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RESUMO: A énfase deste artigo esta no
Sistema Acoplado de uma Equagéo de
Placa de Kirchhoff-Love com a Equacao
de uma Rede Elétrica do tipo Membrana,
onde o acoplamento € de ordem superior,
dado pelo Laplaciano da velocidade de
deslocamento yAu, e pelo Laplaciano do
potencial campo elétrico yAv, , aqui apenas
umadas equagdes é conservativa, enquanto
a outra possui propriedades dissipativas.
O mecanismo dissipativo € dado por um
amortecimento intermediario (-A)°v, entre
o potencial elétrico ¢ =() (amortecimento
friccional) e o Laplaciano do potencial
elétrico para H =1 (amortecimento
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de Kelvin Voigt). Demonstramos que
S(t)= " nao é analitico para &< 0.1].
mas € analitico para =1, , além de
S{x)=es(']decair exponencialmente para
0<@<le S(t) pertence a classe Gevrey
aguda ;.1 quando o parédmetro g esta
dentro do intervalo ] 0,1[.
PALAVRAS-CHAVE: Equagdo da Rede
Elétrica. Placas de Euler-Bernoulli. Gevrey’s
sharp classes. Falta de Analiticidade.
Decaimento Exponencial.
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INDIRECT FRACTIONAL DAMPING

ABSTRACT: The emphasis in this paper
is on the Coupled System of a Kirchhoff-
Love Plate Equation with the Equation of a
Membrane-like Electrical Network, where
the coupling is of higher order given by the
Laplacian of the displacement velocity A,
and the Laplacian of the potential electric
field 7Au, | here only one of the equations
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is conservative, and the other has dissipative properties. The mechanism was dissipative is
given by an intermediate damping (—A)E v, between the potential electric =10 (frictional
damping) and the Laplacian of the electric potential for g—1 (damping Kelvin Voigt). We
show that S(¢)=¢™ is not analytic for ~ and analytic for 6<[0,1[, , however decays
exponentially for # & [0,1[, and g—1 Iisof Gevrey sharp class Dé when the parameter
g liesin the interval ]10,1].

KEYWORDS: Electric Network Equation, Euler-Bernoulli Plates, Gevrey’s sharp

classes, Lack of Analyticity, Exponential Decay.

INTRODUCTION

In the literature, several mathematical models describe a single electrical network
connecting piezoelectric actuators and/or transducers, see for example, [5], [20], or [33]. In
particular, in [20], equations (2b) and (2c), we have, for example, the equations of a second-
order electric transmission line with zero order or second-order dissipation:

(S,Z) and (S,S) networks are second-order networks with zeroth-order and second-
order dissipation.

Ve —BoAv+5v, =0 and v, —SBAV-5,Av=0. (1) (1)

Where v(x,t) denotes the time-integral of the electric potential difference between the
nodes and the ground. Note that in the first equation of (1) we have the frictional damping
and in the second we have the viscous damping or Kelvin Voigt.

The motivation for this research was born from the coupled system of the Euler-
Bernoulli Plates and Membrane-Like Electric Network deduced in [33] as follows:

r:#+cxﬁ2u—y&vf=0. xeQ, =0, (2

vy — BAV+ pAu, + Sv, + oA =0, xe0, >0, (3)

satisfying the boundary conditions

u=Au=0, v=0. xedQ, >0, (4)

and prescribed initial data

u(x,0)=up(x). u,(x.0)=uy(x). v(x.0)=vp(x). v(x.0)=1(x). x€Q (5
Here, u(x, t) denotes the transversal displacements of the plates, and v(x, f) is the
time-integral of the electric potential difference between the nodes and the ground, and
QcR"the domain with smooth boundary 8Q. The coefficients o B O are positive and
r non-zero, for details of the physical meaning, and as determined each of the coefficients
consult the deduction of the Physical-Mathematical model on pages 441 and 442 of

reference [33]. The reference [5] can also be consulted for more details on modeling.
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Our purpose in this work is to study a more general system, to this end, we will
consider in the equation of the electrical network the fractional dissipation (-A)®v, for 0 < 8
< 1, keep in mind that for the particular cases 6 = 0 and 6 = 1 the mathematical models are
given by equations in (1) of [33] respectively.

