conservation law
form D, (f(x, t,z)) =Dx (Q (x, t, z, z,, . . ., z,)). As a result, we found that in the class of PS
equations admitting local isometric immersions one also has second order equations like
Boltzmann, Murray and Svinolupov-Sokolov equations, as well as higher order equa- tions
like Kuramoto-Sivashinsky, Sawada-Kotera and Kaup-Kupershmidt equations and also full
hierarchies of integrable equations like Burgers, mKdV and KdV, which were not covered by
the results of previous papers [32, 33]. However, it is noteworthy to observe that the special
character of sine-Gordon equation is still confirmed by these results: sine-Gordon equation
is the unique known example of a PS equation where the pair (I, Il) has “z-dependent”
functions a, b and c (see Section 1.1).

Finally in Chapter 4 we discuss a method which uses the theory of classical
symmetries of differential equations to construct nontrivial 1-parameter families of ZCRs,

for g-valued ZCRs with g a Lie sub-algebra of gI (n, R) or gI (n, C). The case of ZCRs of PS
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equations corresponds to the special case g = sl (2, R).

While studying a differential equation, it is not unusual to know only a non-parametric
ZCR or even a trivial 1-parameter family of ZCRs [21, 37, 54, 60]. Hence, the problem of
constructing nontrivial 1-parameter families of ZCRs is of special interest for the application
of the theory of ZCRs. In such cases one is naturally faced with the embedding problem of

a given nonparametric ZCR into a nontrivial 1-parameter family of ZCRs.

Due to the importance of this problem, various attempts have been already made to
provide any effective embedding method. Among these the symmetry method, first suggested

in [37, 56] and further developed in the papers [22, 21, 36], is particularly representative.

In its original formulation, the symmetry method allows one to embed a given ZCR «
into a 1-parameter family of ZCRs a, of &, via the action on a of a 1-parameter group A, of
projectable point symmetries of €. However, in general, a 1-parameter group A, may be not
“good” in the sense that the induced embedding may result in a trivial 1-parameter family
a,. Hence, to solve this problem, the authors of [21] suggested to compare the symmetry
algebras of € and its covering, and conjectured that “good” symmetry groups A, can be

identified by a mismatch of these algebras. However, that conjecture remained unproved.

The aim of Chapter 4 is that of further developing the symmetry method, by taking
into consideration the action of any kind of classical symmetry, and prove an infinitesimal
criterion which is particularly effective in the identification of “good” inwfinitesimal classical
symmetries, i.e., those symmetries which can be used to embed a into a nontrivial family o,
of ZCRs of €. According to that criterion we show that, relatively to a, one may distinguish
classical infinitesimal symmetries of € into gauge-like symmetries and non gauge-like
symmetries. The first type of symmetries form a Lie sub-algebra of the Lie algebra of
symmetries of € and only produce trivial 1-parameter families of ZCRs. On the contrary, any
1-parameter family o, constructed with the flow of a non gauge-like symmetry is nontrivial.
These results are illustrated with some examples in Section 4.3 and have been recently
reported in the paper [15].

We note that Marvan also formulated in [40] an embedding method which is alternative
to the symmetry method discussed in Chapter 4. Both methods may be considered
completely algorithmic, however the symmetry method is computationally more simple than

Marvan’s method, when a non gauge-like symmetry exists.
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CAPITULO 1

PRELIMINARIES

For the reader’s convenience we collect here some useful facts, and notations used
throughout the thesis. The interested reader should refer to the general references [12, 20,
34, 38, 41, 44, 45, 53, 61, 63] for further details.

In particular, in Section 1.1 we review some useful elements of classical theory of
surfaces in terms of moving frame formalism. Then, in Sections 1.2 and 1.3 we collect the
material on PS equations used in the Chapters 2 and 3. Finally, in Sections 1.4, 1.5 and
1.6 we review the basic material on the geometric theory of differential equations and zero-

curvature representations (ZCRs) in the form which is used in the Chapter 4.

ELEMENTS OF SURFACES THEORY WITH MOVING FRAMES

In the 3-dimensional Euclidean space E2, with the canonical scalar product <, >, let r
=r(x’, X°) be a local chart of a regular surface M. By naturally extending the scalar product to
E3-valued 1-forms, the first and second fundamental forms of M are respectively defined by

2 2
[ =< dr,dr >= Z gijdﬂri cdad Il = — <dr,dn >= Z aijdﬂ:i cdad

i,j=1 ij=1

with
riArs
n=——"—-
‘I‘)l /\I‘lgl
denoting the unit normal to M and
Gij =< r;r; >, A5 — — <I'11'.1'1yj >=< Tg5.11 >

The principal curvatures and principal directions of M are the eigenvalues and
eigenvectors of the shape operator P defined as /I(X, Y) = I(PX, Y), for any pair X, Y of

vector fields tangent to M.

According to G. Darboux and E. Cartan the geometry of surfaces can be conve-
niently described by using the formalism of moving frames on M, which in the context
considered here are orthonormal frames {e,, e,, e, = n} of vector fields with e, and e, tangent
to M, and locally parametrized on the domain U c R, of the chart r. Indeed, since adr takes

values in the tangent plane to M, one has that

dr = wie + wyesy, (111)

with w, and w, dierential 1-forms dened on U. On the other hand, in view of <e; e>= 8,.]. ,

one has
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deq = wises + wiges,

des = ware; + wozes, (1.1.2)

deg = ware; + wyges,
with differential 1-forms w, defined on U and such that

Wwij = —Wji-
Hence, in terms of these 1-forms the first and second fundamental forms read
I =w? 4wl I = wy - wyg + wa - wag,

where w(e) = §,. In particular, this means that {w,, w,} is a coframe on M dual to the
orthonormal frame {e,, e,}.

Equations (1.1.1-1.1.2) are the Gauss-Weingarten equations of classical theory of
surfaces, in the form of a first order system, whose compatibility conditions can be easily
obtained in view of ¢® = 0. Indeed, from d?r = d°e, = 0 one easily gets the Cartan’s structure

equations
dwr = wia A w, dws = wy A wis, (1.1.3)
wy A wig + wy A wag =0, (1.1.4)
and
dwis = wiz A wag,
dwiz = wia A wag, (1.1.5)
dwag = war A wy3.
It follows that, in view of (1.1.3), the connection 1-form w_, is completely determined
by
wial(e;) = dw;(eq, es), i=1.2, (1.1.6)
whereas, equation (1.1.4) entails that w, A w, A w,; = W, A w, A w,, =0 and hence one can
write w, and w,, as
wig = awq + bws, wag = bwy + cws, (1.1.7)
with a, b, c differentiable functions on U, whose geometric interpretation is as follows (see

for instance [12]): functions a and c are the normal curvatures of M in the directions of e,

and e,, respectively; b (resp., —b) is the geodesic torsion in the direction of e, (resp., e,).
Therefore equations (1.1.5) reduce to

dwig = —Kwy A wo, (118)
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with
K = ac—1?, (Gauss equation) (1.1.9)
being the Gaussian curvature of M in terms of its extrinsic geometry, and

dwiz = wia N wag, . .
(Codazzi equations) (1.1.10)
dwgg = woy A wy3.
This way one easily gets the Gauss and Codazzi equations of the classical theory

of surfaces.

Equations (1.1.8-1.1.9) and (1.1.10) are the compatibility conditions of Gauss-

Weingarten equations (1.1.2).

It follows that the 1-forms w,, w, and the connection form

o

Wz = Wiz

satisfy the equations

dwy = wg A wa,
d\’.UQ:Lu‘l/\w;}. (1111)

dws = —Kwi A wa.

In particular, the structure equations (1.1.11) describe the intrinsic geometry of the
surface M. Moreover, since in view of (1.1.6) the 1-form w, is completely determined by
{e,, e,} and {w,, w,}, and hence it only depends on the intrinsic geometry of M, then the
third equation of (1.1.11) provides a proof of Gauss’ teorema egregium, which states that
K does not depend on the extrinsic geometry of M and is completely determined by first
fundamental form /. The extrinsic geometry of M, on the other side, is described by the
Gauss-Weingarten equations (1.1.1-1.1.2), provided that their compatibility conditions
(1.1.10) and (1.1.9) are satisfied.

Finally we remember here the classical Bonnet theorem which states that given two
symmetric bilinear forms | and Il on U c R?, which satisfy (1.1.8-1.1.9) and (1.1.10) and
with | positive-definite, for every p € U there exists a neighborhood V c U of p and a
diffeomorphism r : V — r(V) c R, such that the regular surface r(V) c E® has / and I/ as
first and second fundamental forms, respectively, and r is unique up to isometries of E3.
The mapping r is a local isometric immersion of the Riemannian manifold (U, /), and in the
particular case when /is pseudospherical, i.e. when | is such that K= -1, it is also classically
known that such a local isometric immersion of (U, /) in E® always exists. Observe that, in

the case of a pseudospherical surface, equations (1.1.11) reduce to the structure equations
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of pseudospherical surfaces used throughout this work.

PS EQUATIONS

If (M, g) is a 2-dimensional Riemannian manifold and {w,, w,} is a coframe, dual to an
orthonormal frame {e,, e,}, then g = w? + w2 and w, satisfy the structure equations: dw, =
w, A w,and dw, = w, A w,, where w, denotes the connection form defined as w,(e) = dw,(e,,

e,). The Gaussian curvature of M is the function K 'such that dw, = -Kw, A @,

We say that a k-th order differential equation & for a real-valued function z=z (x, 1),
describes pseudospherical surfaces, or that it is a PS equation, if it is equivalent to the
structure equations of a surface with Gaussian curvature K= -1, i.e.,

dwy = wg ANwa, dwy =w) Aws, dws = wi Awa, (1.2.1)
where {w,, w,, w;} are 1-forms
wy = fudr + fiodt, wy = fardr 4 foodt, w3 = fadr 4 faadt, (1.2.2)
such that w, A w, # 0 and fij are functions of x, t, z(x, t) and derivatives of z(x, t) with respect
to xand t.

Notice that according to the definition w, A w, is generically nonzero on the solutions
of a PS equation &€ However, this condition does not guarantee the property that, for any
solution z : U € R®? - R, the restriction (w, A w,)[Z] of w, A w,t0 z is everywhere nonzero
on U. Relatively to a given system of 1-forms {w,, w,, w_j}, we will call generic a solution z :
U c R? > R such that (w, A w,)[Z] is almost everywhere nonzero on U, i.e., it is everywhere
nonzero except for a subset of U of measure zero. Thus, for any generic solution z : U c R?
— R R of a PS equation &, the restriction [z] of I = wf + wg to z defines almost everywhere
a Riemannian metric [z] on the domain U with Gaussian curvature K= -1. It is in this sense
that one can say that a PS equation describes, or parametrizes, a family of non-immersed

pseudospherical surfaces.
A classical example is the KdV equation z, =z _+ 62z, which corresponds to
Wi = (1= 2) dr + (—2ae + n2e — 22 — 222 407 + 22) dt,
wo = ndr + (9 + 2z — 22,) di,
wy = — (14 2) dr 4 (=24 + n2e — 922 — 222 — % — 22) dt,
with n € R. Another classical example is the sine-Gordon equation z, = sin (2), which
corresponds to
wy = %S-i-n (z) dt,
wo = ndx + %cos (z) dt,

wy = z, dr,
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withn € R - {0}.

Another example is the nonlinear dispersive wave equation (Camassa-Holm)

St T Zpxt — Zipax + sz:rr T D22y — MZg,

which corresponds to

W = (C — Zgz + # — 1) dr + [73 (fll + ]_) =+ N2y — m‘;’?? 1T 1] dt.

wo =ndr+ (—nz+x 2z, —n) dt,

waii(i*:mﬁr%ﬁ) dr + [$3 (:fszer) + iz F o F L 2} dt,
withn € R.

PS equations can also be characterized in few alternative ways. For instance, the

system of equations (1.2.1) is equivalent to the integrability condition of the linear system
duv! 1 w Wy — W vl
== : P , (1.2.3)
duv? 2\ witwy  —we 2

Another interpretation comes by the use of the sI (2, R)-valued 1-form

where v = v/ (x, 1).

Q=

Lo =

2T ) X+ T, (1.2.4)
w1 + ws —Wws

with X' and T being the sI (2, R)-valued smooth functions (also known as Lax pair in matrix

form)

v 1 ( Ja1 Jii— fa ) T 1 ( Ja2 Ji2 — faa ) ‘ (12
2\ fu+fa —Jn 2\ fio+ [ —fa2

Indeed, equations (1.2.1) are equivalent to

(R
[ 4
Nl

1
d - 52,9 = 0.

This means that, for any solution z = z (x, ) of &, defined on a domain Uc R? Qis a
Maurer-Cartan form defining a flat connection on a trivial principal SL (2, R)-bundle over U

(see for instance [25, 58]).

Moreover, by using the notation V := (v!, V3T, (1.2.3) can be written as the linear
problem

-

av %
oz Ve o T

TV. (1.2.6)
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It is easy to show that equations (1.2.1) are equivalent to the integrability condi- tion

of (1.2.6), namely
DX - D, T+[X,T]=0, (1.2.7)

where D, and D, are the total derivative operators with respect to t and x, respectively. In
the literature [23] 1-form Q, and sometimes the pair (X, T) or even (1.2.7), is referred to as
an sI(2, R)-valued zero-curvature representation for the equation € Moreover, the linear

system (1.2.3) or (1.2.6) is usually referred to as the linear problem associated to € .

Remark 1.2.1. It is noteworthy to remark that saying that an equation £ admits an
sI(2, R)-valued zero-curvature representation is not equivalent to say that € is a PS equa-
tion. Indeed, for € describing pseudospherical surfaces it is required that the functions fi
in (1.2.5) satisfy the non-degeneracy condition w, A w, = (f,.f,, = f,.f,,) dx A dt # 0, which
guarantees that w? + w? is generically non-degenerated.

It is this linear problem that, in some cases, is used in the construction of explicit
solutions of PS equations, by means of inverse scattering method [4, 5, 28]. In particular,
when f, =1, where n is a parameter and f,, f,, are independent of n, the linear problem
(1.2.6) is the so called AKNS system [1].

We notice that, under the gauge transformation X - X*=8SXS7+DS S, T—> T°
=STS'+DS S, where Sis an SL(2, R)-valued smooth function, left hand side of (1.2.7)
transforms to

DX — D,T+[X,T] =S (D:X° — D,T° + [X*.T°]) s7',

and hence (1.2.7) is invariant. However, one should be aware of the fact that such a gauge
transformation may not preserve the condition w, A w, = (f,,f,, = f,.f ,) dx A dt# 0.

For instance, with f. = e™z=~f_, f =e™(z +2°) =~f,, f,, =N, f,, =0, the pair
X, T given by (1.2.5) defines an sI(2, R)-valued zero-curvature representation of Burgers

equation z,= z_ + 2zz , which transforms to

S 0 =z s _ 0 2z, + 22 .
00 0 0

nz
. 0

under the transformation given by S = ( 6(2 ) .
) e 2

Therefore under the transformation defined by S, £, transforms asfg =e " fi,
for (i, j) # (2, 1), and f5 = 0. Hence fif5 — fiafsy = 0, whereas fi1fas — fizfa1 # 0.
Throughout this thesis, partial derivatives of z = z(x, t) of order i with respect to x will be

denoted by z, i.e.,
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5=

Hence, an evolution equation of order k will be written in the form
=1 (rt 2, ). (1.2.8)
It is noteworthy to remark that equations in conservation law forms are PS equations,
as stated by the following easy to prove
Theorem 1.2.2. The k-th order evolution equations of the form
D.(f)=D.(2), (1.2.9)
wheref =f (x, 1, 2), Q= Q(x, t, z z, ..., z,_,) are arbitrary differentiable functions, such that

f,Q,._,# 0onanonempty open set, is a PS equation with associated 1-forms w,= f,, dx +

f,, dt of one of the following two alternative types:

& fi1 = e~ f, frg = e—cnrta)().
e fo=d (12.10)
Ja1 = eemcmmta) f fa2 = ee—<mzHI)Q),

where € = +1, g = g(t) is an arbitrary differentiable function and n? + (g')?# 0.

b. fu1 = cosh (nz +g) f, fia = cosh (nz + g) L2,
Jar =, fa=4d, (1.2.11)
far = —sinh (nx +g) f. fag = —sinh (nx + g) Q,

where g = g(t) is an arbitrary differentiable function and n? + (g')?# 0.

Remark 1.2.3. The class of PS equations described by Theorem 1.2.2 may be
thought as being a generalization to k-th order of the Type | class of PS equations obtained

in Chapter 2.

FINITE-ORDER LOCAL ISOMETRIC IMMERSIONS OF SURFACES
DESCRIBED BY PS EQUATIONS

In view of (1.2.2) and (1.1.7), the second fundamental forms of local isometric

immersions of surfaces described by the solutions of a PS equation have the form
I = wiwig + waeg = (Illd.”i?? + 2aq9dx - dt + aggdfg.

with

Preliminaries

14



ayn = affy + 2bfi1for + cfy,
ary = afiyfia + 0 (fiifoe + for fiz) + efor foo. (1.3.1)
ase = affy + 2bf1afor + cfd,

and a, b, c differentiable functions of x, t, z and derivatives of z with respect to x and t.
It follows that, using the total derivative operators D, and D, the two Codazzi equations

(1.1.10) and the Gauss equation (1.1.9) have the form

fuDia + for Db — fraDea — faDpb —2b (fi1faa — farfia)
+(a—c) (forfaa — farfar) =0,

1.3.2
FuDib+ fnDye — fraDub — fnDac + (a — ¢) (Ji1far — fa1 fi2) (1.3.2)
+2b (forfz2 — farfaz) =0,
and
ac— b = —1, (1.3.3)

respectively.

In view of Bonnet theorem, the local isometric immersion of the pseudospherical
surfaces described by the space of solutions of a PS equation exist if and only if there exist
a solution {a, b, ¢} of (1.3.2-1.3.3). In this thesis we will restrict the problem of determining
such a triple {a, b, c} in the case of PS equations described by Theorem 2.2.1, and also
Theorem 1.2.2, under the assumption that the triple {a, b, ¢} is of finite-order, i.e., depends
only on x, t, zand finitely many derivatives of z with respect to x and t. We will refer to local
isometric immersions described by such a finite-order triple {a, b, ¢}, as finite-order local

isometric immersions.

SYMMETRIES OF DIERENTIAL EQUATIONS

Let m: E - M be a fiber bundle, with dim M =nand dim E =n + m. For any k € N
we denote by Jf(r7) the manifold of k-th order jets of sections of mand by 7, : J“(i) —» M the
k-order jet bundle of sections of . By definition, a point 6 of J‘(r) is an equivalence class
0= [S]';f of smooth sections s of mwhose graphs at a € M pass through the same point s(a),
where they have the same contact up to order k. Hence, any section s of rmtogether with
its derivatives up to order k determines a section j,(s) of ri_which is called the k-th order
prolongation of s. For h > k we denote by 7, : JJ"(7) — J*() the natural projection of
J'(r) onto JX(r), given by [s]" — [s]k.

Denoting by {x,, ..., x } local coordinates on Mand by {Z’, ..., z"} local fiber coordinates
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of , the induced natural coordinates on J(r) will be {;, ]}, where i € {1, ..., n}, j€ {1,

..., mand o = (o, ..., o) is a multi-index of order Il = o +...+0, such that 0 < lol < k.
By definition, if () = [s]X, then x, (6) = x, (a) and =(8) := %(a), Throughout the

thesis, C*(M) will denote the algebra of smooth functions on M and F,(m) will denote the

algebra of smooth functions on J¥(r).

The k-th order jet space J(n) is naturally equipped with the Cartan distribution C4(r),
which is spanned by tangent planes to graphs of k-th order jet prolongations of sections
of it In coordinates CX(r) can be described either as the annihilator of the Pfaffian system
{61 = dzl =%, 2 g de; 0 0 < |o| < k-1 j5=1..m}, or as the distribution
generated by the vector fields {82£+11~ DR o< ol <k -1, j=1,.,m} with ng)
denoting the k-th order truncated total derivative operators, i.e.,

p® =0, + Z 210
|| <k—1

A k-th order system of differential equations &, for the sections of m, can be
geometrically interpreted as a submanifold € ¢ J{m) and its solutions are just sections s of
rnnwhose k-th prolongations j,(s) lie in €. Hence, solutions of € are sections of mwhose k-th
prolongations are integral manifolds of the induced Cartan distribution CK€) .= C(m N T &

over E.

Classical finite symmetries of a k-th order system & c J{(m) are finite symmetries
of CX(m) which leave invariant the submanifold €. Classical infinitesimal symmetries of €
are vector fields on J{m) which are infinitesimal symmetries of C¥m) and are tangent to
E. Hence, by definition, the flow of an infinitesimal symmetry of € is a 1-parameter local
group of local diffeomorphisms which are finite symmetries of &€ A finite symmetry f is
called projectable if f *(C*(M)) ¢ C*(M). Analogously, an infinitesimal symmetry Xis called
projectable if X(C*(M)) c C*(M).

The explicit description of innitesimal symmetries of CXm) is particularly simple.

