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Abstract: The present work focuses on the
development and implementation of the al-
gorithm proposed by Kovalesky, to digitally
identify an object with its digital skeleton. The
proposal will be performed on two cell com-
plexes: quadratic and hexagonal. Once the di-
gital skeleton is generated, it will be compared
with the geometric representation defined by
Harry Blum in 1967, called Blum’s Skeleton.
Finally, an analysis of the results obtained is
performed to conclude which cellular com-
plex preserves the geometric and topological
properties of the initial object, such as bifur-
cation points, branching and connectivity. It is
located in two areas of mathematics, related to
Digital Image Processing, in particular, with
skeletonization methods: Digital Topology
and Digital Geometry. A thinning algorithm
proposed in 2001 by Kovalevsky, for binary
digital images of dimension two, modeled by
cell complexes, is experimented on the hexa-
gonal and quadratic cell complexes. For the
hexagonal and quadratic complex, Kovale-
vsky’s algorithm is developed and implemen-
ted as a pattern-mapping method within this
work. The skeletons obtained in various expe-
riments are analyzed with respect to some to-
pological and geometrical properties, and are
compared with Blum’s skeleton.

Keywords: Pixel, digital image, skeleton, thin-
ning, cell complex, digitization, connectivity,
hole, boundary.

INTRODUCTION

Mathematically a digital image is modeled
as a function whose domain is a discrete bou-
nded subset of D of R", with domain of de-
fined on a bounded subset of Z. The elements
belonging to the set D are named pixels.

In the present work, only digital images of
dimension R*were considered. The need for
digitization arises from the desire to process
images for preservation, organization, editing,
space saving, reuse, analysis, etc. Digital Im-

age Processing (DIP) was originally an area of
Engineering, but nowadays this field is deeply
related to many areas of mathematics, espe-
cially Digital Geometry and Digital Topology.
Its objective is to contribute to the analysis
and understanding of information present in
images, with the help of a computer.

In 2001, Kovaleksky proposed a thinning
algorithm [1], for binary digital images mod-
eled by cell complexes, which is very general
and brief. Thus, in the present work we aim
to develop and implement Kovalevsky’s thin-
ning algorithm for the quadratic and hexago-
nal cell complex, and thus make a comparison
between the achieved skeletons and Blum’s
skeleton, for the same object.

BLUM'S SKELETON

The definition of Blum’s skeleton was pro-
posed and developed by Blum (also called as
transformation to the medial axis) in 1967
(2], a transformation that maps R (closed and
bounded nonempty connected subset of R?)
onto S (skeleton of R).

Considering R’as a metric space we can
obtain the elements of S as follows:

In R?with the Euclidean metric, if p is a
skeleton point of R, then p is the center of a
circle of maximum radius that fits inside R.
This means that p is the center of a disk con-
tained in R, and p does not belong to any larg-
er disk (of different radius) contained in R.

o

Fig. 1 In figure (a) we have some of the

circumferences of maximum radius contained

in the object. In (b) we show the set of all the

centers of the circles as in (a), such set is the
Blum skeleton of the given rectangle.
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It should be noted that to obtain the Blum
skeleton, for a Euclidean object, no geomet-
ric construction (with ruler and compass) or
algorithm is known. We only have the defi-
nition [[3], p. 26], which does not provide a
method for constructing the skeleton, and it
is known that the skeleton is contained in the
set of centers of maximal circles that fit inside
the object. So, in the experiments performed
in this paper, Blum’s skeleton was constructed
in an approximate way, by determining such a
set of centers of circumferences, in some ex-
periments manually (with pencil and paper),
in another, with experiments in a simulated
manual way, as in Figure 1.

One of the purposes is to argue by means
of examples that the definition of Blum’s skel-
eton or mean axis is not applicable for objects
digitized on the digital plane.

In this paper we take as digital plane the to-
pological subspace Z?, which as a topological
subspace of R?, is a discrete topological space.
That is, the Euclidean plane is decomposed
into squares, where each unit square center is
identified by a mark, each square is called a
pixel, this representation is also known as the
pixel plane ([4], p. 21).