We will write the system under study in its abstract form. For this purpose, we introduce
some helpful notations beforehand. Let Q a bounded set in  with smooth boundary and
given the operator: A : D(A) c L*(Q) — L2(Q), where

A=-A, D(A)=H’(Q)~H(Q). (6)
It is known that this operator given in (6) is selfadjoint, positive, compact inverse,
and compact resolvent. Using this A operator, our proposed system, written abstractly, is
as follows:

urf+czA2u+yAvt=0, xeQ), t=0, (7)

Vg + BAV—yAu, + 54, =0, xeQ, t>0, (8)

and contemplates the boundary conditions (4) and initial data (5).

In the last decades, many researchers have focused on studying the asymptotic
stability of several coupled systems with indirect damping (Terminology initially used by
Russell in his work [25]). Systems of two coupled equations as wave-wave, plate-plate, or
plate-wave equations with indirect damping inside of their domains or on their boundaries,
were studied by several authors. We are going briefly mention some of these works:

Alabau et al. in [2]. They considered abstract evolution equations given by:

uy +Au+ov=0, xQ, =0,
vy +A4v+ BBy +ou=0, xeQ, >0,

in which Q is a bounded open set of " with smooth boundary 9Q and A, and A,
are self-adjoint positive linear operators in Hilbert space and B is a bounded operator. When
A =-A=AA, =A2, and B is the identity operator, we have a wave-Petrowsky system, where
B > 0, with partial frictional damping Bu,. For this case, they showed that, if 0<|¢|<C3* and

weH (Q)nH; (Q), uyeH*(Q)nHy (Q),
WeH (Q)nH(Q)., weH'(Q)nHy (Q).

Then the energy of the solution satisfies, for every t> 0, the estimate
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2 2 2 2 C 2 2 2
[l + 9o +lef +[auf )ar < = (ol + ol + i oo+l )
9]

In this direction, other results can be found in [4, 6, 13, 15, 27].

Alabau et al. [4] (see also [1, 2, 3]) considered an abstract system of two coupled
evolution equations with applications to several hyperbolic systems satisfying hybrid
boundary conditions. They have shown their solutions’ polynomial decay using energy
and multiplicative techniques. Tebou [30] considered a weakly coupled system of plate-
wave equations with indirect frictional damping mechanisms. He showed this system is
not exponentially stable when showed the damping acts either in the plate equation or in
the wave equation, and a polynomial decay of the semigroup using a frequency domain
approach combined with multiplier techniques, and a recent Borichev and Tomilov [7] result
in the characterization of polynomial decay of bounded semigroups. Recently, Guglielmi [13]
considered two classes of systems of weakly coupled hyperbolic equations: the wave-wave
equation and a wave-Petrovsky system. When the wave equation is frictionally damped, he
proved that this system is not exponentially stable, and a polynomial decay was obtained.
The result of the optimal decay rate was provided. Many other papers were published in this
direction; viewed in [22, 24, 30, 32].

Now we will mention some concrete problems that motivated the work in this paper:

Han and Liu [14] have recently studied the regularity and asymptotic behavior
of two-plate system solutions where only one of them is dissipative and indirect system
dissipation occurs through the higher-order coupling term yAw, and —A# . . The damping
mechanism considered in this work was structural or Kelvin-Voigt damping. More precisely,
the system studied in [14] is:

r:ﬁ+A2u+yAwt=0, xeQ), >0,

Wy + Alw— v, —d  Aw, +d,ﬂ?;-"_\211»r =0, xeQ, >0,

satisfying the boundary conditions

cu

v
where u(x, t), w(x, t) denote the transversal displacements of the plates at time t in

=0, w= =0, >0, xecQ,

ow
U= —_
v
the domain €2 — [£" with smooth boundary 8Q, » #0 s the coupling coefficient. They

showed that if d,> 0 and d,, = 0, the semigroup associated with the system is analytic, and
for d, =0 and d, > 0, they showed that S(t) is exponential but not analytic.
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In 2013, Dell’Oro et al. in [9]. They considered the abstract system with fractional

partial damping:

U, +yAuy + Au—A°9=0, xeQ, >0,
& +Ap+A%u, =0, x=Q, >0,

where Q is a bounded open set of % with smooth boundary 0Q and when A
= —A as in (6), this system models a thermoelastic plate, where the parameter =0 is
responsible for the rotational inertia, which is proportional to the plate thickness, y =0,
corresponding to the case of a thin plate. They showed that the semigroup of this system
is exponentially stable if and only if o = 1. Moreover, when 1/2 < 0 < 1, they proved that
the semigroup decays polynomially to zero as t'“-49 for initial data in the domain of the
semigroup generator, and such a decay rate is optimal. In this same work, they also showed
that for the case ¥ =0 and 0 <0 < 1/2, the semigroup decays polynomially with the optimal
rate t+'1-29_ Other results in this direction can be found in [6, 26, 29, 31].

A more recent result involving fractional dissipation was published in 2019 by
Oquendo-Suérez [21]. They studied the following abstract system:

Pty + N Au, + A U+av=0, xeQ. >0,

PV + 1AV, +ﬁ2A2v+ o+ xAgvf =0, xQ, =0,

where Q) is a bounded open set of g *' with smooth boundary 0Q and one of these
equations is conservative and the other has fractional dissipative properties given by Ay,
where 0 <8 < 1and A = -A as in (6), and where the coupling terms are eu and av .
They showed that the semigroup decays polynomially with a rate that depends on 6 and
some relations between the structural coefficients of the system. It has also demonstrated
that the rates obtained are optimal using a spectral characterization theorem of semigroup
polynomial stability due to Borichev and Tomilov [7].

Concerning the regularity of the semigroup associated with plate models, we can cite
the work of [11] of 2012; in that work, the authors study the differentiability and analyticity of
the associated semigroup and also determine the optimum rate of decay and more recently
published works explore the regularity of solutions using the Gevrey classes introduced in
1989 in the thesis of Taylor [28]. Among these works, we can mention Hao-Liu-Yong [15]
and, more recently, the paper of Keyantuo-Tebou-Warma [16] to be published. In this last
work, the authors studied the thermoelastic plate model with a fractional Laplacian between
the Euler-Bernoulli and Kirchhoff model with two types of boundary conditions; in addition
to studying the asymptotic and analytical behavior, the authors show that the underlying
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- 2-6
semigroups are of Gevrey class &' for every o> 2_4g for both the clamped and hinged

boundary conditions when the parameter 8 lies in the interval 10, 1/2[.

This article was organized as follows: In section 2, we study the well-posedness of
the system (7)-(8) through the semigroup theory. We left our main results for the last two
sections. In Section 3, we prove the exponential decay of the semigroup S§(r)=¢* for 0
< 6 < 1. Section 4 deals with the lack of analyticity of the semigroup S(t)=¢™ for 6 € [0, 1[
and analyticity of S(t) for 6 = 1; in particular, we address the case 0 < 8 < 1 in subsection
4.1, while the case 6 = 1 is discussed in subsection 4.2. Finally, in section 5 we show that

1
5(t)=€" is of Gevrey sharp class s >E‘ when the parameter 0 lies in the interval 10, 1][.

WELL-POSEDNESS OF THE SYSTEM

We will use a semigroup approach to show the existence and uniqueness of strong
solutions for the abstract system (7)-(8). It is important to recall that A defined in (6) is a
positive self-adjoint operator with a compact inverse on a complex Hilbert space D(A°) =
L2(Q). Therefore, the operator A® is self-adjoint and positive for all ® € £ and the embedding

D(4%)7" D(4%),

is continuous for 8, > 6,. Here, the norm in D(A°) is given by Iy s =[4"|. u=D(4°).
where Iz denotes the norm in the Hilbert space H. Some of these spaces are:
D(4"?)=Hy(Q). D(4)=L(2) and D(4™)=87(Q)..