AN\ 71 On
Indeed, if one writes DY .= (ng)) ©...0 (Dv(zk)) , one can show that [44, 63]:

1. When m = 1, infinitesimal symmetries of C¥(r) are of the form

n

YW =-% d‘” D® + Z DW ()8, (14.1)

i=1 | |=0
where @ € F(n).

2. When m> 1, infinitesimal symmetries of C¥(r7) are of the form
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k-1 m
o .
}gk) _ 75 :C;* D(k) + E : E :Dc(;k)("?])azi- (1.4.2)

jo1=0 =1

where ais any fixed integer in {1, ..., m} and @ = (@’ ..., @™ is any smooth vector function
n
on J'(r) such that for any j € {1, ..., m} one has ¢’ = &, 2)23 + 1z, 2), for
i=1
some smooth functions & and ry.
The function ¢ is called the generating function of the k-th order classical symmetry
}}Ek), since the symmetry is completely determined by .
On the other hand, for any h > k, the symmetries }’;,Eh) and Yék} generated by @
project one to the other under the action of the pushforward r,, . Hence it is natural to
say that }’;ﬁh) is the prolongation of Yék) to J'(r). In particular, any classical infinitesimal

symmetry of C¥(r) is the prolongation of a first order symmetry. However, when m > 1 the

.,J ) };(k)

generating function @ = (@', ..., @™ is always linear in the variables z; ’s, hence
always projects to the vector field }so = &3, + 170, on JO (Ti’). In such a case
one may call Y,gk) the prolongation to J(r) of the vector field }’;50) on Jo(r). Traditionally,
classical infinitesimal symmetries which are prolongations of vector fields on J°(r7) are called
infinitesimal point symmetries. On the contrary, infinitesimal classical symmetries which are
not point symmetries are traditionally called infinitesimal contact symmetries. Infinitesimal
contact symmetries only exist when m =1, since for m = dim 1> 1 one only has infinitesimal

point symmetries.

In practice, computing infinitesimal classical symmetries € c Jm) consists in the
search of generating functions ¢ such that Yék) are tangent to €. This tangency condition
returns a linear system of PDEs for the function ¢, which is usually overdeter- mined and
hence can be algorithmically studied by taking into consideration the full set of compatibility
conditions. The analysis of this kind of system is in general more feasible if one makes use

of symbolic packages like those available in Maple.

The infinite jet space J*(r) is the inverse limit of the sequence of surjections
M & Jo(my &2 TEEY gR(z) LR By definition, any 6 € J*() is a sequence
6 ={6} of points 8, € J(n) such that 1, ,(6,) = 6,, for all h> k. Of course J*(r) is not a finite
dimensional manifold, nevertheless one may introduce a differential calculus on J*(r) by
making use of standard constructions of differential calculus over commutative algebras
[63]. Indeed, by defining the exterior algebra A*(r) of differential forms on J7(n) as the direct
limit of the sequences of embeddings A* (J*(7)) — T e (JF () Rﬂ;' ..., one also

defines the commutative algebra of smooth functions on J*(r) as F(m) := A°(r). Since A~
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(J(m) c A (J*() c ..., N\(n) is a filtered algebra and one may think of any h-form over
J(r) as an h-form on some finite order jet space; this is true in particular for F(r). It follows
that the exterior differential d naturally extends to the exterior algebra A*(r) and defines the

de Rham complex of J*(r).

Then, the F(m)-module D(r) of vector fields on J”(r) is by definition the module
of all derivations of F(r) which preserve the natural filtration F () c F () < ... of F(r),
i.e., any Z € D(n) has an associated filtration degree | € N such that Z(F () € F, (),
Vk € N. Hence, in coordinates, a vector field Z can be identified with a formal series
Z = Y a0y, + 30 50,5, with a;, 35 € F(x). Itfollows that vector fields on J*(r), contrary
to the finite dimensional case, do not have in general an associated flow. However, any Z
with zero filtration degree is the inverse limit of an inverse sequence {Z¥} of vector fields
on finite order jet spaces, hence one may define the flow of Z as being the inverse limit of
a sequence of flows on finite order jet spaces. Moreover, one can define Lie derivative of
functions, vector fields or forms on J*(r) in a completely algebraic way. For instance, the Lie
derivative of a function G € F(n) along a vector field Z € D(r) is L (G) := Z(G), and the Lie
derivative of Y € D(r) along Zis ,, :=[Z, Y]. Whereas, the Lie derivative of a form w € A*(r)
along Zis defined as L w := i(dw) + d(i,w), where i, denotes the inner product operation i,
SN = A(m).

Also J*(r) is naturally equipped with a Cartan distribution denoted by ¢(r) and defined
as the inverse limit of the sequence of surjections C'(1) ¢ C%(7) 0 ... "¢
Ck() "

Pfaffian system {#J = dz] — 3,20 dz; : |o| >0, j = 1....m}, or as the distribution

... . In coordinates ¢(r) can be described either as the annihilator of the

generated by the totality of vector fields {5)2;+1 D |o| =0, j=1,..,m}, where

Dii=0p+ > % b0

lp|20 5=1
denote the total derivative operators.

Given a k-th order equation (or system) € ={F =0} c J{(m), under regularity conditions
one may consider the r-th order prolongation €7 = {DﬂF: 0 :0 =< |yl = r}. Equation &€ will be
called formally integrable if, and only if, £” are submanifolds of J(r) and the maps 11, ..
1 €M1 — €0 are smooth fiber bundles, for any r= 0.

By definition the infinite prolongation £ = {DHF =0 :0 =< Iyl =0} of a formally
integrable equation £ is the inverse limit of the sequence of fiber bundles r,, . = €77 — €.

By restricting A*(r) to € one gets the exterior algebra A*(€) of differential forms on €% and

in particular the algebra F(€) of smooth functions on £*. Moreover, since any prolongation

Preliminaries

18



&(r) is naturally equipped with an induced Cartan distribution ¢*(£), also £* is naturally
equipped with an induced Cartan distribution denoted by C(€) and defined as the inverse
limit of the sequence of surjections C*(&) "ELt* ek+1(£(W) ™22 Hence one may
further extend the notion of symmetry for a system &: a vector field Z € D(n) is a symmetry
of & if, and only if, Zis a symmetry of C(m) which is tangent to EE®. These symmetries are
called generalized symmetries of € and we will refer to the restriction Z of a generalized

symmetry Zto £ as a restricted generalized symmetry.

Among the generalized symmetries of £ one has the classical generalized symme-
tries, which by definition are infinite prolongations of classical symmetries of &: recall that,
given a classical symmetry Y, of CX(m), its infinite prolongation Yém) is

Y = — n dLD +y i&(@“)@;

=1 |20 j=1

In this thesis we are mainly concerned with classical generalized symmetries, since
these are the only generalized symmetries which always admit a flow. For further details on

the theory of generalized symmetries see [44, 63].

HORIZONTAL FORMS WITH VALUES IN A LIE ALGEBRA AND ZCRS

Since ¢(m) is totally horizontal with respect to the mapping m, : J°(m) - M, the
tangent bundle 7°(r) on J*(r) decomposes as T(r) = V() @ C(r), where V() := Ker (1)
Dually one has A'(m) = ALO(m) @ AOY(7), where A (1) := Ann (V(7)) and
AOD(7) == Ann (C(7)) are the F(m)-modules of horizontal and vertical 1-forms on J~(r)
locally generated by {dx} and the Cartan forms {9;;}, respectively. More in general, by
considering AP (7) = (AP ATD (7)) A (A? A%V (7)), the F(m)-module of r-forms on
J*(n) decomposes as A" (m) = @pﬂ:r AP9 (7)., By definition we set F(r) = A©9(n).
Accordingly, the exterior differential splits into the sum d = d,, + d, of the horizontal and vertical
differentials dH : A®9(r) - A®P**9(r) and d,, : AP9(m) — APy, satisfying d; = di, =0
and dyr o dy = —dy o dp. In coordinates, horizontal and vertical differentials can be easily
computed, since they act as graded derivations on A*(r) and for any function f € F(m) they
are such that dy f := Di(f)da’, dv f := 7507,

Analogously, given a formally integrable equation &, since C(€) is totally horizontal
with respect to the mapping 7. : £(>) — M, the tangent bundle T(£) on £ decomposes
as T(€) = V(E) @ C(€), where V(&) := Ker (Tw.) is the vertical bundle on £~. Hence the
F(€)-modules A9(€) and ACY(E) of horizontal and vertical 1-forms on £, locally generated
by {dx’} and the restricted Cartan forms {gﬁ, = Qﬂlg(m } , can be used to decompose the F(&)-
module of r-forms on &) as A" (£) = eapﬂ':r Alra) (£€). By definition we set F(&) = ACY)(E).
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Accordingly, the restriction d := d| ¢ splits into the sum d = dg+dy of the horizontal
and vertical differentials dg : AP9(E) — AP+HL9(E) and dy : APD(E) — APatD(g)
, which satisfy d; = &3 = 0 and d o dy = —dy o dy. In coordinates, d, and d, can
be easily computed, since they act as graded derivations on A*(€) and for any function fe
F(€) they are such that di f = D;(f)dx’, dy f = %@, with D, denoting the total
derivatives restricted to €. For ease of notation, we will denote A?%(r) and AP(E) by AP(r)
and AP(€), respectively.

Given a Lie sub-algebra g of gI(n, R) (or gI(n, C)), one may consider the exterior
algebras ¢ ® A*(m) and ¢ ® A*(€) of g-valued forms on J”(r) and &£, respectively. The
graded algebra of g-valued horizontal forms on J*(r) and &<, will be denoted by ¢ @ A
(M=E,8 ®AN(Mandg ® A (€) =D, 8 ® N\ (€), respectively. By definition, g-valued
horizontal p-forms on J*(r) (resp., &) are generated by g-valued p-forms Aw, with A
g-valued functions on J*(r) (resp., £)). Then, one may define a skew-symmetric product [,
] by linearly extending the product [A,w, A,w,] :=[A, A] w, A w,, between generators. One

can check that [, ] satisfies the following properties:

Ip.6] = —(=1)"[o, . (151)

(=", [o. 71l + (=170, [7, pl] + (=1)"[, [p, 0]] = 0, (1.5.2)
dylp, o] = [dup, o]+ (1) [p,dgo], (1.5.3)
dglp, o] = [dup, o] + (—1)"[p, dyo], (1.5.4)

where r, s and t are the degrees of the g-valued horizontal forms p, o and t , respectively,
on J*(r) or &=,

Analogously, one may define an exterior product Aong ® A’ (), or g @ A (€), by
linearly extending the product A,w, A A2w, = A A0, A W,

In the forthcoming sections, for any pair of natural numbers (a, b), the natural
projections A* () » A@P(m) and g @ A* (M) - g & A@ () will be both denoted by @2,
Analogously, the projections A* () » A@Y (£) and g @ A* (€) - g ® A@Y (&) will be both
denoted by r@?. Moreover. when an explicit reference to equation € is necessary, instead of
n@? and d,,, we will use T_réa’b) andd,,, .

We will use the following

Definition 1.5.1. Let € be a formally integrable equation. A g-valued zero-curvature

representation ZCR) of € is a non-vanishing 1-forma € g ® A' (€) such that
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dga — % [ov,a] = 0. (1.5.5)

A 1-parameter family of g-valued ZCRs of £ is a smooth map A — «, defined on an

open interval / c R, such that a, € g ® A' (&) is a g-valued ZCRs of £for any A € /.

Remark 1.5.2. We notice that (1.5.5) is written sometimes in the literature in the
following equivalent form aH a—aAa=0. We also notice that, since &~ c J*(r), any
element of g ® A'(€) can be identified with an element of ¢ ® A'(r). Hence (1.5.5) can
also be rewritten as dya — % [a,a] =0 mod £ In particular, when € ={F =0, j
=1, ..., h}, under regularity assumptions (i.e., if any prolongation &%, h = 0, is totally non-
degenerating [44]) (1.5.5) can also be rewritten in “characteristic” form dya — % [Oc', a} =
> DU(Ff)w}’, where w] € g ® A2(7). This shows that in general (1.5.5) may involve
differential consequences of € and, in such a case, (1.5.5) is not equivalentto {F =0, j=1,

o B,

GAUGE TRANSFORMATIONS, HORIZONTAL GAUGE COM- PLEX AND
REMOVABILITY OF A PARAMETER FROM A ZCR

Let g be the Lie algebra of a matrix Lie group G, and a be a g-valued ZCR of a
formally integrable equation &. As already observed in the particular case g = sI(2, R) of
Section 1.2, one can check that also in general the 1-form o =dyS-S 14+ 5. a5
is another g-valued ZCR of &, for any given G-valued smooth function S on £&%. Hence a
transformation a ~ aS will be still referred to as a gauge transformation, and a will be called
gauge equivalent to o. It is easy to check that (t151)52 = a5 for any pair of G-valued

smooth functions S,, S, on &~.

Of course, given a g-valued ZCR «, one may always embed «a into a 1-parameter

My,

family of g-valued ZCRs @ 1= a™* | with M, any G-valued smooth function on [/ x €.

My ! M\ M
= (a‘ )*) and the parameter A can always

However, in such a case, o = (a
be removed by means of a gauge transformation. Also, since for any A, € / one has that
ay, = (a)\)(M"D‘n’f;l), one may adopt the following.

Definition 1.6.1. Let A € Ja, b[ c R and o, be a 1-parameter family of g-valued ZCRs
of £ The parameter A is removable from «, if for any )\nse_i]a, b[ there exists a G-valued
smooth function S, such that S, = (identity) and @, = @,* . When \ is not removable, a,

is called a nontrivial 1-parameter family of g-valued ZCRs of £. We will also use the following

Definition 1.6.2. Two 1-parameter families a, and ﬁn of g-valued ZCRs of € are
called equivalent if there exists some reparametrization A = f (n), f'(n) # 0, such that a,m)is

gauge equivalent to ,8,7.

In the paper [38], Marvan proved that the obstruction to removability of A from a
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1-parameter family of g-valued ZCR a, is the first cohomology group E’C{/\ (€,9) of the
horizontal gauge complex :

0= g@A (&) 25 g@ A (£) 25 g @ A2(E) — .. — g @ A" (£) — 0
where J,w = dyw — [, w].

Indeed, in view of (1.5.5), the horizontal gauge differential Jy is such that 5§ =0

and one has the following

Theorem 1.6.3. (Marvan) If a, is a 1-parameter family of g-valued ZCRs for &, with
A € Ja, b, then vy = d%cm is a 1-cocycle with respect to 5QA, i.e., c'lq (@) =0.In
particular, the parameter A is removable if, and only if, there exists a solution K€ g ®
AO(€) of the equation

Gy = Oa, (K). (1.6.1)

For_ any solution K of (1.6.1) and A, €]a, b[, the G-valued matrix S, such that

My = Q‘f)\ is the solution of the Cauchy problem
Sy=K Sy,
{ Sy =1L

It is usually true that an integrable equation admits a g-valued ZCR, for some
matrix Lie-algebra g. The cases when such a ZCR is embeddable into a 1-parameter
family are considered the most important, since the presence of a parameter is crucial
from many points of view. For instance, it is known [20, 56] that in the case of equations
describing pseudospherical surfaces, the parameter may guarantee the existence of an
infinite sequence of nontrivial (and possibly nonlocal) conservation laws, which is usually
considered a remarkable attribute of integrable equations. Indeed, an equation (or system &

of order k in two independent variables (x,, x,) is said to describe pseudospherical surfaces

if there exists an sI(2, R)-valued form

1 le f117f31 f22 f127f32
p=1 dry + 3 dxg, (1.6.2)

fu+fan —fa fia+ a2 —fa
with functions f, satisfying the non-degeneracy condition
fiifo2 — frafar # 0, (1.6.3)

and such that the zero-curvature condition dx/3 — 33, 5] = 0 mod £ is equivalent to
€. As a consequence, on any € describing pseudospherical surfaces, the following system

for p =p(x,, x,)
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Py = —f31 + fusin (p) — farcos (p) .
Pro, = —fa2 + frasin (p) — facos (p) .

is compatible and the 1-form
w = (—=fa1 + fusin(p) — farcos (p)) dzy 4 (—fa2 + fiz2sin (p) — fazcos (p)) dzo

represents a nonlocal conservation law for €. This entails, when fij are analytic functions of a
parameter A, that w can be expanded in a power series w = Z w; A", where w, are possibly
nonlocal conservation laws for € However, this expansion guarantees the existence of an
infinite sequence of nontrivial conservation laws only when A is not removable. Indeed, as
observed in [38], when A is removable from (1.6.2), one could check that w =yt + JH(f,\j,
with £, a function depending on A and p a 1-form independent of A (the explicit formulas for

f, and p are too huge to be reported here).

More in general, the importance of nontrivial 1-parameter families of ZCRs is also
clear from the fact that the non-removability of the parameter is crucial for the application
of some integration techniques, such as the inverse scattering method. For instance, as
observed in [20], the applications given by Ablowitz et al. in [1] of the inverse scattering
method concern equations which describe pseudospherical surfaces with a family of ZCRs
depending on a parameter A such that
dfis _ dfn
dA dA

In the paper [16] we used Theorem 1.6.3 to investigate the removability of a

for = A, = 0. (1.6.4)

parameter A, from the ZCR (1.6.2) of an equation describing pseudospherical surfaces,
when conditions (1.6.4) are satisfied. Interestingly we found that in the case of evolutive

equations, (1.6.4) guarantees the non-removability of the parameter.
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CAPITULO 2

SECOND ORDER EVOLUTION PS EQUATIONS

In this chapter we give a complete and explicit classification of second order _evolution
PS equations of the form z,=A(x, t, z)z, + B(x, t, z, z,), with z = z(x, t) and Z; = %, under
the assumptions that f,./. = f,.j (x, t, z, z,, z,) and f,, = n. According to this classification,
the considered PS equations are subdivided into three main classes (referred to as Types
I-I11) together with the corresponding system of 1-forms {w,, w,, w_}. Some already known
equations are found to belong to the considered class of PS equations, like Svinolupov-
Sokolov equations admitting higher weakly nonlinear symmetries, Boltzmann equation and
reaction-diffusion equations like Murray equation. Other explicit examples are presented,

as well.

The chapter is organized as follows. In Section 2.1, we give a preliminary char-
acterization which naturally led us to distinguish between the generic and special cases
fn.#0and f, =0, respectively. In Section 2.2 we state the main result of the chapter,
Theorem 2.2.1, which classifies the differential equations into Types I-lll and we summa-
rize the classification scheme followed in the subsequent sections. Moreover, we give some
simple examples from the classes of equations described in the main theorem. Section 2.3
is devoted to the complete analysis of the generic case £, , # 0, which will lead to identify
the following types: Type | (a); Type I (b); Type Il (a); Type lll (a); and Type Il (b). Section
2.4 is devoted to the complete analysis of the special f, , = 0, which will lead to identify
the following remaining types: Type Il (b); Type Il (c). Finally, in Section 2.5 we provide

additional examples with the aim of illustrating further aspects of the given classification.

A CHARACTERIZATION OF PS EQUATIONS OF THE FORM z, = A(x, t,2) z, + B
xtzz)

Necessary and sufficient conditions for equation (1.2.8) to describe pseudospher-
ical surfaces are given by the following

Theorem 2.1.1. (See [53].) A differential equation of the form (1.2.8) is a PS equation
with associated 1-forms w, = f,.dx + f .dt, 1 <i <3, depending on (x, t, z, ..., z,) if, and only

if, there exist functions fij satisfying the following conditions

Jinfaz2 = frafar # 0, (2.1.1)
A= (fire)’ + (Far2)” + (far2)” £ 0, (2.1.2)
Ji; =0, fios =0, 1<i<3, 1<5<k, (2.1.3)
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and such that

k-1
Jorfao — foofsr — fu1.F + fioo — fiie + Z fi22,%01 =10,
i=0
k-1
fiafas = frufan — far=F + fonw — fora+ Y fonzizivr =0, (2.1.4)
=0
k-1
Jiafor — fiafoo — f31.F + faooe — fare + Z fa22,%01 = 0.

\ =0

In order to obtain classification results of PS equations of the form (1.2.8) one has to
obtain Fand the functions f, satisfying (2.1.1-2.1.4).