The elements of the digital plane are relat-
ed by one of the following neighborhood re-
lations:

Let x = (x,, y,) and y = (x,, y,) be elements
of Z2, then:
1) y is called 4-neighbor of x if y belongs
to the set {(x,+1, Vi (x,-1, Vi (x,, y,+1),
(x> y,-D}. The set N (x) = {ye”®: y = x
or y is 4-neighbor of x} is called 4-nei-
ghborhood.

2) y is called 8-neighbor of x if y is 4-nei-
ghbor of x or y belongs to the set {(x+1,
v+, (x-1, y-1), (x+1, y-1), (x-1,
y,+ 1} The set N (x) = {y € Z*: y= x
or y is 8-neighbor of x} is called 8-nei-
ghborhood.

On the digital plane the following metrics
are considered:
7(2) —
1) for x, y €9, d, x,y) =[x, x| + |y,
-y(2) o it is the metric called “Manhattan
metric”.

Z(2) —
2) for x, y €%, dg & y) = mzix{|x(l) Xy p
¥y (|} is the metric called “Chess me-
tric”.

a) 4 - neighborhood b) 8 - neighborhood

Fig. 2 Neighborhood relations

Based on the relations d,and dswe can defi-
ne the following figures:

Letr >0 and x ¢%%;

We define the closed disk with radius r
around x as the set D (x) = {y €?:d (x,y) <1},
fork e {4, 8}.

We define the circumference with radius r
around x as the set C  (x) = {y "*: d,(x, y) =1},
for k € {4, 8}.

e BRI s :

a) Circle with center x, b) Circle with center x,
y radius r = 1,2,3 y metric d,y radius r = 1,2,3
y metric d,

Fig. 3. The circumference
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The digitization of a subset of the Euclide-
an plane, which we can also call an object, is
the capture of it by some mapping to the dig-
ital plane. The result is a subset of the digital
plane, called a digital object. In [4], two dig-
itization mappings, developed by C.E. Gauss
and C. Jordan, have been established.

1. Let M be a subset of the Euclidean pla-
ne. The Gaussian digitization G (M) is
the union of the squares (pixels) whose
center is contained in M.

2. Let M be a subset of the Euclidean pla-
ne. Let J(-) (h) (M) be the union of all
squares (pixels) which are completely
contained in M, and let I o (M) be the
union of all squares which intersect M.
JO ‘h) M) is called the inner Jordan digi-
tization of M and J' oy M) is called the
outer Jordan digitization of M.
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Fig. 4 Figure a) shows the Euclidean object and

in figure b) we have the result of the Gaussian

digitization, as well as in ¢) we have Jordan’s

inner digitization and in d) Jodan’s outer
digitization.

Taking into account some of the digitiza-
tion processes we can apply the definition of
Blum’s skeleton to the digital plane since we
have defined the concept of circumference in
the digital plane. Let’s look at figure 5.
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Fig. 5. a) shows the Blum’s skeleton of the
object in the Euclidean plane. In b) we have
the digitization of the object using Gaussian
digitization. In ¢) the contour of the digitized
object is identified, and d) we have the Blum
skeleton for the digitized object.

As we can see the definition of Blum’s skel-
eton is not adequate to identify digital objects,
because the skeleton should allow us to de-
termine topological and geometric properties
of the object, such as connectivity and shape,
and in the example of Figure 5 these proper-
ties are lost.

MODELING OF THE DIGITAL
IMAGE AS A CELLULAR
COMPLEX.

Abstract cell complexes are well known in
combinatorial topology and polyhedra ge-
ometry. The use of this model to describe the
geometry and topology of digital objects was
first discussed by Kovalevsky in the 1980s [1].

To understand the structure of a cell com-
plex let us analyze figures 6.a, 6.b and 6.c.
These consist of elements of different dimen-
sions on the Euclidean plane: faces (without
edges), edges (without endpoints) and verti-
ces. In addition, we have that an edge a bound
or border the faces c and c; in turn the verti-
ces v,and v,bound or border the edge a and
the faces ¢ and c ,. The set formed by all these
elements is known as a cell complex and its
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elements are called cells. It is important to
emphasize that an element of dimension 2 is
the interior of a convex polygon, an element
of dimension 1 is a line segment, which is con-
sidered without its two endpoints. An element
of dimension 0 is a single point.