Now, we will use a semigroups approach to study the well-posedness of the system
(7)-(8). Taking w = u,, v, = z and considering U = (u, v, w, z) and U, = (u,, v,, u,, v,), the
system (7)-(8), can be written in the following abstract framework

d
EU(;‘)=BU{:), U©0)=U,. (9)
where the operator B is given by

BU:=(w.z,—aAzuf;}’Az.fﬁAeryAwaAgz), (10)
for U= (u, v, w, 2). This operator will be defined in a suitable subspace of the phase

space
1
H = D(A)x D(A2)x D(4%)x D(A°).

It's a Hilbert space with the inner product
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1 1
(UI.UZ):a(Aztl,Au2>+ﬂ<A5v1.AEv2>+(w1.w2>+<zl.zz),

for U, = (u, v, w, z) € H,i=1,2., and we endow it with the norm given by

1|2
2 2 3 2 2
[0l = allad” + Bl +pol+ [l (44

In these conditions, we define the domain of B as

1
D(B)= {UEH ((w.z)eD(A) xD(AE).(—a’Au —yz,—fv— 5.»1‘9_‘7.)6 [.D(A)]z}

To show that the operator B is the generator of a C -semigroup, we invoke a result
from Liu-Zheng’s book.

Theorem 1 (see Theorem 1.2.4 in [17]). Let B be a linear operator with domain D(B)
dense in a Hilbert space H. If B is dissipative and 0 € p(B), the resolvent set of B, then B is
the generator of a C,-semigroup of contractions on H.

Let us see that the operator B in (10) satisfies the conditions of this theorem. We see
that D(B) is dense in H. Effecting the internal product of BU with U, we have

Re(BU.U)= —5||A‘9’r2z|‘2 . YUeD(B). (12)
that is, the operator B is dissipative.
To complete the conditions of the above theorem, it remains to show that 0 € p(B).
Let F = (f, f,.f,,f,) € H. Let us see that the stationary problem BU = F has a solution U =
(u,v,w,z). From the definition of the operator B given in (10), this system can be written as

w=f, aA2u=—[yAf_, +f3] (13)

z=fy PAv=y4fi-54°f,—fi (14)
This problem can be placed in a variational formulation: to find t = (u, v) such that

b(r.z)=h(z)=(h.z) Vz=(z.z,)eD(4) xD[A% J,(‘I 5)

where
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h=(~[r4fy + £;).7 4~ 54° f, - £,) e D(4°)xD(4°) and

11
b(u,viz. 2y ) = o (Au, Az ) + ﬁ(AEv,A?zz>.

Consequently

1 IR

B(r.1) = a| Aulf + Bl42v] .
(2.1) =a|4ul” + gl 42V 16)

Of (16), the proof of the coercivity of this sesquilinear form b in Hilbert space
D(A)xD(A"2) is immediate, now, applying the Lax-Milgram Theorem and taking into account
the first equations of (13)-(14), we have a unique solution U € H. As this solution satisfies
the system (13)-(14) in a weak sense, from these equations we can conclude that U € D(B).

Again, from (16) and the second equations of (13)-(14), applying Cauchy-Schwarz
and Young inequalities to the second member of this inequality, for € > 0, there exists K_ >
0, such that

1
all ul®+ Bl 42vI* < C.IIFIP.

This inequality and the first equations of (13)-(14) imply that Ul < CIIFIl,, then
0 belongs to the resolvent set p(B). Consequently, from Theorem 1, we have B as the
generator of a contraction semigroup.

As B is the generator of a C-semigroup, the solution of the abstract system (9) is
given by U(t) = e®U,, t 2 0. Thus, we have shown the following well-posedness theorem:

Theorem 2 (see [23]). Let us take initial data U, in H, then there exists only one
solution to the problem (9) satisfying

U € C([0, =[; H).
Moreover, if U, € D(B) then the solution satisfies
U € C([0, =[; D(B)) N CY([0, =[; H).