As a consequence of Theorem 2.1.1, the following theorem gives a characterization
of the PS equations of the form

=A(x,t,2) 29+ B(x,t,z,2), A#£0. (2.1.5)

Theorem 2.1.2. A differential equation of the form (2.1.5) is a PS equation with asso-
ciated 1-forms w, = f . dx + f ,dt, 1 <i < 3, depending on (x, t, z, z,, z,) if, and only if, the

functions fij have the form
fia = fa (z,t,2), i=1,2.3 (2.1.6)
fio=A(x,t,2) fin.21 + o (x,t, 2), 1=1,2.3 (2.1.7)
and in addition satisfy non-degeneracy conditions (2.1.1-2.1.2) and the system
(Afirz) 275 + (12 + (Afiz) o + A(farfare — forzfa1)] 21
+fo1t30 — fa1tes — f11:B — fi1s + Y12, =0,

(Afor.) 227 + [Uaa. + (Afor.) » + A(fa1 fir- — far-fi1)] 21
+ it — futse — f21:B — fars + 2. =0,

(Afa1z2) 228 + (s + (Afsrz) o + A(far fire — foraf11)] 21
+fa1tl1e — frithes — f31.B — fa10 + 32, = 0,

.
where Y, i = 1, 2, 3, are differentiable functions

Proof. In view of Theorem 2.1.1, a differential equation of the form (2.1.5) is a PS
equation with 1-forms w, depending on (x, t, z, z,, z)) if, and only if, the functions f; satisfy
(2.1.1-2.1.4), with k= 2. Thus, equations (2.1.3) are equivalent to (2.1.6) and f, = f (X, {, Z,

z,),,=1,2,3. Onthe other hand, under the condition F=A_, + B, equations (2.1.4) rewrite as
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(—Afi1: + fizz) 2+ By =0,
(=Aforz + forzy) 22 + B2 =0, (2.1.9)
(—Afsi: + faos,) 20+ Ry =0,
with
Ry = fia.21 — Bfii: + forfae — farfoa + fize — fi1e
Ra = fa.21 — Bfa1, + farfiz — fuifaa + fo2e — fore
Ry = faa.21 — Bfs1, + forfiz — fuifoa + faze — fo1e-

It follows that (2.1.9) is equivalent to the system formed by the equations R, =0, , =

1, 2, 3, together with the following three equations
—Afii+ fi2. =0, —Afar.+ fo2. =0, —Afsiz+ fa2., = 0. (2.1.10)

Then conditions (2.1.7) readily follows by integrating (2.1.10) with respect to f.,, f,,
and f,,, and by substituting (2.1.7) into the remaining three equations R, =0, i=1, 2, 3, one

finally gets equations (2.1.8).
In view of Theorem 2.1.2 one has the following

Proposition 2.1.3. Consider a second order PS equation of the form (2.1.5) with
associated 1-forms w, = f . dx + f ,dt, 1 <i < 3, depending on (x, t, z, z,, z,). The function f

satisfies the condition f ,, ,# O if, and only if
Jor = ma(a,t) fri(m, b, 2) + ha(z, ), far = ma(z.t) fir(z.t. 2) + ha(z. 1),  (2.1.11)
with m,, m_ and h,, h, differentiable functions.
Proof. f,, , # 0, the first equation of (2.1.8) gives
B= fl—tz [Afi1.. + AL fi1.] 23
+ﬁ% [A(farfarz + fiie: — farfor:) + 12 + Aafin 2] (2.1.12)
+f1+ [fa132 + W12, — fi1,: — fa1taa] .

Then, by substituting (2.1.12) into the remaining two equations of (2.1.8), one gets
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Alfi1zfo1,0: — for2f11,02) 71 + 11200092 — for.0019, + A (f31f221,z
—fozfarfoz — forzfire: — frizf11f31: + ffl,zfm + firafor2:)] 21
+nafaifiie — far 0120 — futsafii: — forefine + o2 fiis

+fo1:f31U00 — far 2 farta + for o f11e = 0,
(2.1.13)

Alfi1sfa100 — farefine:] 75 + [finat0a0, — Faratnes + A(farfor - far
—f21f9?1,z — fa1zf1122- — frizf1ifor - + f121,zf21 + .fll,z.f31,:rz)} z
+afor f11. — far V120 — futbeafi, — farefin. + Va2 f11:

+fa1,-fa1v02 — far - fortise + far.fiie = 0.

Therefore, in view of the independence of f.., f,,, f.,, W, W,,, W, On Z,, by deriving

(2.1.13) twice with respect to z,, it is easily seen that

f?lz f31.z
r =0, =0,
(fn,z)z (fll.z)_z

and (2.1.11) readily follow by an integration of the last two equations.

Conversely, if (2.1.11) holds, then non-degeneracy condition (2.1.2) entails that
(I+ m% + m%) J11,= # U and consequently that f,,  # 0.

On the other hand, by solving the third equation of (2.1.8) with respect to B and
substituting in the remaining two equations, when f, , # O the following analogue of

Proposition 2.1.3 can be readily proved.

Proposition 2.1.4. Consider a second order PS equation of the form (2.1.5) with
associated 1-forms w, = f . dx + f ,dt, 1 <i < 3, depending on (x, t, z, z,, z,). The function f ,

satisfies the condition f ,, . # 0 if, and only if
fio=my(z.t) far (2, t, 2) + hy(z, 1), for = ma(x,t) far(z.t, 2) + halz, 1), (2.1.14)
with m,, m, and h,, h, differentiable functions.

Solving equations (2.1.8) in general is very complicated, however as proved in
Sections 2.3 and 2.4 they can be explicitly solved under the assumption f,, =n. To this end,
by taking advantage of the suitable form taken by f,,, in view of Proposition 2.1.3, we will
distinguish between the following two cases:

. Generic case [, , # 0, where

far=mfu +h, (2.1.15)

in view of Proposition 2.1.3;
Il. Special case f,, ,=0.

The generic case will be treated in Section 2.3, whereas the special case will be

Second order evolution PS equations

27



treated in Section 2.4.

MAIN THEOREM AND SIMPLE EXAMPLES

In this section we present our main classification result, which is Theorem 2.2.1, and

illustrate some of its concrete applications by means of simple examples.

According to Theorem 2.2.1, a given second order differential equation of the form
(2.1.5) is a PS equation with associated 1-forms (1.2.2) depending on (x, t, z, z,, z,) and

satisfying
Ja1 =11, n€R, (2.2.1)

if it belongs to one of Types I-lll classified by theorem. Once a given equation
is recog- nized to belong to one of these types, Theorem 2.2.1 explicitly gives also the
associated functions fij' It is noteworthy to observe the possibility to have, in some cases,
multiple linear problems for the same given equation, which is an interesting feature of the
given classification since it may provide pairs of non gauge-equivalent linear problems (see

for instance Example 2.5.6).

The proof of Theorem 2.2.1 is based on the results of the subsequent Sections
2.3 and 2.4, which are graphically illustrated in the diagrams below where the branches
occurring in the generic case f,, , # 0 have been distinguished by means of the following
functions of mand h (see (2.1.15)):
o =mh®+h (0, — nmd) — 5h
3 =h? (m2 — 1)+ 82,

d=m,+n(l—m?),
G = G“I‘Jfll
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fi =0

Type I ()
@zl

According to the diagrams, the analysis of generic case in Section 2.3 leads to

equations of Types I-1ll, with linear problems (a) and (b) for Type |, linear problem (&) for
Type Il and linear problems (a) and (b) for Type lll. Whereas by analyzing the special case

f1,, =0, one gets linear problems (b) and (c) for Type Il and Ill, respectively.
Theorem 2.2.1. A PS equation
z=A(z,t,2) 20+ B(z,t,2,2), A#0,

with associated 1-forms w, = f .dx + f ,dt, 1 <i <3, depending on (x, t, z, z,, z,) and satisfying

f,, =N, belongs to one of the following types, where & and G are as in (2.2.2).

Typel
=1+ +(Pa+v2) 2+ e — fd, (2.2.3)

where @ =@ (x, 1, 2), Yy =@ (x, t, 2), f =f (x, t, z) are arbitrary differentiable functions, with
@f ,# 0 on a nonempty open set, and the following two alternatives occur with g = g(t) an

arbitrary differentiable function such that n? + (g')? # 0:

a. the functions f ;are

fi1 = e—<lnzta) £, f1a = e—<(nzta) (pz1+ ),
fa=mn, fa=14¢, (2.2.4)
Ja1 = €fir, Ja2 = €fa,
with e = +1;
b.  the functions f are
f11 = cosh(nx + g) f, fi2 = cosh(nz + g) (pz1 +¥) ,
Jar =, Jo=4, (2.2.5)
fa1 = —tanh(nz +g) f11, fa = —tanh(nz + g) fra.
Type ll
= ereq [z + €6 Lo f“ 2+ 2 (61629?2 - % + €1690 + 51'7?”19) 21 (226

: ‘ [ t t m N
_Eﬁ% (Vo +nmi) +ereanfgd) — %: + % + e1ﬁ | g*ddz,

where e, €,=x1,g=g (x, t) and f =f(x, t, z) are arbitrary differentiable functions with gf ,
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# 0 on a nonempty open set, and the following two alternatives occur:

a. e,=1andthe functions f are

fi1 = %- fi2=—e1gf-z1 +,
far =1, fa2 = &1 [ g*ddz, (2.2.7)
fa =", faa =m(—e1gf .21 +1) + €1 fgo.
with
fy — £ y
V= —e19f. + €15 (mmgd — gz — g.20) ]
’ (2.2.8)

verdy [eamg + (1 - m) [ o]

and m = m(x, t) is an arbitrary differentiable function such that & =m +n (1 -m?)# Oon a
nonempty open set;

b. e,=-1,m=0 (hence & =n) and the functions f are

Ji1 =0, fi2 = —emgf,
far =1, foo=c¢1[ ng*dz, (2.2.9)
far =% fa2 = egf.z1 + 0,
with
2
¢ dzx
v=egfs+efg.+ 51“”%~ (2.2.10)
Type lll
Zt = 762%;2 — €2%;f + €9 [?,—: (L;f”’” — ?]m) — 2?{?” + % + EQ%] 21
+7- [—(6’1+??m5,3f+52f’15 + eand — h? — mhf — eg Ll
(2.2.11)

h s = d—h.o ax
- n-m-T] + e (—f T — ey;m) - 625}7

2
h.a hza
+€2 (T) — e

. ha -
—l—h}; (g +nmq) + ,qlff — ?ih'? + _anj,tt

where e, = %1, f = f (x, t, z) is an arbitrary differentiable function with f ,# 0 on a nonempty

open set, and the following three alternatives occur:

a. e,=1,m=m(x t)and g =g(x, t, z) are arbitrary differentiable functions such that

-1<m<1,8g,# 0on anonempty open set and the functions f jare
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fir = f. fu=—g,231—9.z—9h—,f+%+61fg\/1—-m?,
Ja1 =, fa2 = gh, (2.2.12)
faa=mf+h, faz =mfia+erghy/T—m? +q,

with h and q such that

61(5

h. = €] = ﬂ:l.
V1—m? (2.2.13)
4=

b. e,=1, m=m(x 1), q=q(x t) and h = h(x, t) are arbitrary differentiable functions
such that h3 # 0 on a nonempty open set and the functions f ;are

Ju=1, f2=—gez+ 4 g0 — 5=+ 2,
for =1, fag = gh, (2.2.14)
far =mf + h, faa =mfia +0dg +q,
with
g=—2%h(qe—he—nmg) + (g6 —myh) f] ; (2.2.15)
c. €,=-1,m=0 (hence 6 =n), h=h(x, 1), q=q(x, t) are arbitrary differentiable
functions and the functions f , are
fu=nh, fi2=q—ng,
for = 1, fas = gh, (2.2.16)
fa=f  fe=g.a+(@-n9)f+g.+ 2
with
_ [h(g.e—h.:)+nqf] y
9=~ G - (22.17)

Here are some examples of equations described by the classification given in this

chapter. Further examples will be found in Section 2.5.
Example 2.2.2. Burgers equation
Zp = Zg + 271,
is a particular instance of Type | (a), forf =z, p = 1, ¢y = % Hence, by using Theorem

2.2.1, one gets that the associated 1-forms w, = f,,dx + f ,dt are given by the functions
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fll = eff(??-”f+9)3_ f].? — E*E(?}T“l’g) (;1 + %) i

far=n, Joo=14¢,
fa1 = ee—<rt9) 5 f33 = ee—clnzty) (‘1 4 %) .
where g = g (1) is an arbitrary differentiable function, e = +1 and n? + (g')? # 0.
Example 2.2.3. Potential Burgers equation
Zy — Z9 + z%.

is a particular instance of Type | (b), for f = @ = e and Y = 0. Hence, by using Theorem

2.2.1, one gets that the associated 1-forms w, = f,,dx + f ,dt are given by the functions

f11 = cosh (nz + g) €, f1a = cosh (nr + g) €7z,
Jar =1, fa=4d,
fa1 = —sinh (nx + g) e*, faa = —sinh (nx + g) e* =,

where g = g (1) is an arbitrary differentiable function and n? + (g')? # 0.

Example 2.2.4. Equation

2 2.3
=2+ T — =Nz,
is a particular instance of Type Il (a), for 1 = 1. m=p e |11, f =z and g = \/11_7

Hence, by using Theorem 2.2.1, one gets that the associated 1-forms w, = f, dx + f ,dt are

given by the functions

Jn = - LHQ- fli}:*\/fij+\/%+z\/i7-
for=mn. oo = na,
Ja1 = - T_ug- fazi—\/%+\/%+z\/%~
Example 2.2.5. The equation
L= % - 2:; +zrz+2— %,
is a particular instance of Type Ill (b), for m = p € |=1,1[, h = /(> + 1) (1 — p?),

Bx

= h — S and ¢ = 3521 Hence, by using Theorem 2.2.1, one gets that the
Ji

associated 1-forms w, = f, dx + f ,dt are given by the functions
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f _ z + py/149° f _ 1 + 1) 4oz pzy/ 140?
u v 1—p2 1—p2 12 224 /1—pu? zq/1—p2 W 1-p2 12
/ 2
far=mn. faa =nz+ 1:” ,
_ 1z #2\/ 1472 | _ pz1 n prz x4/ 1472
f31 1—p2 + 1—p? I f32 224 /1—p? + zq/ 1—p2 + v 1—p? + £/ 1—p2 ’

/T (T 12),

ANALYSIS OF THE GENERIC CASE f,,, # 0

The following theorem gives a characterization of PS equations of the form (2.1.5)

with associated 1-forms (1.2.2) satisfying f,, =nand f,, , # 0.
Theorem 2.3.1. A differential equation of the form (2.1.5) is a PS equation with asso-
ciated 1-forms (1.2.2) depending on (x, t, z, z,, z,) with f ,, =n and f , ,# 0 if, and only if, B
has the form
B =4 ;f + g z1 + 3, (2.3.1)

where

0= f111,z {Aflllzz + A-Zfllsz] ?
02 = g [Af110e + Agfirz +1mAfi + 2], (23.2)

1,2
1

03 = Fiis [ﬁ"’l?,a: + ni3e — mfi1foa — hfas — fuﬂ s

withf ., =f,, (Xt 2), f ,,=f ,, (X, , z) and remaining f ; satisfy the non-degeneracy conditions
(2.1.1-2.1.2) and have the form

far=mfu +h, fia = Afiz 21 + o, faa = mAfi1z 21 + e, (2.3.3)
withm=m (x, 1), h=h((x 1), ¢,=y, (x t 2), Y, =Y, (x, t, z) differentiable functions
satisfying the system
faz. + hAf11. =0,
fa2,2 + m frithia + hbia — fiiihsa =0,

V3. — Mg, + 0Af11,. =0, (2.34)

[(-m? — 1) fir +mh| foo + U325 — mihia

—1) (g — na) —mygfi1 —hy =0,

with & given by (2.2.2).

Proof. The formulas (2.3.3) follow from (2.1.7) and second formula of (2.1.11). Hence,
solving the first equation of (2.1.8) with respect to B, one gets (2.3.1) with ¢, ¢,, ¢, given
by (2.3.2). Thus, the remaining two equations of (2.1.8) reduce to
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(foo,z + hAf11z) 21 + fage + mfr1010 + hibig — fr11h39 = 0,

[SN]
_uo
(14
~—

(32, — mabya,, + 6Af11.] 21 + [(m? — 1) fi1 +mh] fa (2
+320 — Miay — N (Msg — Y12) —mfi1 —hy = 0.

Therefore in view of the independence of A, f.., f.., f.» W,, and Y , on z,, equations
(2.3.4) follow from the derivation of (2.3.5) with respect to z,.

The rest of this section is devoted to the characterization of PS equations of the form
(2.1.5) under the assumption (2.2.1) and with f,, . # 0. The analysis of this case naturally
splits into two cases h = 0 and h # 0. In Subsection 2.3.1, we consider the case h = 0,
whereas in Subsection 2.3.2 we treat the case h # 0.

Subcases with h=0

According to the diagram of Section 2.2, the analysis of the case {f,,, # 0, h = 0}
naturally splits into further subcases which finally lead to distinguish the following types of
equations: Type | (a) with {0 =0, m = =1}; Type | (b) with {6 =0, m # +1}; Type |l (a) with & #
0. In this subsection we aim at giving a detailed analysis of these three subcases.

We start with the following auxiliary

Lemma 2.3.2. A differential equation of the form (2.1.5) is a PS equation with
associated 1-forms (1.2.2) depending on (x, t, z, z,, z,) with f , =n and {f ,, . # 0, h = O} if,
and only if, B has the form (2.3.1) where

o1 = f1+ [Afi1,22 + A fins]
@2 = fi% [Afll,;rz + A,a:fll.z + 7]?n‘4f1112 + El!lQ‘z] ’ (286)
¢3 = g [12e +nmtbe + ndAf1 — m fiifar — fng],

with f,, = f,, (X, 1, 2), f,, = f,, (x, ) and remaining f satisfy non-degeneracy conditions
(2.1.1-2.1.2) and have the form

Jar =mfi, Ji2=Afuzz + o, for = mA 1121 + s, (2.3.7)
withm=m (x, 1), Y,=y,, (X t, 2), Y, =, (x, I, ), differentiable functions satisfying the
system

39 = maa + 0 A fi1,
Jaae — 0ASH =0, (2.3.8)
(m? — 1) fi1fag + 0019 + (0Af11) , — (mmdA+m) f1 = 0.

Proof. Under the given assumptions, formulas (2.3.3) entail that (2.3.7) hold.
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Moreover, the first equation of (2.3.4) implies that f,, = f,, (X, 1). Thus, by deriving the
second equation of (2.3.4) with respect to z, one obtains
fi1z (mdia — Wa2) + fi1 (Mg, — s .) = 0, (2.3.9)
and (2.3.8) readily follows from (2.3.4) and (2.3.9), as well as (2.3.6) follows from (2.3.2) and
first equation of (2.3.8).
In the next two subsections we will solve (2.3.8) under the assumption that =0, i.e.,
that m = m (x, t) satisfies the Riccati type equation
ma+n(l- ?n2) =0. (2.3.10)
Therefore we will distinguish the degenerate cases m = +1, from the general case

where (2.3.10) has the solution m = —tanh (nx + g (t)).
Type I (a)
Using Lemma 2.3.2 one gets the following
Theorem 2.3.3. In the case {f,,,Z # 0, h =0, 6 =0, m = =1}, a differential equation of

the form (2.1.5) is a PS equation with associated 1-forms (1.2.2) depending on (x, t, z, z,,

z,) with f,, = n if, and only if, the differential equation has the form

=g lpnt et + W+ ea) i+ — i, (2.3.11)

where @ =@ (X, 1, 2), =y (x, 1, z) and f = (x, t, z) are arbitrary functions, such that @f ,+ 0

on a nonempty open set, and the functions f,.j are

fi1 = e7<m=+a) £, fia = e7<F9) (o2 + ),
Jfar =1, fa2 =4¢', (2.3.12)
far = efu, fa2 = €fi2.

with € = +1 and g = g(t) arbitrary differentiable function such that n? + (g')? # 0.

Proof. Under the given assumptions, formulas (2.3.7-2.3.8) entail that f,, = ef ,, .,
=ey,,and f,, = f,, (f). Thus, in view of (2.3.1) and (2.3.6), (2.1.5) takes the form

2= Az + f% [(Afi1z) 28 + (Y12, + enAfin, + (Af11s) =) 21

y

(2.3.13)
+enno — efi1for + V12 — fid .

and, by introducing the functions

g = foQ dt. f= Ce(m:Jrg)fu_ o= Af., b= ﬁf(nrJrg)I;‘lQ.

equation (2.3.13) reduces to (2.3.11). Moreover, in view of (2.3.7), the functions fii are given
by (2.3.12).
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Notice that, the non-degeneracy condition (2.1.1) holds in view of the fact that n? +

(g")? # 0 on a nonempty open set.
The converse of the theorem is a straightforward computation.

Observe that equation (2.3.11) coincides with (2.2.3) and it is referred to as of Type |

in our main classification result, Theorem 2.2.1.

Remark 2.3.4. It is noteworthy to remark that equation (2.3.11) can be written in the

form
Dy (f) = Da (921 + ).,
and by means of the point transformation {x = x, t = t, z = f (x, t, z)}, it reduces to
=D, (é_jDr(f’) + 1.3)
where z=0(x, t,z)isinverseof z=f(x,t,z)and @ =@ (x, 1, o (x, 1, 2)), Y=Y (x, t, O (X, 1, Z)).
Type | (b)
Using Lemma 2.3.2 one gets the following

Theorem 2.3.5. In the case {fm # 0, h=0, 0 =0, m/= %1}, a differential equation of
the form (2.1.5) is a PS equation with associated 1-forms (1.2.2) depending on (x, t, z, z,,

z,) with f ,, = n if, and only if, the differential equation has the form

=g lpm b easf (Ve +pp) a F e — o, (2.3.14)

where @ =@ (X, 1, 2), Yy =y (x, t, z) and f = f (x, t, z) are arbitrary functions, such that @f ,

# 0 on a nonempty open set, and the functions f jare
f11 = cosh(nz + g)f, fia = cosh(nz + g) (pz1 + Y12) s
far=m, fa=4d\ (2.3.15)
fa1 = —tanh(nx + g) fi1, fae = —tanh(nz + g) fio.
with g = g(t) arbitrary differentiable function and n? + (g’), # 0.
Proof. Under the given assumptions, from (2.3.10) and (2.3.7-2.3.8) one gets
fa2 = faa (1), J31 =mfi1. th3g = M2,

with m = ~tanh (nx + g (1)) and in addition f,, = g, since f,, , # 0. Thus, in view of (2.3.1) and
(2.3.6), (2.1.5) takes the form

2= ﬁ% {Afi222 + (Afin) 221 + [z + (A1) @ — ntanh (nz + g) Afins] 21
+ib1a . — ntanh (nxr + g) Y12 + tanh (nx + g) fi1d’ — fi1e},

which in its turn reduces to (2.3.14), by introducing the functions
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f = firfcosh(nz +g), @=Af., 1 =1p/cosh(nr+g).
Then, by taking into consideration (2.3.7), the functions f reduce to (2.3.15).