Fig. 6. Cell complex.

By decomposing the Euclidean plane into
regular convex polygons (all its angles and
sides equal), it turns out that the only possible
regular convex polygons are: the square, trian-
gle and hexagon [[3], p. 45-46]. Thus we have
three distinct complexes to consider: quadrat-
ic cell complex, triangular cell complex and
the hexagonal cell complex.

PAVEVAY M

a) Quadratic cell complex. b) Hexagonal cell complex.

¢) Hexagonal cell complex.

Fig. 7. Cell complexes.

All the experiments, from the digitization
of objects to the study of the Kovalevsky skel-
etons, will be performed exclusively on the
quadratic cell complex and the hexagonal cell
complex.

When digitizing Euclidean objects on the
mentioned cell complexes we generate cell
subcomplexes, applying the following meth-
od:

In the digital plane we consider the pixel
as a unit square whose center belongs to Z*
Generalizing this idea to the quadratic or hex-
agonal cellular complex, we have: we consider
as pixel the cells of higher dimension, in order
to make use of the Gaussian or Jordan digiti-
zation mappings, where each cell is identified
with its center. Once we have information of
the cells of dimension two that make up the
object, we define which cells of smaller di-
mension are added to the digital object. It was
considered that for each cell of dimension two
that conforms the digital object, this will be
accompanied by all its edges and vertices, to
achieve the preservation of the connection of
the original object.

In order to visualize each of the methods
mentioned above, the following table explains
how each of the complexes is handled within
a PC.

T —— -



Representation in

Representation on the

Element of the | the Euclidean plane monitor
quadratic com-
plex.

Cell dimension 0. Point Pixel

(quadratic and

hexagonal) ® E

Cell dimension 1. Edge Set of two pixels
Cell dimension 2. Square Set of four pixels

Element of Representation in Representation on the
the hexagonal | the Euclidean plane monitor
complex.
Cell dimension 1. Edge Pixel
O
Dimension cell 2. Square Set of four pixels

TABLE 1. Visualization of the quadratic and
hexagonal cellular complexes in the PC.

According to Table I, we present the visu-
alization of a bounded region of the quadratic
and hexagonal complex.

o a]' H-am'gn;lallcnﬁ'uplex h}Q;sad'rntic complex

Fig. 8 Cell complexes.

Figure 9 shows the results obtained as a

result of the programming of the digitizing
algorithm on the cell complexes. First the Eu-
clidean object to be digitized is shown and
then all the cells of dimension two belonging

to the digitization of the object are shown, so
that finally all the cells of smaller dimension
that structure the digitization are shown.

a) Series of Euclidean objects.

b) Series of digital objects (Gaussian
digitization, Jordan exterior and Jordan interior,
respectively) on the quadratic cell complex.

Fig. 9. Digitization over the quadratic complex.

=

Fig. 10. Digitization on the quadratic complex.

THINNING ON CELL COMPLEXES
AND ITS IMPLEMENTATION.

Historically, Listing already in 1862 used
the term linear skeleton to describe the subset
resulting from continuous deformations of a
connected subset of a Euclidean space with-
out change in the connectivity of the original
set, until a set of points and lines is obtained
[[4], p. 215]. Many image analysis algorithms
are based on this process of deformations,
called thinning.




In the literature the term thinning has no
single interpretation, although it describes re-
duction operations that preserve connectivity
when applied on digital objects, involving it-
erations to transform boundary elements into
background elements.

A thinning algorithm must satisfy the fol-
lowing conditions as has been stated in several
publications, see for example [5]:

1. The resulting object from the original

object must be thin.

2. 'The subset must approximate the mid-
-axis.

3. 'The endpoints must be preserved. End
points are those points that are ends of
digital lines or curves. By not preser-
ving them in a thinning process, the
digital lines or curves degenerate into
points.