STABILITY RESULTS

In this section, we will study the asymptotic behavior of the semigroup of the system
(7)-(8). First, we will use the following spectral characterization of exponential stability
of semigroups due to Gearhart [12] (Theorem 1.3.2, book of Liu-Zheng), and to study
analyticity, we will use a characterization from the book of Liu-Zheng (Theorem 1.3.3).

Theorem 3 (see [17]). Let S(t) = e® be a C,-semigroup of contractions on a Hilbert
space H. Then S(t) is exponentially stable if and only if
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Po(B) 2 {iA/4 e R} = iR (17)
and

“l’jfjip"(w “B) | < 0o

holds.
Theorem 4 (see [17]). Let S(t) = e® be a C,-semigroup of contractions on a Hilbert
space H. Suppose that

p(B) - {iﬂ,.fxl £ R} = iR

Then S(t) is analytic if and only if

limsup
4=

| (iaz-B)| <o (19
LiH)

holds.

In what follows: €. G- Ca and K will denote positive constants that assume
different values in different places, and the coupling coefficient » will be assumed positive
(the results remain valid when this coefficient 7 is negative).

First, note thatif AR and F= (f,.f,.f,,f,) € H then the solution U = (u,v,w,z) €
D(B) of the stationary system (iA/-B)U = F can be written in the form

Au—w = f, (20)
ilv—z =f,, (1)
iiwradu+yAz = f;, @2
idz+ PAv—yAw+S54°z = f.  (23)
We have

5|42 z||2=Re((m—3]U.U) =Re(F.U)<| F|lgl| U || - (24)

From equations (21) and (24), we have

&
, g
AP U4 vI2 < ClIF T g + I F IR . (5)

As %sos%, , taking into account the continuous embedding (4% )~ D(4%)
,8,> 6, and (24), we obtain
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6-2

1472 zI? < C{IF Ul +IFIE | (26)

IzIP < C{IF T +IF g } (27)

EXPONENTIAL DECAY OF S(T) FOR0 =0 =1.

In this subsection, we show the exponential decay using Theorem 3 to demonstrate
condition (18). Just demonstrate

IUIE <CIFlgllFly for 0<6<1.(28)

Now, notice that:

(sz,A"w> = (A%,A“ (iAu - f1]> ——il (A“v,Azu)—(A”"v.Aﬁ)
(A%;,A%} = (AZH,AG (iAv— f2]> =il (A%;,A%)—(A‘“’»:Afﬁ.

Summing up, both equations and taking the real part, we have

Re {(sz, A"w) + (Azu, A“z)} = _Re {(.4“%, Afz) + (.4“%, Af, )} (29)

To get our first results, we should first demonstrate some lemmas.
Lemmab. Let 0 = 0 < 1 and o < —1. The solutions of equations (20)-(23), satisfy the
following equality

a+2 o+l

% N4 2 wi? =542 z|P —srRe{<A1+“u,df2)+<dl+"v,Afi)}

26+ o+2

+?Re A2 z,42 w —%Re(f#iiﬁlw)_l{e(ﬁ"&gz)

@ a+2 a+2 a—2
Act -

5 Im{A22.4 2 w)—AIm(A 2 wd?2 z)

Proof. Applying the product duality to equation (22) with A°z and recalling that the
operator A is self-adjoint, we have

a+l

slI42 2P = —a<A2u,A"z>—iﬂ,<w,Aaz)+<f3,A"z).
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Similarly, applying the product duality to equation (23) with and using equation (20),
we obtain

ya o2 ida o g2
"? 42 wp = a(sz,AGw)+ T AZ2,4 2 w

dor 2ee 2 a
= (42 242 w) —= (f.47W).
= ) - ()

Now, to get the conclusion of this Lemma, it is sufficient to perform the subtraction
of these last two equations, take the real part, and use the identity (29).