Notice that, the non-degeneracy condition (2.1.1) holds in view of the fact that n? +
(g')? # 0 on a nonempty open set.

The converse of the theorem is a straightforward computation.

Observe that equation (2.3.14) coincides with (2.2.3) and it is referred to as of Type
| in our main classification result, Theorem 2.2.1. In particular Remark 2.3.4 still applies to
equation (2.3.14).

Type Il (a)
Using Lemma 2.3.2 one gets the following

Theorem 2.3.6. In the case {f ,,# 0; h = 0; 6 # 0}, a dierential equation of the form
(2.1.5) is a PS equation with associated 1-forms (1.2.2) depending on (x, t, z, z,, z,) with f ,,
=n if, and only if, the dierential equation has the form

1
n=¢ P +e —f’—r" + 2 (qg’frf" — ¥ g+ fmmg)

o . (2.3.16)
EJ}—(L =+ nmi +ernfgd) — 7 Ity E: 61?2 [ g*ddz,
where €' = %1,
= —e1g9f. + Eli (nmygd — gd » — g20) + Ej_fé_ [elm,t + (1 — -mQ) /ggddz] . (2.3.17)

andg=g (x,t), m=m(x, t), f=f(x, t, z) are arbitrary differentiable functions, such that gf .
# 0 on a nonempty open set, and the functions f jare

Ju =4, Ji2 = —e1gfz + 0,

f
Joa =1, fan = 61f92(5d.1". (2.3.18)
far =74, fag = m(—e1gf .21 + ) + € fgo.

Proof. Under the given assumptions, from the second equation of (2.3.8) one gets A

J;fzj On the other hand, in view of (2.3.7) and the first equation of (2.3.8), the functions

fij are such that

far=mfu.  fio = L2elile xfél 21+ Y12, faz=m (—z—f”}»;f;l’z z1 + ?é-’lz) + ffcff :

where f.=f., (X, 1, 2), f,, = f, (X ), f,, # 0 on a nonempty open set, m = m (x, f) and

1
g = 3 (1 —m?) firfoo +my fi1 + +

Jialo2e | nfn. f22,1$:|
I i fu |’
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in view of the third equation of (2.3.8). Thus, by (2.3.1) and (2.3.6), (2.1.5) takes the form

2 = fo2,2 9+ f22.z {fll,zz o 2f11.z] .2

Y 8 | fue fu |1
= Tz 2 - b2 2
+ {f 7 [(mmd —0.2) fara + fr2220] + izg_ [J}Ti = —’—J;‘ill ] + 5 } A

7L et
[t 122 — fie +m (e — fuife) + W?ﬁ’} -
and one gets (2.3.16) and (2.3.17-2.3.18), after introducing the dierentiable functions Y (x, t,
2), f (x, t, z) and g(x, f) such that

fa2.z ¢
2 = 4% f:i
0 Ju

1 =11, €1

with €1 = sgn (—fr";”)_
Notice that, the non-degeneracy condition (2.1.1) holds in view of the fact that gf , #

0 on a nonempty open set.
The converse of the theorem is a straightforward computation.

Observe that equation (2.3.16) coincides with (2.2.6), where €, = 1 and y satisfies

(2.2.8) and it is referred to as of Type Il in our main classification result, Theorem 2.2.1.

Subcases with h 20

When h # 0, in view of the system (2.3.4), one is naturally lead to distinguish the
cases G =0 and G # 0, where G = a + Bf,, and a, B are given by (2.2.2). Hence, as

illustrated in diagram of Section 2.2, the analysis of the case {f,,  # 0, h # 0} naturally leads

1,z

to Type Il (a) and Type Il (b) equations, which correspond to G = 0 and G # 0, respectively.

In this subsection we aim at giving a detailed analysis of these two subcases.
We start with the following auxiliary

Lemma 2.3.7. A differential equation of the form (2.1.5) is a PS equation with
associated 1-forms (1.2.2) depending on (x, t, z, z,, z,) with f,, = n, f,,,# 0 and h # 0 if,
and only if, f, satisfy non-degeneracy conditions (2.1.1-2.1.2), equations (2.3.3) hold with

__ fe
A= Ao
g = fufz?o + q’fn fLﬁI (2.3.19)
g0 =m (f_.Luhgz + 9% — ﬁ%) + ‘% +q,

andm=m(x,t),q=q(x, t), h=h(x1),f,,=f,,x1t2),f,=f, (1t z), moreover B has
the form (2.3.1) with ¢, given by (2.3.2) and in addition the following differential equation is

satisfied

G fag + N (q6 —myh) fi1 +h*(qe — hy —nmg) =0, (2.3.20)
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where G = a + Bf,, and ; a, B are given by (2.2.2).

Proof. Under the given assumptions, equations (2.3.19) are equivalent to the first
three equations of (2.3.4). Equation (2.3.20) readily follows from substituting (2.3.19) into
the last equation of (2.3.4).

It is noteworthy to remark here that, if h = 0, then the condition 8 = 0 implies that «
= 0. Indeed, B = 0 entails that h = €;5/v/1 — m?, with €, = 1 and =1 < m < 1.Then, using
the obtained expression for h, one can easily check that 8 = 26a/h and hence that o = 0,

because of B,x=0and 6 # 0.
Type Il (a)
Using Lemma 2.3.7 one gets the following

Theorem 2.3.8. In the case {f . 0, h # 0, G = 0}, a differential equation of the form
(2.1.5) is a PS equation with associated 1-forms (1.2.2) depending on (x, t, z, z,, z,) with f ,,

=n if, and only if, the differential equation has the form

g,z zz = 6—ho 29,z=
2= —Fn - 5;;:3 24 [fp—z (fT — nm) - ?z + %‘5 %]
+fi~ [(6@+nm§)f+f.15 + 06 — h? — mhf — %) ] (2.3.21)

qfh afhe | ma—fe nq ft

= d—h . .
_|_% (f mi 'qm) gf + hf (¢ + 1mgq) -I—

where f = f (x, t, 2), g =g (x, t, z), m =m (x, t) are arbitrary differentiable functions with of,

g, # 0 on a nonempty open set, h and q are given by

616
—_ —1<m <1, € = 1,
VI—m? (2.3.22)

e
VI—m?
and the functions f have the form
Ju=1/, f12:—9,2»21—9,x—y%+%+61f9m-
for=mn, faa = gh, (2.3.23)
far=mf +h, f32 = mfia + erghy/T—m? +q.

h =

q:

Proof. Under the given assumptions, one has that G = 0 entails that a = 0, 8 = 0.

Hence in view of (2.3.20) one has that
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mh3 + I (0 2 —nmd) —dh, =0,
B% (m? — 1) + 62 =0,
(2.3.24)
qd —mh =0,
4z —hy—nmg=0.

Then by solving the second equation of (2.3.24) with respect to h one obtains that

61(5 0«
h= ﬁ. €] = +1, (2325)

with m taking its values in the open interval ]-1, 1[. Thus, by substituting (2.3.25) into the
third equation of (2.3.24) one concludes that

and the first and fourth equations of (2.3.24) are automatically satisfied.

Now in view of (2.3.19), one gets

_ _ [
A= T Rfii
ﬁ:’]_Q _ eV 1—-n12f11f22 4 _f::;lltf:-_,llﬁ o fi}ii (2326)
W3e = (E\/l ™ f11 fas + ;:311tfrl71 _ 221) +ev/T—m2 Fas + emg
and using (2.3.1-2.3.2), (2.1.5) takes the form
o o fo2s f202,22 fo2: [hatfnid  nm 2f22 02 @ q| .
T Thfin. 2 hfir. 1 - [fll ( ZEE ) hfir. + !
fag | Betnmd) fri+fi1 .0 78 ) 2h xf110 qfi1,«
+f11 [ hZ +T —h—mfy - ] + hfi1 -
f2.2 (hztfu1d  nm ng—fite f11 .
Jrf11,z ( h? ) - fii,x + hfi1,x (q’T +nma)
_ f2es  gftiha
hfi1,z fr1,2h%"

where f. =f. (x, t, 2)and f,, = f,, (X, , 2) are arbitrary differentiable functions. Moreover
one has that

far=mfi1 +h,
Jio =1 [~ o2zt + af11 — fooe + %] ;
frz=mfia + {22 4 g,
and by introducing the differentiable functions f = f (x, t, 2), g = g(x, t, z) such that
fu=1 fa2 = gh,
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one finally gets (2.3.21) and (2.3.23).

Notice that the non-degeneracy condition (2.1.1) holds in view of the fact that f g,
# 0 on a nonempty open set.

The converse of the theorem is a straightforward computation.

Observe that equation (2.3.21) coincides with (2.2.11), where €, =1 and h, mand g
satisfy (2.2.13), and it is referred to as of Type Il in our main classification result, Theorem

2.2.1.
Type Il (b)
Using Lemma 2.3.7 one gets the following

Theorem 2.3.9. In the case {f 2 ? 0, h# 0, G # 0}, adifferential equation of the form
(2.1.5) is a PS equation with associated 1-forms (1.2.2) depending on (x, t, z, z,, z,) with f ,,

= n if, and only if, the differential equation has the form

22+ [‘L” (7",‘5?‘ — T]m) - Qi:j” + ‘%5 + %] 2

]

o L_ G.zz
T T 2T f

fz

b

) 2
+ﬁ |:(o,z+ﬂm}f)f+f.15 + 06 — h? — mhf — f’;sra 4 (hf) - h*;l — ;r]mh}':] (2.3.27)
« [ fo—h vz = h= —fit
+?’7 (f = 7]m.) — gf— + h}; (g2 +nmyq) + fl?z - ‘g‘}ih + szf' \
where

g=—%h(qz—hs—nmq) + (q6 —m4h) ],

f=f(xtz),m=m(t),h=h(x t)and q =q (x, t) are arbitrary differentiable functions,

with hf ,# 0 on a nonempty open set, and the functions fij have the form

Ju=1/[ f12:—g,zi1+%l£—g,z—%£+i,%6.
Ja =1, fa2 = gh, (2.3.28)
Jar=mf +h, fa2 =mfi2+ g0 +q.

Proof. Under the given assumption, by rewriting (2.3.20) as
J2o = f% (R (g, — by — nmaq) + (ghé — mzh?) fu] |

and using the expression of A, §, and Y, provided by (2.3.19) in the formulas (2.3.1- 2.3.2)
and (2.1.7), one gets that (2.1.5) takes the form
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Lo fao= fo2.22 2 fa2.: [ hat+fu1d nm 2f22 22 f226 ql| .
T T hfi: T Rfige 1 - [fn,z ( Rk ) T hfite T T h} -

+ fa2 [(5.z+1?ﬂ15})1f11+f11@5 + %6 —h—mfy — Qh@fllﬁ] + qfi1,z

fivs " it (2.3.29)
o (hatfiss o ~fiig
g (e =) g (g 4 )
_ forae qfiihe
hfi1,. f11,:h?

where f. . =f.. (x, 1, 2), m=m(x, 1), h=h(x, ), g= q(x, 1) are arbitrary differentiable functions
and the remaining f, are such that

far =mfu +h,

fiz =% [~foz.21 +afi1 — faoz + %] ; (2.3.30)

far=mfra + 22 +q.

Finally (2.3.27) and (2.3.28) are easily obtained from (2.3.29) and (2.3.30) by
introducing the new functions f and g such that
Jiu =1, fa2 = gh.

Notice that the non-degeneracy condition (2.1.1) holds in view of the fact that f g, #

0 on a nonempty open set.
The converse of the theorem is a straightforward computation.

Observe that equation (2.3.27) coincides with (2.2.11), where €, = 1 and g satisfies

(2.2.15), and it is referred to as of Type Il in our main classification result, Theorem 2.2.1.

ANALYSIS OF THE SPECIAL CASE f,, , =0

The following theorem gives a characterization of PS equations of the form (2.1.5)

with associated 1-forms (1.2.2) satisfying (2.2.1) and f, , = 0.

Lemma 2.4.1. A differential equation of the form (2.1.5) is a PS equation with
associated 1-forms (1.2.2) depending on (x, t, z, z,, z,) with f ,, =n and f ,, , = 0 if, and only

if, B has the form
B = g‘)l:'% + (oz1 + @3, (2.4.1)

where

¢ = falz [Afs1.. + AL farz],
Afs1ee + Asfare +Usa.], (2.4.2)

$3= 7> [a2,2 +nfra — fiifor — farge]

= =

d’?:fa

—- =

withf =f, 60, fo=Ffs (6t 2, fo=f (6t 2), f=f (X1 2)f, =Af 5.2+ Y x,
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t, z) differentiable functions such that

Jiifoa —nfr2 # 0, A=f3,#0, (2.4.3)

and satisfying the system

Si2:+nAf31. =10

f1220 — fiie + 132 — farfaa =0,
fa2. — Afiifa1-=0

Jore + farfr2 — fiahs = 0.

Proof. Equations (2.4.1) and (2.4.2) follow by solving the third equation of (2.1.8) with

respect to B. On the other hand the remaining two equations of (2.1.8) reduce to

(fi2: +0Af312) 21 + fioe — Jiie +hss — farfoz = 0,
(fazz — Afi1fsiz) 21 + foo + farf12 — fradse = 0,

and, in view of the independence of f., f.., f,, f,» Ws, With respect to z,, one readily gets
equations (2.4.4). Finally, non-degeneracy conditions (2.4.3) are direct consequences of
(2.1.1-2.1.2).

The following two subsections are devoted to the classification of PS equations of
the form (2.1.5) under the assumption (2.2.1) with f,, = 0. This is a special case, where the
analysis noteworthy simplifies and one only finds the two further types of equations Il (b)

and Il (c), as illustrated in diagram of Section 2.2.
Type Il (b)
Using Lemma 2.4.1 one gets the following

Theorem 2.4.2. In the case f,, = 0, a differential equation of the form (2.1.5) is a PS
equation with associated 1-forms (1.2.2) depending on (x, t, z, z,, z,) with f , = n if, and only

if, the differential equation has the form

L 2 e 9 s .
5= —e1 flzg — g LL22 1—%( 619,1) 21

2 /
gj} (Ve —em Qf) +

n

where €, = 1,

g [ ¢*dx
!

andg =g (x, 1), f =f (x, t, z) are arbitrary differentiable functions, such that gf ,# 0 on a

V=egf.+e1fg.+ €

nonempty open set, and the functions f i have the form
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Ju =0, J12 = —emgf,

7 fo2 = €1 [ ngPdz, (2.4.7)
fa1= ‘% fao = ecgf.z1 + .
Proof. Under the given assumptions the system (2.4.4) reduces to

fr2. +nAf31. =0,

fi2e +nilbaz — farfa2 = 0,
fao = foa(x,t),

fooz + fa1f12 =10,

whereas conditions (2.4.3) become nf ., #0and f,,  # 0 respectively. Thus, (2.4.8) provide
. f22,1'

 fag _ faifee — froe iy — 122

A= . . ,
nfarz ' n far

Y,
and hence f33 = % (=fi2,271 + f31f22 — fi2.2)- Thenin view of (2.4.1-2.4.2), (2.1.5) takes
the form

o 12e J12.22 .2 (Qfm,u _ @) o _ J3ri—mf12

T T a2 T wfan: 1 nfa1,z n )1 fa1,2

f29,z fa1 31,2 f22—f19, 22
+ nfat,= + nfa1,z ’

and by introducing the differentiable functions f = f (x, , 2) and g = g(x, f) such that
g fQQ,:L' 2 . (f?ﬂ,m)

=, €1 =g, €1 = sgn .

f 1 U]

d

(2.4.7).

fa=

one finally gets (2.4.6) an

Notice that, the functions fi satisfy the non-degeneracy condition (2.1.1) in view of

the fact that gf , # 0 on a nonempty open set.
The converse of the theorem is a straightforward computation.

Observe that equation (2.4.6) coincides with (2.2.6), where €, = -1, m=0, 6 = n
and @ satisfies (2.2.10) and it is referred to as of Type Il in our main classification result,
Theorem 2.2.1.

Type Il (c)
Using Lemma 2.4.1 one gets the following

Theorem 2.4.3. In the case {f 12=0 fn# 0}, a differential equation of the form
(2.1.5) is a PS equation with associated 1-forms (1.2.2) depending on (x, t, z, z,, z,) with f ,,

=n if, and only if, the differential equation has the form
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2
= h ha hex
+fi [_fhn - f}1 n (T) 4 R ] (2.4.0)
e [ fn—hs Gz fax 9f qfhs | mg—fou
7. ( R ) R PRy Sl el v S

where

__ [hlgz=h)+nqf]
9= = he—(m?+h2)f -

andh=h(x,1),q=q(x 1), f =f (x t z) are arbitrary differentiable functions, such that f , #

0 on a nonempty open set, and the functions fij have the form

Jii = h, fi2=q—ng.
fa=n. Ja2 = gh. (2.4.10)
fa=1f fo=g:a+ (g—n9) L +g. + L=,

Proof. Under the given assumptions, the first and the two last equations of (2.4.4)

provide

1f22 S22, . faaa + farfiz
fo=q— ——, A=—— gy = ——T——, 2.4.11
. fu finfars . i (24.10)

where g = g (x, f) is an arbitrary differentiable function. Then in view of Lemma 2.4.1 one

gets

fa2 =

Jaa- WfQQ) far fooa
fu ~1+( fu f11+ hithe

and by substituting (2.4.11) into the second equation of (2.4.4) one gets

ngfiifar + (@ — fi1t) fu
Jar (2 + [1) — nfie

Hence, in view of (2.4.1-2.4.2), (2.1.5) takes the form

fao =

= S22, 2 + f22,22 .2 [ 1 (f22 =(f11,=4nf31) QfQZ.:r:z) 4y nfg_g] 2

T fiifa: fiifar-"1 7 | far- 2 i i A
far [2nfuiafee | g aftietnfoos | foo ?if31 z
+f31~ I + fi1 i ] fa1,2 [f + 7 .f11 + ]

gfstetfo02x  fo2afi1x
+nq — fa1,e + m o

Thus, by introducing the differentiable functions f = f (x, t, z) and g = g(x, t, z) such
that

fu = h. fa1=f. fa2 = gh,
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one gets (2.4.9) and (2.4.10).

Notice that, the functions fi satisfy the non-degeneracy condition (2.1.1), since
fiifoo — farfiz=g (hg + ?]) — g,
is nonzero in view of the fact that g, # 0 on a nonempty open set.
The converse of the theorem is a straightforward computation.
Observe that equation (2.4.9) coincides with (2.2.11), where e, = -1, m=0, 6 =1n

and g satisfies (2.2.17), and it is referred to as of Type Il in our main classification result,
Theorem 2.2.1.

ADDITIONAL EXAMPLES
Here are some additional examples of equations obtained from the given classication.
Example 2.5.1. Equations classied by Theorem 2.2.1 include the nonlinear second
order evolution equations admitting "higher weakly nonlinear symmetries", which have been
classied by Svinolupov and Sokolov [43] and up to contact transformations can be written
in one of the following forms:

n=z20+222+k(z),

2= 22z — Az + Az,

—~
(K]
ot
—

—

2= 2229+ A2,
2z = 2229 — Ax2z + 3Azz,
with A € R and k(x) an arbitrary differentiable function.
Indeed one can readily check what follows:
I.  The first equation of (2.5.1) is an example of the Type I (a), as well as of Type
I (b), with f =z, @ =1, U = 22 +[ k dx. For instance, using formulas (2.3.12),
one easily gets the corresponding 1-forms
wp = e*f(nl”rg) I:: d_]_’: -+ (21 + 32 -+ f Adl‘) dd 3
we = ndx + ¢’ dt,
Wy = €W,
with g = g (f) an arbitrary differentiable function, € = +1 and n? + (g')? # 0. It follows that this
equation is the integrability condition of a triangular linear problem given by (1.2.6).

The first equation of (2.5.1) is also an example of the Type Ill (a) with f =z -p, g =

-z-p, m=0, e, =-1. Using formulas (2.3.23), one easily gets the corresponding 1-forms
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wr = (z—p) do+ (21 + 22+ p —p?) dt,

[S)
ot
(8]
—_—

=ndr+n(z+p) dt, (2.5.