4. 'The connectivity of both the object and
the background must be preserved.
The pixels of the border or open bor-
der of a digital object whose removal
preserves the connectivity of the object
and its background, is known as single
pixels. There are different ways to place
these pixels in the digital object, among
which are: templates and Boolean ex-
pressions.

5. 'The algorithm must be robust against
noise.

We speak of Frontier when the outline of
the digitized object on some cell complex is
structured of cells of dimension zero one
(points and segments). This set is denoted as
Fr. And we speak of open border when the
outline of the digitized object on some cell
complex is structured of cells of dimension
zero and two (points and squares or hexa-
gons). This set is denoted as Of.

It is worth mentioning that for the removal
of single pixels from the border or the open
border, templates will be used. A template is
an array of pixels around a pixel of interest

(pixel neighborhood) that allow to perform
local operations by comparing values present
in the templates, with the values of the digital
object. These operations serve different pur-
poses, among which is the preservation of the
connectivity of the digital object. It is worth
mentioning that, in order to detect an end-
point and its preservation in a digital object,
templates were also implemented. The estab-
lished templates that underlie the develop-
ment of the thinning algorithm are set out in
[[3], p. 68 -73].

Based on the information stated we have
that the steps that were considered for the de-
velopment of the thinning algorithm for the
quadratic and hexagonal complex are as fol-
lows (for the algorithm see [[7], p. 66-74]):

1. The object of interest in the Euclidean
plane is digitized into a subcomplex (de-
noted as T), of the cell complex C, by the
established digitization methods.

A new subcomplex, T = T U Fr(T), is
generated to ensure that the input sub-
complex to the algorithm is closed.

3. The elements of Fr(T(l))mT(l), which
comply with some of the established con-
figurations of the templates are searched
and marked.

4. The elements marked in step 3 are de-
leted and counted, generating a subcom-
plex T..

5. The elements of Of(T)) A1y which
comply with some of the configura-
tions of the templates, are searched and
marked.

6. The elements marked in step 6 are de-
leted and counted, generating a subcom-
plex S.

7. The number of elements counted in
steps 4 and 6 is added up. At this point an
iteration ends.
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8. If the sum of the previous step is zero,
the iterations end and the subset S is re-
ported, which represents the skeleton of
the subcomplex T. Otherwise, T=Sis
updated, and a new iteration begins, star-
ting at 3, until the end condition of the
algorithm is met.

Below is a series of figures showing the re-
sults of the programming of the thinning algo-
rithm on the cell complexes, in the following
order: first the Euclidean object is shown and
then its skeleton on the cell complex is shown.

Fig. 11. Digitized skeleton of the letter O.
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Fig. 12. Digitized skeleton of the letter A.
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Fig. 13. Digitized skeleton of a series of

branches.

Fig. 14. Digitized skeleton of a series of circles.
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CONCLUSIONS under the established algorithm, i.e., this algo-
rithm, for each connected subcomplex, pro-
duces a connected skeleton. Moreover, this al-
gorithm does not generate holes in the object,
and does not connect parts of the object that
were originally unconnected. The reported
experiments show that with other properties
care must be taken for interpretation, in par-
ticular, the number of end elements, as well
as the number of branching elements, may
change when the object is slightly translated
or rotated.

Finally, we can say that the Blum skeletons
of each of our tests, when compared with the
skeletons generated as a consequence of the
application of the program achieved, have a
great similarity, which is greater for the hex-
agonal complex. However, here we are aware
of problems caused by digitization effects.

According to the results obtained, the
following conclusions can be drawn:

The digitization methods presented in Sec-
tion III, applied to Euclidean objects, towards
cell complexes, are very sensitive to very small
perturbations of the original object.

We also mention that the discretization re-
solution plays an important role, so that ge-
ometrical and topological properties of the
Euclidean object are reflected in the digitized
object.

It is worth mentioning that other negative
effects of digitization are observed when the
Euclidean object is translated or rotated. A
translation or rotation causes the contour of
the digitized object to change.

For objects digitized into a cellular com-
plex, it can only be reported that connectivity
is a property that is guaranteed to be preserved
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