&
L]
|

w3 = —1 dr — 7 (: +p) dt,

where p = p (x) satisfies k= p" - 2pp'.
Il.  The second equation of (2.5.1) is an example of the Type | (a), and Type | (b),
with f =z, ¢ = -1, Y = -Axz'. Using formulas (2.3.12), one easily gets the

corresponding 1-forms

wy = e~ =9 2=V dy 4 (—2y — Azz™t) dt],
wy = ndr + ¢ dt,
Wy = €Wy,
with g = g (#) an arbitrary differentiable function, € = +1 and n? + (g')? # 0. It follows that this

equation is the integrability condition of a triangular linear problem given by (1.2.6).

Ill.  The third equation of (2.5.1) is an example of the Type | (a), and Type | (b),
/ Az?

with [ =xz7' o= —x, ¢ =z — 2= Using formulas (2.3.12), one

easily gets the corresponding 1-forms

wy = e <z tg) [.l?:’l dr + (7151 4z — )‘T‘TQ) d-t] ,
wo = ndx + ¢ dt,
W3 = €wy,
with g = g (1) an arbitrary differentiable function, € = +1 and n? + (g')? # 0. It follows that this

equation is the integrability condition of a triangular linear problem given by (1.2.6).

IV. The fourth equation of (2.5.1) is an example of the Type | (a), and Type | (b),
with f =227 o= —x, 1) = 2z — Az?
easily gets the corresponding 1-forms

. Using formulas (2.3.12), one

wy = e~ <nztg) [1?:-71 dr + (7.1"31 +z— %”“3) dt] ,

wo = ndr + ¢ dt,

Wy = €W,
with g = g (t) an arbitrary differentiable function, € = +1 and n2 + (g')? # 0. It follows that this
equation is the integrability condition of a triangular linear problem given by (1.2.6).
Similar results have been obtained by Reyes in [49].

Remark 2.5.2. It is noteworthy to note that for all the linear problems of previous
example the parameter n is always removable. Indeed n is removable from the linear

problems described by Theorems 2.3.3 and 2.3.5 by means of the gauge transformation
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defined by

nz
ez 0

W‘_

- —_— __?E -
0 e 2

In fact, under such a transformation, the 1-forms w, of Theorem 2.3.3 are transformed

to

wi =79 (fdz + (pz1 + 1) dt),

ws =g dt, (2.5.3)
\,035 = wa,

whereas the 1-forms w, of Theorem 2.3.5 are transformed to

wf = cosh(g) (f dz + (pz1 + ) dt),
wy = g dt. (2.5.

[Sv]
(A
.y
—_—

ws = —tanh(g)w?.

Notice that, despite the analogy between (2.5.3) and (2.5.4), it may be checked that
the corresponding zero-curvature representations are not gauge equivalent.

On the other hand one can easily check that by means of the gauge transformation
defined by

i VI
s Vi
n is removable also from the linear problem given by (2.5.2).
Example 2.5.3. Murray equation
Zp = 29+ Azz + Aoz — )\3,‘;2.
is another example of Type | (a), and Type | (b), corresponding to the choice:
L[(AAa+473 ) 4200 ha2] — L [(Ara+403 ) t+20 Aaz]

f=e M z, p=e M

i

b = e*?’g[(f\ff\z+4/\g)t+2,\m31] (

A1z? 2X3z
2t T) :

For instance, by using formulas (2.3.12), one easily gets the corresponding 1-forms
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_1 2 2 T
Wy = etz tg) g I%[(MMHAH)H%MB ] [3 dr + (21 + )\1_222 + Qiiz) df] '

we = ndxr + ¢’ dt,
Wy = €wq,
with g = g (f) an arbitrary differentiable function, € = +1 and n2 + (g')? # 0. It follows that this
equation is the integrability condition of a triangular linear problem given by (1.2.6).
Example 2.5.4. Boltzman equation
2t = ZZ9 + zf,
is another example of Type | (a), and Type | (b), corresponding to the choice:
f=p=2z =0, g=g(t).
Using formulas (2.3.15), one easily gets the corresponding 1-forms
wy = cosh (nr + g) (zdr + zz1 dt)
we = ndr + ¢’ dt,
wg = —sinh (nz + g) (zdz + 2z dt) ,
with g = g (f) an arbitrary differentiable function and n? + (g')? # 0. It follows that this equation
is the integrability condition of the linear problem given by (1.2.6).
Example 2.5.5. The equation
o= 2220 + Az — 42° — 42, (2.5.6)

is the “simplest” member, up to contact transformations, of the class of second order
evolution equations described by Michal Marvan in [39]. It is another example of Type Il (a)

corresponding to the choice
=1 m=0, =z g=n=2, (2.5.7)
which, in view of (2.3.18), also gives the corresponding 1-forms
wi = 2dr + (=22 + ) dt,
wy = 2dx + 8 dt, (2.5.

[Sw]
44
sl
—

we = 4z dt.

One can check that in view of Theorem 6 of [39], (2.5.6) is up to contact transforma-
tions the unique equation described by Theorem 2.2.1 which admits an irreducible zero-
curvature representation. In particular, we notice that the irreducible zero-curvature
representation obtained in [39] for (2.5.6) coincides with the one obtained from (1.2.6) and

(2.5.8) by passing to new 1-forms w, » w,, w,~ w, and w, - -w,.
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Example 2.5.6. Burgers equation
2 = 29 + 221, (2.5.9)
can be embedded in Type | (a-b) with f =z, @ =1, Y = Z%/2, as well as in Type Il (a) with f
=2/2,g=-z2, m=0, €, = -1. In particular the linear problem corresponding to Type IlI (a)

coincides with the one already given by Chern and Tenenblat in [20].

These two linear problems of (2.5.9) provide of an example of a pair of linear problems
which are non gauge equivalent. Indeed only the second linear problem admits non gauge-
like symmetries, as one can check by using the method discussed in Chapter 4. Hence,
the two linear problems must be considered as being structurally different. In particular, as
shown in Chapter 4, after removing the parameter n with the gauge transformation defined
by (2.5.5), one can insert a non-removable parameter in the second linear problem by using
the flow A, of the non gauge-like symmetry generated by t0J, —d,. Indeed, in this way one
get the following family of ZCRs of (2.5.9)

) = dr + dt,
A A 2 _ =0 MEd)
4 4

el

_1 z
2 1 1 3 1

i
which depends on a non-removable parameter A.
Example 2.5.7. Equation

Zp = X9 +2(z:+1):1+.:2. (2.5.10)

is another example of Type Il (a) corresponding to the choice
f =z g=—1z m = 0, g = —1.

with n # 0. Hence equation (2.5.10) is the integrability condition of a linear depending on a
parameter n.

This parameter is removable by means of the gauge transformation defined by
(2.5.5). However, by using the method discussed in Chapter 4, one can easily construct a
linear problem depending on a non-removable parameter A.

Indeed, the symmetry generated by xtd, + %(f)f — (% + 1‘:) ). is non gauge-like
for the given zero-curvature representation and its flow A, can be used to insert a non-
removable parameter A into it. Indeed, by preliminarily removing the parameter n through

the gauge transformation defined by (2.5.5), one gets the following family of ZCRs of (2.5.10)
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AAtz—2z
2(At—2) 0

ay = dx
_ 2 _ A Atz —2z
(M—2)? 2(At—2)
: [;1’.:1 +z2+ 24 —Q—A(E\;:;)_Q)] 0
4+ dt,
9z 2he i 22 g A=Aa—2)
“oi2? T Ge2)? 3 {*1’*1 R s vy ]

which depends on a non-removable parameter A.

Remark 2.5.8. In the context of equations describing pseudospherical surfaces the
occurrence of differential substitutions that, like the celebrated Cole-Hopf transformation,
map solutions of an already known integrable equation (e.g. a linear equation) to solutions
of a new equation, is quite natural. Indeed, as already observed by Reyes (see for instance
[53]) these substitutions can be often obtained from the following Riccati first order system

for an auxiliary function I' = I'(x, f)

o=—2(fsr— fo) P2+ ful — 3 (far + for).

r's= *%( 32 — foo) T2 + fral — % (fa2 + foa),

which is naturally defined by the 1-forms w, = f, dx + f,dt of an equation describing
pseudospherical surfaces. This fact is due to the remarkable property that the integrability

of (2.5.12) is equivalent to the structure equations (1.2.1), and will be illustrated below by

means of next three examples.

Example 2.5.9. Here we will use the Riccati first order system (2.5.12) to identify a
dif- ferential substitution which “linearizes” the first equation of (2.5.1) (generalized Burgers
equation). To this end we observe that by using the linear problem of Type Il (a) given in
the Example 2.5.1, (2.5.12) takes the form

=024+ (z—p)T,
Le=n(z+p)T? + (21 +2° +ps —p*) T

Hence, by assuming that I" # 0, (2.5.12) can be rewritten as

:ZF” nl' + p,

We notice that (2.5.13) is well defined whatever is the value of n and in particular that
it is defined also for n = 0.

When n = 0, if p = p(x) is such that p" — 2pp' = k(x) then (2.5.13) provides the
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differential substitution

which transforms the nonzero solutions of the linear equation
'y =10 +2pl', + 29T,
to solutions of the generalized Burgers equation
Ze =29+ 222 + k.
When p =0 above transformation reduces to the celebrated Cole-Hopf transformation.

Example 2.5.10. Here we will use the Riccati first order system (2.5.12) to identify a
differential substitution which “linearizes” equation (2.5.10). To this end we observe that by

using the linear problem (2.5.11), (2.5.12) takes the following form
I, =nl?—:I,
Uy =mnzzl? + (x2 + 2 + 22 T
Hence, by assuming that I" # 0, (2.5.12) can be rewritten as

=
z==2—ql,

t (2.5.14)
Iy =al 0 —202IT, + 15 — nFQ‘

Also in this case, the Riccati system is well defined also for the particular value n =0

by which it provides the differential substitution

I's

z T
transforming the nonzero solutions of the linear equation
y=al,,+1,.
to solutions of (2.5.10), i.e.,
n=rxz+2(xz4+1)2 + 22,

Example 2.5.11. Another application of the method illustrated in the last two

examples can be given by considering the following class of equations

2= Aozy + (AL + 2492 + Agy) 21 + Agpz® + A1z + At ge — Adgue. (2.5.15)

where A, = A, (x, t)and A, = A, (x, t) are arbitrary differentiable functions, with A, # 0.
Equations (2.5.15) are of Type Il (a), as one can check by taking

f= g=—Asz+ Ay, — Ay, e = —1. m =0, (2.5.16)

o
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in the equation (2.2.11). As in the previous example, we will use the Riccati system (2.5.12)

to show that the whole class (2.5.15) can be “linearized” by using a differential substitution.

Indeed, in view of (2.5.16), by using the corresponding f;, the Riccati system (2.5.12)
takes the following form
r,= r}T2 — I,
T"i =n (AQ: — AQ’I + Ay) 2+ (Agz + Ag;g Az AL — AQJIE) T,
and assuming that I" # 0 it can be rewritten as

Ts
z=FF —ql,
Ft = ‘421—‘11,3 — QWAQFF@ + All“:m — ?’]‘42_11—‘2 + (Al,:r — AQ:EI) F

Thus, since for n = 0 the system (2.5.17) reduces to

=

t = —’42]-—‘.,1‘1‘ + ‘AIT,T + (Al._:r - -‘42:1'.’13) r,

it follows that the non-vanishing solutions of the linear equation
Iy = Aol op + Al + (A1, — Asan) T
are transformed by means of =z = TT-I to solutions of the nonlinear equations (2.5.15).
More in general, it is not difficult to prove that the class of equations
2= Aoza + (A1 + 2402 + Asy) 21 + A2 + Arpz + Ao, (2.5.18)
where A, =A, (x, 1), A, =A(x, f) and A,=A,(x, 1) # 0 are arbitrary differentiable functions,

is the most general class of equations of the form z, = F (x, t, z, z,, z,) which can be

“linearized”, in the above sense, to
T‘lt = AQF:I_T + AL, + Apl,
by means of the “Cole-Hopf” differential substitution

[

T

“~

Equations (2.5.15) are just obtained from (2.5.18) by choosing A, =-A,  +A, .

Remark 2.5.12. According to the convention introduced by Calogero in [10],
equations like Burgers and those considered in the Examples 2.5.9, 2.5.10 and 2.5.11 are
called C-integrable. On the other hand, the type of equations considered by Svinolupov and
Sokolov in [43] is sometimes referred to as symmetry-integrable. It is noteworthy to remark

here that these two notions of integrability are not coincident. Indeed one has examples of
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equations, like Burgers equation, which are both C-integrable and symmetry- integrable.
However it is easy to find examples of equations which are integrable in a sense but not
in the other. For instance, equation (2.5.10) is C-integrable but it is neither linearizable by
contact transformations (Indeed Cole-Hopf transformation is not a contact transformation)
nor equivalent to one of the four equations (2.5.1). Indeed, the algebra of classical
symmetries of (2.5.10) is 3-dimensional and hence (2.5.10) cannot be contact equivalent to
a linear equation. On the other hand, it can also be shown that none of the four equations

(2.5.1) is contact equivalent to (2.5.10). Indeed

T = f(z,t), t=g(t), z=h(xt,z2). (2.5.19)
is the most general contact transformation which leave invariant the class of evolution
equations

% = a3(7,1,2)Zay + ao(7,1,2)32 + a1 (3,1, %)% + ao(7, 1, 2), (2.5.20)

where z, z, z__are partial derivatives of z = z(x, ) and a, are arbitrary differentiable functions

t XX

such that a, # 0. Hence, under transformations (2.5.19), any equation of the form (2.5.20)

is mapped to
o gr(zg . g" f,:r [h.?zag L h.. (13} 5
“t f? ~2 f3 h . “1
[fyz f:‘;g’ a1 +29 hohy foas 4+ (20" hos fo— 0 hy fan)as+h. [y fﬂ
+ @
foh.
[gf f?c - gf h‘,a‘ f?mal - gl h?a:f,a‘ ag + (g’ h.:c f,m* - gf h‘,m‘ f,m) ag + h,t f:? - h‘,a‘ f,t f%c]
— 3, ) )

(2.5.21)

In view of (2.5.21) it is not difficult to check that, by means of a contact transformation,

none of the four equations (2.5.1) can be transformed to (2.5.10).
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CAPITULO 3

FINITEFORDER  LOCAL  ISOMETRIC IMMERSIONS
OF PSEUDOSPHERICAL  SURFACES DESCRIBED  BY
SECOND ORDER EVOLUTION PS EQUATIONS AND
GENERALIZATIONS

In this chapter we consider the problem of existence of local isometric immersions,
into the 3-dimensional Euclidean space E?®, for the families of pseudospherical surfaces
described by PS equations classified in the Chapter 2. We will show that only Type |
equations admit such a kind of immersion and, on the base of this result, we also provide
an extension of the results to the case of k-th order evolution equations in the conservation
law form D, (f(x, t, z)) =D, (Q(x, t, z, z,, . . ., z,)). The examples discussed in the end of
this chapter include second order equations as Boltzmann, Murray and Svinolupov- Sokolov
equations, as well as higher order equations like Kuramoto-Sivashinsky, Sawada- Kotera
and Kaup-Kupershmidt equations, and also full hierarchies of integrable equations like

Burgers, mKdV and KdV, which were not covered by the results of previous papers [32, 33].

The chapter is organized as follows. In Section 3.1 we state the Theorem 3.1.1 and
Theorem 3.1.2, which are the main results of the chapter, and in Section 3.2 we give detailed
proofs of these theorems. Finally, in Section 3.3 we illustrate these results by means of

some examples.

MAIN RESULTS
The chapter is mainly concerned with the following question:

Dofinite-orderlocal isometricimmersions existfor the family of pseudospherical

surfaces described by the evolution second order PS equations of Theorem 2.2.1?

The answer to this question is provided by Theorem 3.1.1, which is the main result of
the present chapter and is stated below. According to this theorem such an immersion only

exists for equations of Type |I.

Theorem 3.1.1. For second order PS equations classified by Theorem 2.2.1, there
exists no finite-order local isometric immersions for the families of pseudospherical surfaces
described by Types Il and lll, whereas for those described by Type | such an immersion

exists if, and only if, there are constants y, (€ R, y /=0, {> 0, Z — 4y? > 0 such that:

I for Type I (a) the generic solutions z and associated 1-forms w, = f .dx + f ,dl,

given by (2.2.4), are defined on a strip of R? of the form
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(+/C -1y

STVS TEL o e(nr+g) < log 9.2 (3.1.1)
and the functions a, b, ¢ appearing in (1.3.1) are given by
a = v/ Ce2elm+a) — 4 2pde(natg) _ 1,
h—= .7'.€2€(ﬂr+g). (3.1.2)
c="t=l_y Ylelcrmie) 1 .
a \/gEQe:erg)77,254e(nz+g)71

with v = #1;

Il. - for Type I (b) the generic solutions z and associated 1-forms w, = f .dx + f A,

given by (2.2.5), are defined on a strip of R? of the form

(/T

arccosh 5 < nr+ g < arccosh (3.1.3)
and the functions a, b, ¢ appearing in (1.3.1) are given by
- \/g cosh?(nz+g)—cosh? (nz+g)—?2
a=v cosh?(nztg) ?
b= wmra (3.1.4)
_ b1 _ v2—cosh? (na+g)
= =V )
¢ cosh?(nz-+g) \/C cosh?(nz+g)—coshd(nz+g)—?

with v = 1.

On the other hand since Type | equations can be written in conservation law form,
like the k-th order equations described by Theorem 1.2.2, the answer provided by Theorem

3.1.1 naturally led us to the following second question.

Dofinite-orderlocal isometricimmersions existfor the family of pseudospherical

surfaces described by the evolution k-th order PS equations of Theorem 1.2.2?
The answer to this second question is provided by the following

Theorem 3.1.2. Finite-order local isometric immersions for the families of
pseudospher- ical surfaces described by k-th order PS equations of Theorem 1.2.2 exist if,

and only if, there are constants y, (€ R, y# 0, { > 0, ? — 4y? > 0 such that:

I for type (a) the generic solutions z and associated 1-forms w, = f .dx + f ,dl,

given by (1.2.10), are defined on a strip of R? of the form
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(Va7 /0 -

log o <e(nr+g) < log 57 (3.1.5)
and the functions a, b, ¢ appearing in (1.3.1) are given by
a = v/Ce2emate) — A2¢delnata) — 1
b = ye2elnm+a) (3.1.6)
€= an_ L= \/nge(::i)(::l:(ivrg}_1'

with v = +1;

Il. for type (b) the generic solutions z and associated 1-forms w, = f .dx + f A,
given by (1.2.11), are defined on a strip of R? of the form

(- VTP

arccosh 2 < nzr + g < arccosh (3.1.7)
and the functions a, b, ¢ appearing in (1.3.1) are given by
\/C cosh?(nx+g)—cosh?(nz+g)—~2
a=1v 5
cosh?(nz+g)
_ v 3
b= cosh2(nz+g)° (318)
B 7* —cosh? (yx+g)
c= =v ,
a cosh?(nz+g) \/C cosh?(nz+g)—cosht(nz+g)—~2
with v = #1.

The proofs of Theorem 3.1.1 and the Theorem 3.1.2 are presented in Section 3.2.2

and Section 3.2.3, respectively.

PROOFS OF THE MAIN RESULTS

Auxiliary lemmas
We begin with the following

Lemma3.21. Ifz,=F (x, t, z, z, ..., z,) is a k-th order PS equation with associated

1-forms w, = f,dx + f ,dt, 1 <i <3, depending on (x, t, z, z,, ..., z,) then

fil = fz’l (T f._:), fig Zfig (ll?._a‘,,:._zl,...._:k,lj. (321)

In particular if f . =f. (x, t)and f, =n, then
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f1om = fo2,z, =0, (3.2.2)

fare #0, (3.2.3)

farm 1 # 0. (3.2.4)

Proof. In view of Theorem 2.1.1 one has (3.2.1). On the other hand, by assuming that

fu=fy (X B)and f,, =n, one can rewrite structure equations (1.2.1) as

Ji2p + J1o20 + o+ Jias 2 F0fa — faifor — J110 =0,
foon+ foo.2z1 4+ -+ foo 2+ fiafsr — fiifaa =0, (3.2.5)
Ja2e + Ja2.210 -0+ 3o 2+ 0f12 — Jinfee — Sa1e — f31:F = 0.

Then (3.2.2) follows by deriving first two equations of (3.2.5) with respect to z,. On
the other hand, equations (3.2.3) and (3.2.4) easily follow deriving the third equation of

(3.2.5) with respect to z, and by the non-degeneracy condition (2.1.2).

The following lemma is an analogue of the main result of the paper [32] and will
facilitate the proofs of Theorem 3.1.1 and Theorem 3.1.2, which are provided in Subsections

3.2.2 and 3.2.3, respectively.

Lemma3.2.2. Letz, =F (x, 1, z, z,, ..., Z,) be a k-th order PS equation with k = 2 and
associated 1-forms w, = f dx + f ,dt, 1 <i <3, depending on (x, t, z, z,, ..., z,) and satisfying
f, = n. If there exists a finite-order local isometric immersion for the pseudospherical
surfaces described by solutions z = z(x, t) of this PS equation, then the functions a, b and c,

defined in (1.1.7), depend only on x and t.

Proof. If the coefficients of the second fundamental form (1.3.1) depend on finite-
order jet prolongations of solutions z, and the functions f, only depend on (x, t, z, z,, ...,
z), then a, b and ¢ may depend only on x, t, z, z, ..., z, where | is a fixed positive integer.

Hence, (1.3.2) rewrites as

fuay +nby — fioa, — faab, — 2b(fi1fs2 — farfiz) + (a — ¢) (nfs2 — farfa2)
I !

—Z (fiza., + faab,) i1 + Z (frraz, +nb,) 2, =0,
-0 i—0

(3.2.6)
fiibe +nes — frabae — fasc, + (a —¢) (fiifaa — farfiz) + 20 (nfz2 — f31fa2)
! I

*Z (fi2b s, + faacs,) zig1 + Z (fiibz, +mcz,) zip = 0.

i=0 i=0

We will prove the lemma by distinguishing the two cases: n =0 and n # 0.
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Case n=0. In this case, the non-degeneracy condition w, A w, # O rewrites as f .f,,
# 0. Hence, since z, = Fis a k-th order equation, by deriving both equations of (3.2.6) with

respect to z,_, one obtains

I+k

4, =0, b, =0, (3.2.7)

’

and in view of Gauss equation (1.3.3) one has that
ac., = 0. (3.2.8)

Thus when a = 0, in view of (3.2.8), ¢, = 0 and by successive differentiating equations

(3.2.6) with respect to z,

o fori=0, .., /-1, one has that a,= b}z,. =cC,= 0.
On the contrary, when a = 0, then Gauss equation leads to b = € = +1 and (3.2.6)

becomes

farfaac — 26 (fi1fae — farfi2) = 0,
! (3.2.9)
fasca +c(fi1fsa — farfiz) + 2€fa1 foo + Zf220,213i+1 =0.

i=0

Hence, in (3.2.9), by substituting the expression of f..f ., - f,.f,, obtained from the

first equation into the second equation one gets

1
ot Dz + N 420 =0
i=0
and in view of Lemma 3.2.1, by means of successive differentiations with respect to z, ,, for
i=0, ..., I, one gets that c,= 0.
Hence when n =0, one has

a, =b, =c., =0, i=0.1...., l.

Case n # 0. In view of (1.2.8), by deriving both equations of (3.2.6) with respect to

zIl+k, one obtains

2
Ju ! (3.2.10)

b, = - Qs Co 5z

and the derivative of the Gauss equation (1.3.3) with respect to z, returns

2
(c—!— % + 2?}{“) a., =0. (3.2.11)

Now we will proceed by further distinguishing the two subcases:
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af?
(i) Az = 0, c+ ?{51 4 95511 £ 0;

(if) ¢+ 5 2 — o,

Subcase (i). In view of (3.2.10),
az = b,zi =Cz = 0, (3212)

and by substituting (3.2.12) in (3.2.6) one readily gets the following analogous of (3.2.10)
and (3.2.11):

f It
boy = _ga‘,zz—w Cag = Tlgla,zi—v (3213}
and
2 2bh
(c + i} + f“) s, = 0. (3.2.14)
n n

2
o % ,
Hence in view of ¢ + —Q—QT{M + —3;11 # 0 one also obtains that

Az g =bsy  =cs, =0 (3.2.15)

Thus the desired result easily follows by observing that iterating above procedure

one would get that

a. =b, =c, =0, i=0,1,.... {.
af? aff
Subcase (ii). If ¢ + % + @;IM = (), then by substituting ¢ = —% — %% into
the Gauss equation, one gets
a
b:u—ﬂ. (3.2.16)
n
where v = £1. Hence
2 2
c= “f% _ i (3.2.17)
n n
and the following identities hold,
Db = — in;?m _ G.Dt](ifll)t Dic = ffﬁ;?:a + % (aﬂu _ V) D, (fll) t
, (3.2.18)
a aD, Dya a
D,b= 7f11;"D: o ?(Ifn)’ D,c = fuﬂ2 +% ( {?11 _ f/) D, (fll) t

where D, and D, are the total derivative operators. Then, by using (3.2.18), equations (1.3.2)

rewrite as
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1

afoo Dy
—afiy —afiF+ % + %Z @, % + fzzzn(fn)
i—0

—2b(f11fs2 — farfi2) + (a—¢) (nfsa — fa1f22) =0

(”f“ 2;/) fi1e + (af“ 2:/) fuF =4t Amam - f—A—i +1 2
,, e ,7 n o L il
- [% + fsz (5% - ?f/)] D, (fi1) + (a — ¢) (f11fa2 — fa1f12)
+2b (1 f32 — farfa2) =0
where A, = f..f,, — nf,, # 0 in view of the non-degeneracy condition w, A w, # 0.
Now to prove that in the current subcase a, b, ¢ do not depend on (z, z,, ..., Z) we

analyze separately the cases I =k, I=k-1and I sk - 2.

When | = k, by deriving (3.2.19) with respect to z, , i = k, ..., |, one gets that

1!
A, 2, = 0. Therefore an argument similar to that used in the analysis of subcase (i), shows
that

=b, =

E] y

c..o=0.  Yi=lk .. (3.2.20)

y

When | = k - 1, by deriving (3.2.19) with respect to z,, one gets that

A
_afll zF,zk + lgazk_l = Oe

(3.2.21)
(afn 2:/) Ji12F 2 %%G,Zk—i =0,
which easily leads to a, = 0 and hence, in view of (3.2.10), to
Qo =bo  =cCu, =0 (3.2.22)

Hence in view of (3.2.20) and (3.2.22) the jet-order of a, b and ¢ cannot exceed k- 1.
However we will prove now that a, b, ¢ may only depend on (x, {). Indeed, when | s k - 2, by
deriving (3.2.19) with respect to z,, one gets that

_afll,z-F.zgc =0,
(Enm - 2”) fll,zl,:‘,z;c - 0-.

which easily leads to vf,, ,F, =0 and hence to f, = f,, (X, ?), since z,= Fis by assumption

a k-th order equation. Therefore in such a case equations (3.2.19) reduce to
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I

—afiie + AIQG + Auzﬂzz»«zﬂ 4 == afn Ifm —2b(f11f32 — farfi2)
=0

+(a—c) (nfasa — farfaa) =0,
l (3.2.23)
(% -2 ) fire =520, — L52S Ca,zin

=0
+ [%32 + %2 (afn 21/)] fi1z +(a—c) (firfa2 — farfr2)
+2b(nfs2 — fa1fa2) =0

and in view of Lemma 3.2.1, conditions (3.2.2), (3.2.3) and (3.2.4) must be satisfied. In

particular, if / = k — 2, by deriving (3.2.23) with respect to z, , one has

Atoa z;_ o

r; =2 —2bf11fa2z , +(a—c)nfaaz, , =0,

fi1 Agga o 21126)"32,::1;_1] -0

(3.2.24)
e (G- —c) fS?,zk_1 - fn

where .. # 0 in view of (3.2.4). In particular, by comparing first and second equation of
(3.2.24), one gets

nfula—c) = (fi —n*)b, (3.2.25)

where f# —n? # 0, since otherwise a — ¢ = 0 and by (3.2.17) one would get f,, = 0. Then,
by substituting (3.2.16-3.2.17) into (3.2.25) one obtains f{"l + -772 = () which contradicts n
#0andf,, #0.

On the other hand, if / < k - 2 then by deriving (3.2.23) with respect to z,_, and using
(3.2.4), one gets the system

() (2)-()

which in view of fZ —n? # 0 immediately leads to b = 0 and a = ¢, which contradicts the

Gauss equation (1.3.3).

Proof of Theorem 3.1.1

In the proof of Theorem 3.1.1 we will analyze separately equations of Type | and

equations of Types II-lll.
Existence of finite-order local isometric immersions for Type | equa- tions

To prove that equations of Type | admit finite-order local isometric immersions, we

will distinguish between Type | (a) and Type | (b).
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Type | (a). In view of Lemma 3.2.2 and (2.2.4), equations (1.3.2) reduce to
—pe 749 [0, — € (a — ) n] 21 — e [0, — € (a— ) 7]

_‘_??b,t — g’b,a: + 5,—6(’71‘+_9')f {a,t _ Egl (ﬂ. _ C” -0
(3.2.26)

—pe~ 49 [b . — 2enb] 2y — e I [b, — 2end]

| s — glen + e~ £ (b, — 2eq'b) = 0.

Hence, in view of the independence of @, Y, f, gand a, b, con z,, (3.2.26) splits into
the following two systems
ay,—€la—c)n =0,

(3.2.27)
by —2enb =0,

and

,fe(nr+g)f[ —¢eg' (a—c)] +nbs—gbr =0

e a, g {a—c nos — gbs . i

t ' (3.2.28)
et £ (b, — 2eq'b) + ey — g'c. = 0.

In its turn, in view of f, # 0 and the independence of g, a, b, ¢ on z, the system

(3.2.28) splits into the following system

ay—eq (a—c)=0,
by —2eg’'b=0,
! (3.2.29)
nbs—g'b, =0,
ney—g'ce =0.

Then, from the second equation of (3.2.27) and second equation of (3.2.29), one
gets the expression of b given by (3.1.2). In particular the third equation of (3.2.29) is
automatically satisfied.

On the other hand, in view of n? + (g")? # 0, from the first equations of (3.2.27) and

(3.2.29) one has that a # 0 and from the Gauss equation one gets
-1
c= . (3.2.30)

a

Then in view of (3.2.30), first equations of (3.2.27) and (3.2.29) rewrite as
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aaz — e [a? — ettt 1] =0, (3.2.31)
aa; — eq' [aQ — y2etelnta) 4 1} =0,
and can be readily integrated in the form
a? = Ce2emte) _ ylpdeirte) _ 1 ¢ R, (3.2.32)

by using the integrating factor e-?". Thus (3.2.32) entails that

a = I/\/CQQE(?’.‘T-FQ) _ ,-),-25,46(?;3:+g) —1.

which is defined whenever e*+9 — y2gt+9) — {1 > 0. Therefore >0 and

C—v CQ - 4’}2 < e2£(nz+g) < ¢+ V CQ - 41"2
2,\;,2 ) 2,)2 '

i.e., ais defined on the strip described by (3.1.1). Finally, by substituting above results in
(3.2.30) one gets the expression of ¢ given in (3.1.2), and one can readily check that also

the fourth equation of (3.2.29) is satisfied.

A straightforward computation shows that also the converse of the theorem holds for

current type.

Type | (b). The proof is similar to that of Type | (a). In this case instead of (3.2.26)

one has the following system

—plcosh (nz + g) a, +nsinh (nz + g) (a —¢)] 21 +nby — ¢'b,
—t [cosh (nz + g) a, + nsinh (nz + g) (a — ¢)]

+ [cosh (nz + g) ay + sinh (nz + g) ¢’ (a — ¢)] f =0,

(3.2.33)
—@[cosh (nz + g) b + 2nsinh (nz + g)| 21 +nce — g'c
—1) [cosh (nx + g) b, + 21 sinh (nz + g))]
+[cosh (nz + g) by + 2 sinh (nx + g) 'b] f =0,
by which one obtains, instead of (3.2.27) and (3.2.28), the following two systems
cosh (nr + g) a, +nsinh (nz + g) (a —c) =0, (32.34)

cosh (nz 4+ g) b, + 2n sinh (nz + g) =0,

and
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[cosh (nz + g)a, + sinh (nx 4+ g)¢' (a — )| f+nby — g'b, =0,

(3.2.35)
[cosh (nz 4+ g) by + 2sinh (nx + g) g'b] f +nc, — g'c, = 0.
Hence, instead of (3.2.29), in this case one gets the system
cosh (nx +g) a, + sinh (nr 4+ g) g (a —c) = 0,
e =902 =0, (3.2.36)

cosh (nz+g)bs + 2sinh(nz+g)g'b =0,

ney —gcge =0,

and the proof runs as that of Type | (a). In particular one gets the expression of b given

in (3.1.4), as well as that ¢ = baT_l Moreover by integrating the following analogue of
(3.2.31)
aa + ntanh (nz + g) a® — ntanh (nz + g) [%] =0, .
aay + g'tanh (nx + g) a® — ¢'tanh (nx + g) [%] =0, 3250
by means of the integrating factor ef2ntanhne9) dx = _cosh? (nx + g), one gets
W2 C (t) cosh® (nx + g) — cosh® (nz + g) — ﬂ;,.zf Cem. (3238

cosh* (nr + g)
which is exactly the expression of a given (3.1.4) and is defined whenever
C cosh® (nx + g) — cosh* (nx + g) —+* > 0.
Therefore one has that > 0 and

(-~ /TP

2

C+/E—T?

2

< cosh® (nz + g) <

i.e., a is defined on the strip described by (3.1.3). By substituting above results for a and b
B2—1
a

that all equations of (3.2.34) and (3.2.36) are satisfied.

into ¢ — . one obtains the expression of ¢ given in (3.1.3) and one can readily prove

A straightforward computation shows that also the converse of the theorem holds for

the current type.
Non-existence of finite-order local isometric immersions for Type Il and Il equations

To prove that equations of Type Il and Type Ill do not admit finite-order local isometric
immersions, we will separately analyze Type Il (2), Type Il (b) and Type Il (c), whereas Type

Il () and Type Il (b) will be analyzed almost simultaneously.

Type Il (a). In view of Lemma 3.2.2 and (2.2.7), equations (1.3.2) reduce to
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la, —nm(a—c)lergf .21+ emgd (a—c) [ —2e1%b6 — e1b, [ g*d dx

+[be +my(a—c)] —axh+ 4 [a;—em(a—c) [g*6dz] =0,
(3.2.30)
b, — 2nmb| e19f .21 + 2e1mgdbf + 1g%0 (a — ¢) — ¢y¢, [ g*0 dx

+n e+ 2mib] — b + :% [b; — 2eymb [ ¢%6 dz] = 0.

Hence, in view of the independence of 6, m, ', g, Y and a, b, con z,, (3.2.39) splits

into the following two systems

a,—nm(a—c)=0,

(3.2.40)
by —2nmb =0,
and
eingd (a —¢) f2 + (ryb,t — 2616%b5 — ¢1b, f g% d;r) I
+glas—em(a—c) [g*ddz] =0,
(3.2.41)

2e1mgdbf? + [61926 (a—c)—ec, [ g*5dx + r]cj] I
+g [b,t — QEl‘J’TIbIQQd dr] =10.

.

Then if n # 0, by deriving (3.2.41) twice with respect to z, one gets
b=10, a=c,
which contradicts the Gauss equation (1.3.3).

On the other hand, if n = 0, then from (3.2.40) one gets a, = b, =0 and (3.2.41)
reduces to

—2e10°b0f + ¢ [ﬂ,t —em(a—c) ngJdI] =0,

). . ) (3.2.42)
[flg 0(a—rc)— elc_rfg o) dl’] f+g [b!t - QElm.bfg Odr] = 0.

Hence, by deriving the first equation of (3.2.42) with respect to z, one has that b =
0 and a # 0, because of Gauss equation (1.3.3). Also, by deriving the Gauss equation with
respect to x, one gets c, = 0 and hence, in view of fyz # 0, from the second equation of

(3.2.42) one concludes that a = ¢, which contradicts the Gauss equation.

Type Il (b). In view of Lemma 3.2.2 and (2.2.9), equations (1.3.2) reduce to
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neigf.(a—c)z +engasf —en (2% + b, [ ¢* dx)

tn[be+ ¢ (a— o)) - WL (4 ) =,
(3.2.43)

2nergbf .z + angbg |+ ang? (a — ¢) — e f P
41 (cp + 2000) — w o

Hence, since f,, = 0, it follows that w, A w, # 0 is equivalent to e,n°gf # 0 and by

deriving (3.2.43) with respect to z,, one concludes that
b=0, a=c,
which contradicts the Gauss equation (1.3.3).

Type Il (a-b). In view of Lemma 3.2.2 and (2.2.12-2.2.14), equations (1.3.2) reduce
to

[a, —2bh —nm(a—c)lg.z1+ [a, —2bh —nm (a — ¢)] g,
— [mh (a—c)— 5"”1(“*}:)"5‘1 I] fg+ [a,f + Q'ﬁm(a*hc}fqa;] ¥

+ [M —(a—c)h? - hb z — 2bh , + 16 (a — (_‘)] g

tng(a— )+ by =0,
(3.2.44)
[be—2nmb+h(a—c)g.z1+ [be—2pmb+ h(a—¢)] g

— [thb— w] fg+ {b_i + %] f

+ [*h”b’rsﬂmbh‘ —2bh* —c h+ h,(a—c)+ 2?76[7} g

+2ngh 4+ ne; = 0.

Hence, in view of the independence of h, m, g, f, gand a, b, con z, (3.2.44) splits

into the following two systems

ay=2bh+nm(a—c),
by =2nmb—h(a—rc),

(3.2.45)

and
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Jaz+nby + {mh (bQT*l — a) - '2.6b] gf — 2qbf

+ [776 (a + 1%:’2) - 2-mnhb] g+nq (a + %) =0,

(3.2.46)
a(1-5%)

a2

ay + (f + @) b+ {6 (a + 1;—!’2) — Q-mhb} af

+q (a.+ 1—52) Ft [27756 i % (%%—_b“ —1- 362)] g+ 2bng = 0,

a

where we have used the identity ¢ = lﬁT_l Indeed a # 0, since otherwise (3.2.45) reduces

h —nm 2y (0
nm h c ) \o)’

) # 0, and b = ¢ = a = 0 contradicts Gauss equation. Therefore,

to

h  —nm
where det
nm h
by rewriting (3.2.46) as

ay = [Z2(a? — b2+ 1) +20b] g + 22,

? a

(3.2.47)
by= [Q-mhb — g (a® — b + 1)] g—1 (a® =0 +1),

and deriving (3.2.47) with respect to z one gets
o mh 2ab 0 )
) = , (3.2.48)
mh —0 a?—b>+1 0

g, =2y, o 9@PH) (3.2.49)

’ a ? a

and

In the case of Type lll (a) one has that
— ((52 + mghg) =— [h2 (1 - 7712) + -mihg] = —h?#£0,
and hence (3.2.48) entails that b =0 and a*> + 1 = 0, which is a contradiction.

On the other hand, in the case of Type Il (b) either m? + 8°# 0 or m= & = 0, however
in both cases equations (3.2.48) and (3.2.49) lead to a contradiction. Indeed, when m? + &2
# 0, (3.2.48) entails that b = a? + 1 = 0. On the other hand, in view of (2.2.2), when m= 0 =
0 one also has n = 0 and hence from the compatibility of (3.2.45) and (3.2.49) one obtains

b(hy—qa) =0, (3.2.50)

where h,r -q,#0, otherwise by (2.2.15) one would get g = 0 and hence (2.2.11) would

degenerate to a first-order equation. Thus, from (3.2.50) one has b = 0 and in view of h #
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0, (3.2.49) and (3.2.45) one easily that g = a — ¢ = 0, which contradicts the Gauss equation
(1.3.3).
Type Il (c). In view of Lemma 3.2.2 and (2.2.16), equations (1.3.2) reduce to

m(a—c)—2hblg.z1 + [n(a—c)—2hblg. —gf [h (a—e)+ % (a— c)]
+g {’?“,m — hby —2bh , + ”hTm (a— C)]

+H%[ (a—c)+hayg+nb, —qa, =0, (3.2.51)

[h(a—c)+2nbl gaz1 + [h(a— ) + 2bl g0 — of [th n Qﬂhib]

+g {??b,m —hey+(a—e)h, + %b] + @b +hby+ncy —qb. = 0.

Hence, in view of the independence of h, m, g, fand g on z,, one readily gets that

()02)-6)

—h 7
) # 0, and b = a - ¢ = 0 which contradicts the Gauss equation

where del‘(
n h

(1.3.3).

Proof of Theorem 3.1.2

In the following proof of Theorem 3.1.2, we distinguish between the linear prob- lems
(a) and (b) provided by (1.2.10) and (1.2.11).

a. Inview of Lemma 3.2.2 and (1.2.10), equations (1.3.2) reduce to
—Qe= ) [a, —c(a—c)n] +e D fla, —eg’ (a—c)]
+nby — g'by =0, (3.2.52)
— Qe +9) [b, — Denb| + e=<T+9) f (b, — 2eg'b) +ne, — g'c,, =0,

where Qlk_1 #0. Hence, in view of the independence of f, gand a, b, con z,_, (3.2.52) splits

into the following systems

g, —€la—c)n=10,

by —2enb =0,

and
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eme<nz+a) la,—eq' (a—c)| +nb,—g'b, =0,
e~ m+9) £ (b, — 2eq'b) + ey — g'ce = 0.
The rest of the proof runs as that of Theorem 3.1.1, in the case of Type | (a).

b. Inview of Lemma 3.2.2 and (1.2.11), equations (1.3.2) reduce to

—Qcosh (nz + g)a, +nsinh (nr + g) (a — )] + cosh (nz + g) a,

+nby — g'by + sinh (nx +g) g’ f (a —c) =0,
(3.2.53)
—Q [cosh (nz + g) b, + 2 sinh (nz + g)] + cosh (nz + g) b,

+ney — g'cy +2sinh (nz +g) o' fb=0,

where Q,zk_1 #0. Hence, in view of the independence of f, gand a, b, con z,_, (3.2.53) splits

-1

into the following systems

cosh (nz + g) a, +nsinh (nr + g) (a —¢) = 0,
cosh (nz + g) b, + 2y sinh (nz + g) =0,

and
cosh (nr+g)as+nby — g'by + sinh (nx+g)g'fa—e) =10,
cosh (nr+g)by+ncy —g'cy + 2sinh (nr +g) g' fb = 0.
The rest of the proof runs as that of Theorem 3.1.1, in the case of Type | (b).
EXAMPLES

Example 3.3.1. Boltzman equation
2 = 229 + 22, (3.3.1)
is an example of Type | (a) and Type | (b).
For instance, by choosing 1-forms
wy = e~ ) (pdy 4 22y dt), wy=ndr+gdt, wy=ew,

equation (3.3.1) can be seen as a particular instance of Type | (a), described by (2.2.3),
withe =+1, f =@ =z, Y =0 and g = g (f) an arbitrary differentiable function. In this case,

equation (3.3.1) describes a family of pseudospherical surfaces with first fundamental form
I = I:E—QE(?jI-‘rg):Q + 772} dr2 £ 9 [6_26(”T+g)2221 + ?]gf] de dt + [E,—26(711+g)z?z% + (gr)Q] di2.

and in view of Theorem 3.1.1, whenever the associated 1-forms w, = f,, dx + f,, dt and
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the generic solutions z of (3.3.1) are defined on a strip of the form (3.1.1), such a family
of pseudospherical surfaces admits a finite-order local isometric immersion with second

fundamental form given by
Il =a dx? + 2aqg dx dt + (IQQ(HQ.

where

ayq = pe—2e(nr+yg) .2 \/gg?e(vrﬂg) — y2etelnztg) — 1

+ v e
\/Ce2etneta) _y2eletnzta) 1

—|—2‘T]";€e(n1‘+g) o~

a9 = 1/5725(731'4’9)2221\/ngdﬂfﬂ"!‘g) — ?.-2645(?71“"9) -1

rﬁeié(nm-kyl 1

(nz+g) _~2ede(nz+g) _ 1’

+yef+9) (ghz 4 mzzy) +
e (9= +nzz1) w?g\/czs

~2ede(nz+a) 1
\/geﬂs uz+g>_, ele(nztg) 1’

+Q?Fee(?‘]l‘+§)g'f2’:1 + (g’)Q

On the other hand, by choosing 1-forms
w1 = cosh (nr + g) (zdx + zz1dt), we =nde+g¢'dt, ws= —tanh (nr+ g)wi.
equation (3.3.1) can be seen as a particular instance of Type | (b), described by (2.2.3), with
f=@ =2z y=0and g =g (t) an arbitrary differentiable function. In this case, equation (3.3.1)
describes a family of pseudospherical surfaces with first fundamental form
I = [cosh® (nz + g) 22 + 0% d2? + 2 [cosh? (nz + g) 2221 +ng'] dz dt
+ [cosh? (nz + g) 2223 + (¢') } dt?,
and in view of Theorem 3.1.1, whenever the associated 1-forms w, = f, dx + f, dt and the
generic solutions z are defined on a strip of the form (3.1.3), such a family of pseudospheri-
cal surfaces admits a finite-order local isometric immersion with second fundamental form
given by
IT = ayy da® + 2a19 dx dt 4 agydt?,

where
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ayy = vz22\/Ccosh? (nz + g) — cosh (nz + g) — 72

2ynz 2 2 —cosh! (nz+g)
+ coshtnerg) TV ’
cosh(nz+g) d cosh?(nz+g) \/CCOShQ(T}I+g)—cosh4(rj$+g) -2

a1y = v22z1\/Ceosh? (nz + g) — cosh? (nr + g) — 2
~2—cosh!(nz+g) )
cosh?(nz+g) \/c;coshg(?;r:."«l»g) —cosht(nz+g)—~2"

42 (g'z4n2z1)

cosh(nz+g) + Tigfi!/

agy = vzz1\/ Ceosh? (nz + g) — cosh? (nz + g) — 42

+ 2g"~5221 + (gf‘)g y "f?—CDSh-4(ﬂT+g) )
coshlnz+9) cosh2(1z-+g)/Ceosh2(na-+9)coshi (e 1 ) 12

Example 3.3.2. Equation
=z +2(xz+1) 2 + 22 (3.3.2)

is an equation of Type | (a) and Type | (b), as well as of Type lll (a).
For instance, if in Type | one chooses f = z, @ = x, Y = xz?+z, one can interpret
(3.3.2) as a particular instance of Type | (a), with associated 1-forms
wy = e~ ) [dy 4+ (v2 + 222 + 2) dt],
wy = ndx + ¢’ dt, (3.3.3)
W3 = €W,

where € = +1 and g = g (1) is an arbitrary differentiable function. In this case, equation (3.3.2)
describes a family of pseudospherical surfaces with first fundamental form / = w? + wg
given by (3.3.3), and in view of Theorem 3.1.1, whenever the associated 1-forms w, = f,, dx
+ f, dtand the generic solutions z of (3.3.2) are defined on a strip of the form (3.1.1), such
a family of pseudospherical surfaces admits a finite-order local isometric immersion. In such
a case, the coefficients aij of the second fundamental form are given by (1.3.1) where a, b,
c are given by (3.1.6).

On the other hand, if in Type Ill (a) one chooses f =z, g=-xz, m=0, h=-nand e,

= -1, one can interpret (3.3.2) as a particular instance of that type with associated 1-forms
wy = zdz + [2290 + 2 (22 4+ 1) 2 + 27 dt,
wo = ndx + nrzdt, (3.3.4)
W3 = —wWa,

where n /= 0. In this case, equation (3.3.2) describes pseudospherical surfaces with first

fundamental form /= wf + wg given by (3.3.4), however in view of Theorem 3.1.1, such a

family of pseudospherical surfaces does not admit any finite-order local isometric immersion.
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This proves that the existence of finite-order local isometric immersions depends on

the particular choice of the associated linear problem.

Example 3.3.3. In view of Theorem 1.2.2, any evolution equation written in
conservation law form is a PS equation. Hence, in view of Theorem 3.1.2, whenever the
associated 1-forms w, = f,, dx + f, dt and the generic solutions z are defined on a strip of
the form (3.1.5) or (3.1.7), there exists a local finite-order isometric immersion in E® of the
corresponding family of pseudospherical surfaces described by such a PS equation. In such
a case, the coefficients aij of the second fundamental form are given by (1.3.1), where a, b,
c are given by (3.1.6) or (3.1.8).

Examples of this type are provided by many well known evolution equations. Ex-
amples of second order are for instance provided by Burgers equation, Murray equation
and Svinolupov-Sokolov equations. Higher order examples are provided by Kuramoto-
Sivashinsky equation (see also [17]), Sawada-Kotera equation and Kaup-Kupershmidt
equation (see also [29]) as well as by hierarchies of evolution equations written in conser-
vation law form like the following ones:

I.  Burgers hierarchy

=D, [Dx (an) + %an] . n € N,

where a, =zand ap+1 = Dy (an) + San;

1. mKdV hierarchy

=D, [Dm (Dw(a”)) + :an] , n e N,

where a3 = % and 7‘9*(‘;““) = D, (za,) + D? [L’iﬂ”)};

Ill.  KdV hierarchy

z =D, (%) ; neN,
4
where a; = 1z, D, (%) = D2 (%) + =D, (a,) + 5=
Theorem 3.1.2 proves that, whenever the associated 1-forms w, and the solutions z
are defined on a strip of the form (3.1.5) or (3.1.7), finite-order local isometric immersions for

the described family of pseudospherical surfaces exist in all such cases.
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CAPIiTULO 4

NONTRIVIAL 1-PARAMETER FAMILIES OF ZCRS OBTAINED
VIA SYMMETRY ACTIONS

In this chapter we consider the problem of constructing nontrivial 1-parameter
families of ZCRs for PS equations. This problem is of special interest for the application of
the theory of ZCRs, for instance in the calculation of exact solutions and infinite hierarchies
of conservation laws, and has been solved in the more general case of g-valued ZCRs, with
g a Lie sub-algebra of gl (n, R) or gI (n, C), by using the theory of classical symmetries of
differential equations and the cohomology defined by the horizontal gauge differential of a
given ZCR. In particular we provide an infinitesimal criterion which permits to identify all
infinitesimal classical symmetries of an equation € whose flow A, could be used to embed a
given ZCR «a of €into a nontrivial 1-parameter family «, of zero-curvature representations of

E. The results reported here have been recently published in the paper [15].

The chapter is organized as follows. In Section 4.1 we discuss the application of
symmetries of an equation € in the construction of a 1-parameter family of ZCRs of €. In
Section 4.2 we prove the main theorem which allows one to identify infinitesimal gauge-like

symmetries as well as non gauge-like ones, for a given ZCR. In view of this

theorem, only infinitesimal symmetries which are non gauge-like, for a ZCR a, may
be used to construct a nontrivial 1-parameter family a,. Then we illustrate the results of this

chapter by means of some examples in Section 4.3.

ACTION OF CONTINUOUS SYMMETRIES ON ZCRS

In this section we will show how the flows of infinitesimal classical symmetries
of a differential equation &€ could be used to embed a given g-valued ZCR « of € into a

1-parameter family a, of ZCRs.

Since the flow of a classical infinitesimal symmetry of an equation € c J¥n) is in
particular a 1-parameter family of finite symmetries of C¥(r), it will be useful to recall that finite
symmetries of C¥(r) can always be obtained by prolonging either a (local) diffeomorphism
on J(r) or a (local) diffeomorphism on J'(m). Indeed, in view of Backlund theorem [45, 63],
finite symmetries of CX(m) are of two distinct types: when m > 1 classical finite symmetries
are prolongations of (local) diffeomorphisms on J°(r) (also called point transformations); on
the contrary when m = 1 there are classical finite symmetries which are not prolongations of
point transformations, but are prolongations of (local) diffeomorphisms on J'(r7) (also called
contact transformations). In practice, a contact or point transformation can be prolonged to

a finite symmetry of ¢4(m) on J%(r) as follows.
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For ease of notation, denoting by z™ the totality of coordinate .-:"g,._, with je {1, ..., m}

and 0 <ol < h, the prolongations

z; = &(x,2W), 7= ?“""’g(xl(k))- 0<|p[ <k

to JX(m) of a contact transformation on J'(m)
z; = &(x.zY), Z =l (x.2Y), 0<|o| <1
can be computed by using for any fixed o and j the following recurrence formula
R L |
where the DEHU denote the (k + 1)-th order truncated total derivative operators
Dikﬂ) =i + Z 3i+1{azg-
lo|<k

and A is the nonsingular matrix
D) . DY)
A= : : (4.1.1)
Dig) ... D&

The same formula could be used to prolong a point transformation
{7; = &(x,2), 7 = ¢7(x.,2z)} on S to a (local) finite symmetry of C4(r) on JX(r).

Now, since the infinite prolongation of a finite classical symmetry is a finite sym-

metry of C(m), by considering g-valued forms, with g a sub-algebra of gI (n, R), one has the

following

Lemma 4.1.1. Let F be the infinite prolongation of a point or contact transformation.

For any pair (a, b) of natural numbers, the following diagram commutes:

g ® Ale+id) (1) "R g A+ ()
dyg T O T dg
® Aed) (g ® A@ (7).
g () e, 99 ()

In particular, if F is the restriction to €= of the infinite prolongation F of a point or
contact transformation which maps a formally integrable equation € c J¥(r) to a formally
integrable equation Y c JX(r1), then for any pair (a, b) of natural numbers the following

diagram commutes:
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g @ Al () T

— g® Ala+1b) (&)
dy 1 O T de
g @ Aleb) () o g @ Aeb)(g).
7_1'Ea= oF

Proof. We only give a proof of the commutativity of the first diagram, since the
commu- tativity of the second diagram is obtained by restricting on &= and Y.

Since d = d,, + d, and FF commute, for any a € g ® A@"(r) one gets that F(d, )
+ F(da) = d, (F(a)) + d, (F(a)). On the other hand, since F is a symmetry of C(m), it
is not difficult to see that, for any p € A®9, all terms in the decomposition of F(p) on

@ A(’"’S)(?T) have at least vertical degrees q. Hence rf**'® (F(d, «)) = r(a+1,b) (d,
rts=p+q
(F'(a))) = 0, and one has that rf&*'? (F(d, ) = =" (d,, (F'(a))). But, again in view of the

fact that F is a symmetry of (), one has ' (d,, (F(a))) = d,, ®® (F(a)) then rfa+'o
(F(do) = d, 1@ (F(a)) .
An analogous result holds for forms on J*(r) and £*. We will adopt the following
Definition 4.1.2. Let F be the infinite prolongation of a point or contact transformation.
By F* we denote the map
F# = glab) o px . g® Alad) (m) = g® A(“"b)(ﬂ').

Analogously, if Fis the restriction to &= of the infinite prolongation F of a point or
contact transformation which maps a formally integrable equation € c J{(m) to a formally

integrable equation Y c J(rj), by F* we will denote the map
F# =7 o F*: g AWD(Y) - g@ AV (&),
Notice that, if Fis projectable (i.e., F(C*(M)) ¢ C*(M)), then F* = F and F* = F. Now
we can prove the following

Proposition 4.1.3. If F is the infinite prolongation of a point or contact transformation,
which maps a formally integrable equation & c J“(r)) to a formally integrable equation Y c
Ji(r), then

F* . g@A(Y) = gaAY(E)
maps any ZCR BB of Yto a ZCR a = F*(B) of € .

Proof. Itis not difficult to show that, in view of the non degeneracy of (4.1.1), ais a non-
vanishing g-valued horizontal form on &. Hence, one has to prove that JH,EQ—%[Q, al =

0. To this end, it suffices to observe that in view of Lemma 4.1.1
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F# (dgyB — L[8.8)) = due (F¥(8)) — & ([F* (8) . F* (8)]) = duca — L[a.a].

Hence the claim follows by the fact that dpg.y/3 — %[d B =0.

Corollary 4.1.4. If F is the restriction to €< of a classical symmetry of a formally
integrable equation &, then F*] maps any ZCR o of € to a ZCR F*(a). In particular, if A, is the
flow of a restricted classical generalized symmetry of €, then o, := Ai’é (c) is a 1-parameter
family of ZCRs of €.

We close this section with the following examples illustrating the results of Proposition
4.1.3 and Corollary 4.1.4.

Example 4.1.5. The sine-Gordon equation
E = {z,=sin(2)}, (4.1.2)

defines a submanifold of JA(m), with m: R2 x R = R?, (X, t, 2) ~ (X, ), and admits the following
sl(2, R)-valued ZCR

= do+~ | dt. (4.1.3)

The algebra of classical symmetries of € is generated by the prolongations of vector

fields
Y, =2, Yo = 0, Yy = xd, — 1.

Symmetries Y, and Y, describe the obvious invariance of (4.1.2) under translations
x— x+c,and t- t+c, ¢, ¢, € R. Hence their prolongations leave invariant the ZCR «
and cannot be used to construct a 1-parameter family of sI(2, R)-valued ZCRs of (4.1.2).
The same is not true for Y, and according to Corollary 4.1.4 one could use the flow A, of
the restriction to £ of }’;-,(DO) to generate a 1-parameter family of sI(2, R)-valued ZCRs of
(4.1.2). Indeed, since a only involves first-order jet-coordinates and A, induces the following

first-order transformation
t— e_)‘t, T et oz oz, = e_’\:l, Zp > e)‘zt.
one readily gets that

et =2 cos(z) sin(z)
cu:Af(Q): : drﬁ»i dt,

> —et de? sin(z) —cos(z)

which is the well known 1-parameter family of ZCRs for the sine-Gordon equation [56].
Using Theorem 1.6.3, one could check that A is not removable, and hence that o, is a

nontrivial 1-parameter family of sI(2, R)-valued ZCRs. Using the Theorem 4.2.8 of next
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section one could predict the non-removability of A by the fact that the prolongation of Y is

non gauge-like for a.

Remark 4.1.6. We notice that, in the current literature, classical symmetries of
nonlinear differential equations admitting ZCRs are usually projectable. However, as shown
by the following example, non-projectable symmetries also may occur and hence exploited

in the embedding of a given nonparametric ZCR a into a 1-parameter family a, of ZCRs.

Example4.1.7. Inthe previous example, A, is projectable and hence AT (a) = Ai(a).
However, if one uses the non-projectable transformation F defined by the prolongation of

the point transformation
T= t—z, &=, v=z , (4.1.4)

equation (4.1.2) and ZCR (4.1.3) transform to

Y= {'L-‘ET == 1_ T (1'57;” + L!;O’Si-n (v) — SLJESM (v) 4+ vy sin (v) — sin (L))} (4.1.5)

and
1— vecos(v) vg _ vesin(v)
— 4 2(v-—1 4
B =(F N (a)= (=) dé
vg . vesin(v) vgeos(v) _1
M—or) 1

cos(v)  sin(v)
4 1—4’(;.,- dr.
sin(v) —cos(v)
respectively, where F is the restriction of Fto £. Consequently, Y, transforms to the non-
projectable field X, := F(Y,) = gag + (v - 1) d_which generates a non-projectable classical
symmetry of Y. Hence the flow BA of the restriction to Y of X3(°°) is not projectable and
BY () does not coincide with B35 (53).
Since B only involves first-order jet-coordinates and B, induces the following first-

order transformation

U ”TA

vrte—A—e— Ay’

Em e, T+ (T—v)e™, v v, v

one gets that
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A __ veeos(v) vg _ vesinfv)
€ 1 2(er—1) I

Ay =Bf(B) = ds

ve _ vgsin(v) veeos(v) )
DT 1> ) €

cos(v) sin(v)
L dr.
sin (v) —cos(v)

Of course, since Ftransforms the flow of Y/ to the flow of X, one has that ?#(BA) = q,.

INNITESIMAL CRITERION FOR GAUGE-LIKE SYMMETRIES AND NONTRIVIAL
1-PARAMETER FAMILIES OF ZCRS

In this section we will prove an infinitesimal version of Theorem 1.6.3 (see Theorem
4.2.8 below), which will give a characterization of classical symmetries whose flows acts like
gauge transformations for a ZCR « of €. We will call these symmetries gauge-like and prove
that they form a sub-algebra of the Lie algebra of symmetries of €. Hence, @\ := Af(ﬂ')is

nontrivial if and only if A, is the flow of a restricted classical non gauge-like symmetry.
We begin by introducing the following
Definition 4.2.1. Let Z be a vector field on J*(rm) and w € ¢ ® API(m). By Z(w) we
denote the rt*9-projected Lie derivative
Z(w) = ) (Lz(w)).
In particular, if Zis a generalized symmetry of € and Z its restriction to &(e), for any
w € g @ API(E) we denote by Z(w) the rP9-projected Lie derivative
Z(w) = 1P (Lz(w)).
The following lemma gives an analogy of the standard commutation property between
the Lie derivative and the exterior differential.
Lemma 4.2.2. If Z is a generalized symmetry of € and Z its restriction to £, then
Z(d, (w)) = d,, (Z(w)) for any w € g @ A@D(E).
Proof. Since L, and d commute on g ® A*(€) and Z is tangent to &, one gets that
(Lz o d|geey — d|gieey © Lz) (w) = 0, for any w € g @ A@(E). On the other hand, since
d|g(x) = (EH -+ (?.V, Lemma 4.1.1 allows one to rewrite
A" o (L 0 d|geey — dlgi © Lz) (w) = 0

as

((ﬁ'(“Jrl’b) o LZ) ody —dpgo (-ﬁ'(a’b) o LZ-)) (w) = (fr(aJrl’b) o [C?V LZ_D (w).
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Then, since Zis a symmetry of C(€), [E’V, L3](w) cannot have horizontal degree greater
than a and m(a+1,b) B [d,, L3] (0) = 0.

It is not difficult to prove also the following two results

Lemma 4.2.3. If A, B are infinite prolongations of point or contact transformations,
then B @ A* = B* @ A*. In particular, if A and B are symmetries of £, then their restrictions
A, Bto & are such that B @ A* = B* il A*.

Lemma 4.2.4. If Z, Z, are generalized symmetries of &, then for any a € ¢ ® N(E)
their restrictions Z, and Z, to £ are such that Z, (L; a) = Z, Z, (a).

Lemma 4.2.4 will be used in the proof of Proposition 4.2.10, whereas Lemma 4.2.3

is needed in the proof of the following

Proposition 4.2.5. Leta € g ® N'(€) be a ZCR of E and Z be a classical symmetry
of E. IfA, is the flow of the restriction Z of Zto €%, i.e., 7 = % \=0 A3., then the 1-parameter
family of ZCRs v := A¥ («v) is such that

(i) Z(a) = &|,_o AL (0):

(ii) % = AT (Z(a) -

Proof. (i) By definition of Lie derivative Lz(a) = 4|, _, 43 (). hence the claim follows
by observing that Z(ar) = 7 ([, A3()) = (F[,_o 7 (A3(0)) = x|, AT ().

(i) In view of Lemma 4.23, A}, ; = 7100 Aj 0 A; = AT 0 Aj = AT 0 AT
hence

A¥ A#(a) — #la) — _
% = lim A(oé) = A? (lim 46((10)@) = Af (Z(a)) .

a—0 6—0

in view of (i).
Then one can also prove the following
Proposition 4.2.6. Letax € g ® A'(€) be a ZCR of E. If Z is a restricted generalized
symmetry of &, then Z(a) is a 1-cocycle with respect to d,, i.e.,
O Z(ar) = 0.

Proof. Since dcr — [, a] = 0 and Zis a vector field on £, one still has

Ly (dHa- - é[a.a}) =0

identically on €. Hence, by using Lemma 4.2.2 and formula (1.5.1), the derivative of

Z (dua — e, a]) returns
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0 = dy (Z(a)) -

[Z(a),a] — %[(‘E.Z(Q)] =dy (Z(a)) — [a, Z(a)] = 0.Z(a).

[SeR I

Remark 4.2.7. If Z is the restriction to £ of a classical symmetry Z of £ with flow
A,, one can prove Proposition 4.2.6 by using Proposition 4.2.5. Indeed, by considering
ay = A% (@) and differentiating the identity da, — o A, =0 at A = 0, one gets
0=dy (Z(a)) = Z(a) Na—a A Z(o) =dy (Z(a)) — 20 A Z(a)
=dy (Z(a)) —[a, Z(a)] = 0a (Z(a)) .
The following result, together with Proposition 4.2.6, provides a cohomological

obstruction to the removability of A from the 1-parameter family of ZCRs obtained by using

the flow of a classical symmetry.

Theorem 4.2.8. Leta € ¢ @ A'(€) be a ZCR of €, Z a classical symmetry of € and A,
the flow of its restriction Z to £(=). Then the parameter A in Aff(o) is removable if, and only
if, Z(a) is a coboundary with respect to d,, i.e.,

Z(a) = d, K, (4.2.1)
for some g-valued smooth function K on &().

Proof. If the parameter A is removable, then for A, = 0 there exists some G-valued
function S, such that S, =1 (identity) and

—1 _ _
a=ay = (Aj‘fa.) ST = dy (S7Y) Sy + S5t (Afa) Sh.
Hence, by differentiating with respect to A
0=dy (4 (S51) Sy +dn (S51) & + (£57) (Afa) 5+ 57" (&afa) 55
+551 (4fa) Zsn,

and further evaluating at A, = 0, by Proposition 4.2.5 one gets

- [ d d _ d
O=dg (| Sy — St z —| S 4.2.2
H(d)\ A=0 A )+(d)\ A=0 A )a_'_ (Q)_'_a dA A=0 g ( )
On the other hand & (S7'S,) = 0 entails that (-4.571) Sy + 57! (:2.5y) = 0 and

1 N | 5
hence % NPT — ﬁ})\:o S,. Therefore, by choosing K = ¢ |)\=D Sh, (4.2.2) can be

rewritten as Z(a) = (d, - [a, .] (K) = 9, (K).
Conversely, assume that Z(a) = Ea (K) and consider a solution S, of
Sy = A3 (K) Sy,

So =1,

Nontrivial 1-parameter families of ZCRs obtained via symmetry actions 81



where b:')\ = %S)\. In a neighborhood / of Aj= 0, S, defines the gauge transformation
o = dySySyt 4 Sya Sy ! which can be rewritten as dy Sy, = a®* Sy — Syav. Then, y
defining

Zy = ({HS)\ + Shae — ) Sy, (—12—1—)
one readily gets

2= (0™ —ay) Sy (4.2.5)

Of course z, =0, and it can be proved that z, =0, for any A € /. To this end, one may

first consider the derivative of (4.2.4) with respect to A
o= C?HS,\ + S,\Oz — Sy — O:SA,
and, by using equation (4.2.3), rewrite it as
i =dp (AL (K) Sy + (A5 (K) Sh) o — Sy — an AL (K) Sh.
On the other hand, in view of Proposition 4.2.5, one has

d
(25 e

= d)\Af (a) = A¥ Z(a) = AT (0. (K)).

Hence
iy =dpg (AL (K)) Sy + A5 (K)dy Sy + A} (K) Sya — AT (Ja (K)) Sy
—Af () A3 (K) Sy

=dy (A3 (K)) Sy + A3 (K) dy Sy + A} (K) Sha — Af (C?HK — [, K]) Sy
—Af (0) A} (K) S»
=dy (AY (K)) Sy + Ay (K) (JHSA + S,\a) —dy (A} (K)) Sy
+ AT (@) A5 (K) Sy — A3 (K) AT (a) Sy — AT (a) A% (K) Sy
= A} (K) (C?HS,\ + Sya — A¥ (a) SA) = A} (K) 2
and z, must be the solution of the Cauchy problem
,’;’)\ = ; (I&,) Z)
Zp = 0.

It follows, by the existence and uniqueness of solutions to such a Cauchy problem,
g1
that z, must be identically zero. Then, since S, is invertible, by (4.2.5) one gets a = a,*

and hence that A is removable .
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This theorem justifies the following

Definition 4.2.9. A generalized symmetry Z of € is called gauge-like for the ZCR «
€ g ® A'(€) if its restriction Zto £() satisfies the condition Z(«a) = J K for some g-valued
smooth function K on &>. If in addition Zis a classical symmetry, then Z will be called a

classical gauge-like symmetry for a.

We have the following

Proposition 4.2.10. Let Z, and Z, be two gauge-like symmetries for the same ZCR «
€ g ® A'(€) of €. Then also [Z,, Z,] is gauge-like for a. In particular, if

Zi(a) = 0,K1,  Zy(a) = 0,Ks, (4.2.6)
then
[Z1, Za](a) = Da (K1a)
with
K5 = Zl(fx’g) - ZQ(KI) — Ky, K.

Proof. First observe that m = [Zl, Zg} and L[Z_l Za] = [L'Z_l- LZ_Q]'

Hence, in view of Lemma 4.2.4, one gets
|21, Zs) (a) = Zy(Za(a)) — Za(Zy(a)),

and a direct computation gives

Zi(Za()) — Zo(Z1 () = dp (Z1(K2) — Za(Ky)) — [0 Z1(Ka) — Zo(KY)]
—{[Z1(0). 5] - [Za(0). K0} .
Then using again (4.2.6), and formulas (1.5.1, 1.5.2, 1.5.4), one readily gets that
71(Z2(0)) = Zo(Z1(0)) = Ou (Z4(Ka) = Zo(K1) = [t K]
Hence one gets the following

Corollary 4.2.11. Gauge-like symmetries, for the same ZCR a of €, form a Lie sub-
algebra of the Lie algebra of generalized symmetries of €. In particular, classical gauge-like
symmetries form a Lie sub algebra of the Lie algebra of classical symmetries.

Remark 4.2.12. It is worth to remark here that, in general, two non gauge-like
symmetries Z,, Z, lead to two nontrivial 1-parameter families of ZCRs O,l\ and Cv?,. However,
one should consider Oz;l. and o:??. as being two distinct 1-parameter families only if they are
not equivalent, according to Definition 1.6.2.

We conclude this section by observing that the Lie algebra of gauge-like symme-

tries for a ZCR «a of € is invariantly associated to any equation equivalent to € modulo some
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contact transformation. Indeed one has the following

Proposition 4.2.13. If F is the infinite prolongation of a point or contact transformation
which maps a formally integrable equation € c J“(ri) to a formally integrable equation Y c
J¥(n), then the push-forward F_ transforms the Lie algebra of gauge-like symmetries for a
ZCR « of € to the Lie algebra of gauge-like symmetries for the ZCR B = (F~')* (a) of Y.

Proof. Consequence of the formula (F~")" (L) = L, ) (F~")" («), which holds for any
restricted generalized symmetry Zof €, and of formulas r‘rgf‘b) o(F71)* = (F)* o7l

and (EH_J; o (F_lj# = (F_l)# OCEH)g. .

EXAMPLES

Here we illustrate some examples of how, starting from a given ZCR a of &, one may
use the flow of an infinitesimal classical symmetry which is non gauge-like for a to construct

a nontrivial 1-parameter family o, of ZCRs of .
Example 4.3.1. Burgers equation
z = 29 + 221, (4.3.1)
is one of the better-known nonlinear differential equations. In the paper [20] it has been

observed that (4.3.1) can be embedded into a huge class of pseudospherical equations. In
particular, the sI(2, R)-valued ZCR of (4.3.1) found in that paper is

noozm nz 2 2 e
2 112 4 1 T§ T
By = dx + dt,
z_n  _1 #oy2_n _n=
172 2 1 T8 T 1 )

where n is a nonzero parameter. However, by using Theorem 1.6.3 one can see that n is

removable through the gauge transformation defined by

1
o[ TV
1
7w Vi
Indeed, one has that
B z 2y 2 0
a=57"3,5-85"dgs = * dev | 40 dt.
1 z z z1 22
—2 T 1 1 B

Here, by applying the results of Sections 4.1 and 4.2, we will show how use « to

construct a nontrivial 1-parameter family of ZCRs of (4.3.1).

To this end, we first observe that the algebra of classical symmetries of (4.3.1) is

5-dimensional and generated by the prolongations of vector fields
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1=0, Yo=0, Yy=uzd,+2t0,—z20,, Y,=td,—3a.,
Ys = —atd, — 120, + (z + t2) 0..
In particular, the structure of the algebra of classical symmetries is
Y1, Ys] = [V1, Yy = [Yo, Y5 =0, [Y1,Y3] =[Y5, Y] =Y,
Vo, Y3 =25, [V, Vs =V, [Va, Y5 =2Y5, [Ve, Vi) =[V5, Yy =V

Then, using Theorem 4.2.8, one can check that Y, Y, and Y, generate the algebra of
gauge-like symmetries for a. On the contrary Y, and Y, are non gauge-like for a. Notice that
the sub-algebra of gauge symmetries, with respect to a is not an ideal. For instance this is

evident from the commutator [V, Y,] = 2Y,.
By way of illustration, we explicitly prove these properties for Y, and Y.
For instance, denoting by Z the restriction of Y™ to the infinite prolongation

& of the Burgers equation. Equation (4.2.1) is equivalent to

0 0 0 0 _
) dx+ dt = dyK — [a. K] . (4.3.2)
~1 0 —: 0

_ . a b
where d, is the horizontal differential on €~ and A = ( ) an sl(2, R)-valued
c —d

0o 1

1
. —s 0
function on £, Then, it is not difficult to check that (4.3.2) is satisfied by ' = ( 2 ) ,
2

and hence that Y, is gauge-like for a.

On the other hand, denoting by Z the restriction of Y™ to £, one can readily check

that the resulting equation (4.2.1) does not admit any solution K. Indeed, assuming that

1
-5 0
K= ( 02 1 ) is an sI(2, R)-valued function on &%, then the coefficient of dx in the
2
1-form Z(a) — d K + [a, K] is
B B %Qb — Dya %b + Db
ig, (Z(a) —dp K + o, K]) = : (4.3.3)

t—zc B z+2b D
S —a—Dye ==+ Dea

Now, it is straightforward to check that for (4.3.3) being identically zero it is necessary
that the functions a, b, ¢ depend only on (x, f). But, even in such a case (4.3.3) would never

vanish due to its dependence on z. Hence Y/ is non gauge-like for a.

Hence, for instance, one may use the flow A, of the restricted symmetry }7'5(°°). to

construct a nontrivial 1-parameter family of ZCRs of (4.3.1).

Indeed, since a only involves first-order jet-coordinates and A, induces the following
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first-order transformation

T tis t
LM 14N

T s (LA 2+ Az, 2 (LE M) 2 + A (1 + M),

one gets the following nontrivial 1-parameter family of ZCRs of (4.3.1):

24 Az 0
R TEEDY
ay = Af (a) = (A0 R dx
PIEESY)] BTy
z z2 A 222
Tl +5+ A(TEM) — 8(1+At)? 0
+ dt.

Az

_ z + 22 A A2g2
4(1+xt) 4(1at)2

A2z A +
4 8 4(1+4+At) 8(1+,‘v¢)g

Another nontrivial 1-parameter family of ZCRs of (4.3.1) is

=]
o

> (z— )2 nlz—
| Il + 877 + 7( . 7) 0
By = dr + dt,

L]

1 n_ = n_z
2 4 1 1~ 1 1~ 8

and arises from the non gauge-like symmetry generated by Y,. One can see that o, and Bn
are not equivalent, in the sense of Definition 1.6.2.
Example 4.3.2. The well-known 1-parameter family of ZCRs [56] of KdV equation
2 = 23 + 6221, (4.3.4)

can be obtained by the following nonparametric sI(2, R)-valued ZCR

0 =2-1 1 —A 4Dz + 29+ 222
o= dz + dt,
-1 0 —4 — 2z —z1

with the use of a symmetry which is non gauge-like for a.

Indeed the algebra of classical symmetries of (4.3.4) is 4-dimensional and gener-

ated by the prolongations of the vector fields
i 1. . i
Yi=d, Yo=—td,+ EUZ' Ya=0,, Yi=uxd,+ 30 —2:20..
In particular, the structure of the algebra of classical symmetries is
[Y1,Y5] = [Y1. Y3] = 0, [Y1,Y4] = [¥5, V5] = V7, [Va.Vy] = =2V, [¥3, Yy] = 3Y5.
Now, in view of Theorem 4.2.8, one can check that Y, and Y, generate the sub-
algebra of gauge-like symmetries for a. On the contrary Y, and Y, are non gauge-like for a.

By way of illustration, here we will explicitly prove that Y, is non gauge-like.

For instance, denoting by Zthe restriction of Y* to the infinite prolongation &= of the

KdV equation, one can readily check that the resulting equation (4.2.1) does not admit any

Nontrivial 1-parameter families of ZCRs obtained via symmetry actions
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a b
solution K. Indeed, assuming that K = ( ) is an sI(2, R)-valued function on &>,
o —a

then the coefficient of dx in the 1-form Z(a) - d,K + [a, K] is
io, (Z(a) — duK + o, K1)
bt (z—1)c—Dya —z—1-2(z—1)a— Db (4.3.5)
—1—=9%a— D,e ~b—(2—1)c+ D,a ‘

Now, it is straightforward to check that for (4.3.5) being identically zero it is necessary
that the functions a, b, ¢ depend only on (x, f). But, even in such a case (4.3.5) would never

vanish due to its dependence on z. Hence Y, is non gauge-like for a.

Hence, for instance, one may use the flow A, of the restricted symmeter;(oo) to
construct a nontrivial 1-parameter family o, = Af (a) of ZCRs of (4.3.4). To this end,
since a only involves second-order jet-coordinates and A, induces the following second-

order transformation

A

r—e'r, tre 2 "

3’\?5._ e Tz, oz 6_3)\21, Zo e z9,

one gets that
0 e?z—¢ 21 —de™ 4 26222 ey + 2z
) = dr + dt.

—et 0 —4eP — 26tz -2

Up to a gauge transformation aA is equivalent to the already known 1-parameter
family of ZCRs [56]

n oz A £z 42 29+ 2nz +4dnPe + 222
&"7 = dI + dt
-1 —n —da? = 22 —dn3 — 2z — 2
EA —E'/\ - s #
where n # 0. Indeed, if one chooses n=¢e*and S = 0 ) .then ()" = A5 (a).

On the contrary, by using the non gauge-like symmetry generated by Y,, one would

get another nontrivial 1-parameter family

dx

Nontrivial 1-parameter families of ZCRs obtained via symmetry actions
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However o, and Bn are equivalent (according to Denition 1.6.2), since for n=6 (1 - )

2 0
— S -
and S = 0 o2 one has that («,)° = B

Example 4.3.3. The known 1-parameter family of ZCRs [19] of the Chen-Lee-Liu

system

(4.3.6)

vy = —v9 + 22004

{ Zp = zo + 22027

can be obtained by the following nonparametric sI(2, R)-valued ZCR

. RV R W
2 2
o= dr + 2 dt,
v 1—22’1' ;-1112 — v —1 21'_'1_211’2_(2'5_ )

with the use of a symmetry which is non gauge-like for a. Indeed, the algebra of classical

symmetries of (4.3.6) is 4-dimensional and generated by the prolongations of vector fields
Yi=0,, Yo=0, Ys=—z0,+v0, Yi=zx0,+2td —vd,.
In particular, the structure of the algebra of classical symmetries
[Yl. YQ} = [Yl1 }},] = [Yg. }’3] = [}"3. }’4] =0, [Yl. }’4] =Y, [YQ, H] =2Y5.

Now, in view of Theorem 4.2.8, one can check that Y, Y, and Y, generate the
sub-algebra of gauge-like symmetries for a. On the contrary Y, is non gauge-like for a.
Hence, by using the flow A, of the restricted symmetry }7,4(00)‘ one can construct a nontrivial
1-parameter family ) = Af (ar) of ZCRs of (4.3.6). To this end, since a only involves

first-order jet-coordinates and A, induces the following transformation

T etr, te e, 2 zZ, v e*’\-v, 1 e*’\zl. U] 672/\'1,’1.

one gets that

2
_aA 2‘11.‘72’1‘14»(21.'76‘\)
Zv—e AL A (2, AL -
2 “ dr + 2 et (v — ez + ) dt
y = T 't.
N Ef\le’ 21!1—21@'—(21'—8)\)2
v 2 207 — et — g 5

The already known 1-parameter family cv) of ZCRs of (4.3.6) can be obtainedin a similar
way by using the flow B, of the restricted symmetry X °°) = 2% + ¥ e, an =
Bf(a}. On the other hand, since B, = C, @ A2\ with C, being the flow of the restricted A
symmetry %}—,3(‘30)‘ then dx = B (o) = A3, (CA# (a))A

Example 4.3.4. The known 1-parameter family of ZCRs [24, 64] of the DNSL-

Schrédinger system

Nontrivial 1-parameter families of ZCRs obtained via symmetry actions
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2 = —vg + 62221 + 2202 + 42w
t 2 1 1 1 (4.3.7)
vy = 29 + dzzv + 2220 + 6020,
can be obtained by the following nonparametric sI(2, C)-valued ZCR
—iv z4 1
= _ : dx
5—2 v
i[(1— 2:2 21-'2) v — ] (i +22) (22 40Y) —vy — 2 — %
+ dt,

(i—22) (240 v +2—3 iz — (1 — 222 — 20%) ]

with the use of a symmetry which is non gauge-like for a. Indeed, the algebra of classical

symmetries of (4.3.7) is 4-dimensional and generated by the prolongations of vector fields
1=0., Yo=20, Y3=2xd, 4 — 20, —vd,, Y;=—v0,+ z0,.
In particular, the structure of the algebra of classical symmetries is
V1, V5] = [V1,Yy] = [Yo, V4] = [V53,Y4] =0, [¥3,Y¥3] =2Y], [Va,Y5] = 4Ya.
Now, in view of Theorem 4.2.8, one can check that Y, Y, and Y, generate the
sub-algebra of gauge-like symmetries for a. On the contrary Y, is non gauge-like for a.
Hence, by using the flow A, of the restricted symmetry }_’3(0‘3). one can construct a nontrivial

1-parameter family a;, = Af (cv) of ZCRs of (4.3.7). To this end, since a only involves

first-order jet-coordinates and A, induces the following transformation

e ePz te e 2 e_)\:, v e M, 1 e_?')‘zl, U1 6'_3)\1-‘1.
one gets
. 9
—inu oz + 5
ay = » _ dr+
-z inv
in [(1]2 — 222 - 20w — ) 7 {(i?} +22) (22 + L‘?) —wvy —nlz — %]
dt.
. in? . ‘ ¢
n [(-z-r; —22) (22 4 v?) F o+t — %] infz — (77 — 222 — 20?) 0]
with n = ", which is the already known 1-parameter family of ZCRs given in [24, 64].
Example 4.3.5. The Sawada-Kotera equation [57]
2, = 25 + 5222 + Bzzg + D212, (4.3.8)

admits the following nonparametric sI(3, R)-valued ZCR

Nontrivial 1-parameter families of ZCRs obtained via symmetry actions

89



a:=10 0 1 |dz
% -z 0
—2z 22 — 29 3z1—3
+| -1—=x z—zz — 23 22 4 229 dt.
%—%2 B —1-3zm—2l—2z mtztzam

Here, by applying the results of Sections 4.1 and 4.2, we will show how use a to
construct a nontrivial 1-parameter family of ZCRs of (4.3.8).

To this end, we first observe that the algebra of classical symmetries of (4.3.8) is

3-dimensional and generated by the prolongations of vector fields
1=0,, Ya=dy, Yz=uxd,+5t0 —220,.
In particular, the structure of the algebra of classical symmetries is
V1.5 =0, [¥1.Y3] =Yy, [Ya,Y3] =5Ya.
Now, in view of Theorem 4.2.8, one can check that Y, and Y, generate the sub-algebra
of infinitesimal symmetries which are gauge-like for a. On the contrary Y, is non gauge-like
for a. Hence, by using the flow A, of the restricted symmetry 373(00). one can construct a

nontrivial 1-parameter family v = Af\% () of ZCRs of (4.3.8). To this end, since a only

involves fourth-order jet-coordinates and AA induces the following transformation

t e, e eetr, e E'_QA._ 2 8_3)‘,:-1._

Z9 6_4)‘,-:2. Zg €_5’\;3. Z4 > 6_6/\34,

one gets that

Nontrivial 1-parameter families of ZCRs obtained via symmetry actions 90



ay = 0 0 p |do
Loz 0
—2u3z

where py = e\

(22 — 2) 3ulz — 3u°
pdz — 2z — 23 (22 + 229) dt,
5 ZB Z 2 22 Z.
s — e R N

H
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