Taking o0 = -2, in Lemma 5, we have

-1
% w2 = yl142 z|P —aRe{(A“u.Af2>+{A‘%,Aﬁ>}

+6%RC(A9_12,W>—%Re(f4.A_1W>—R€<£,A_ZZ) (30)

_% Iz, 47 Aw)~ 21m(w, 4722},

From equation (22), we have A™Aw = faAu + iyz - IA"'f,, therefore
,% I.m(z,A*lﬂ,w) = —% hll(z,ia'AHJr;"yz,m—lfg)

el & g ar , @ o
= —RelA2z2z.4 2 u)+r—— ||z|F —Re(z. 4 G
£ < g B ( fj)

1M

-] 2-8
%Re(ATZ,AT u>—%Re(z;A_lﬁ)+C||F||H||U||H }

Substituting (31) into (30) and from —%<§’, using (24), we have

% IwIP < CUF Il g —aRe{{ 4w, 45 )+ (47, 41 )}
+%Re (Aﬂ_lz,w) - aeFRe (f4,A_1w) —Re (jé,A_zz> (32)

« g A% A%TS £ Re(z, 47 ;) -1m{ 422
+7 e z, u —F e(z, f;)— < AW,Z).

On the other side of the equation (22), we have A Aw = iau + iyA™'z - iA*f,, therefore

]m(A_zflw,z) = Im(iom +i;fA_lz—iA_2f3;z)

2 e =1 63
= aRe(42 ualz)sy|a? 2| —Re(4 s z)

Now, substituting (33) into (32), we have
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% IwlP < ClIF Il T Il —aRe {(47'u, 47, )+ (47 47, )}

+§% Re (Ae_lz, w) - % Re (f4: A_lw) —Re (fg, A_22> »
8 2-8 -8 8

2 R il s
+chRe<A22,A 2 u)jéRe(z,A_lﬁ>aRe<A 2 u,Azz>

+Re(A’2f3,z>.

Applying Cauchy-Schwarz and Young inequalities, taking into account the continuous
embedding D(A-% ]‘—> -D(Aﬂ. ) ,,6,>86, e—lsg and using estimative (24), we have, for € >
0, there exists k> 0, such that

2-8

IwIP<C{IF I U llg }+2 1wl el A2 ul el ulp. (39)
On the other hand, by effecting the product duality of (22) by A-®u, we have
25 e e
all4 2 ul = (W,A‘g(izlu))—y<zi 2 z42 u>+(f3:A'9u)

s - 2-6
= 142 w? +(w,A‘9f,>—y<AT 2.4 2 u>+(f3,A_9u)_

Taking the real part and applying Cauchy-Schwarz and Young inequalities, taking

. . ) 6 g
into account the continuous embedding, -755? , we have

e -
42 wP<C{lFlight g}l 42 wi?. (36)

Substituting (36) into (35) and taking into account the continuous embedding and
, we have
lwl? < C{IFIglUlly} for 0 <8<1. (37)
Taking the duality product between equation (22) and v and using the equation (20),

we obtain

all Aul? = —y<z,Au)+||w||2 +(w,fl>+(f3,u>. (38)

Applying Cauchy-Schwarz and Young inequalities, taking into account the continuous

embedding D(4%)~ D(4%), 82 > 61, _?1<§, 05gand using estimates (24) and (37), we have,

for € > 0, there exists k_ > 0, such that

alldu|? < C{IF Uz} for 0 <6<1. (39
Similarly, applying the duality product to equation (23) with v and using the equation
(21), we have
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é

1 &
BIAvIP = y{awv)+zIP —5<A2 z, A2 v> +(z.f2) +(fi.v).(40)
Subtracting (40) from (38) and taking the real part, we have

,3||Al?v||2 = a||du| +yRe{(iidv — Afy.u)+(iidu—Af, )} - || w|]
—5Re<A% z,A% v> +Re{z. f2) +Re{fy.v) —Re{w. fi)—Re(fr.u)

< ol du|P +rAIm{{Av.u)+(u, 4} -y Re{( fo. du)+(Af;.v)}
é'RE(AZ Z,A% v> +Re(z. fo) +Re(fy.v) —Re(w. fi)—Re(fs,u)

g 1 ’
Now, as Im{{(Av,u) + (u, Av)} =0 and 5 =7, using the estimative (39) and applying

Cauchy Schwarz inequality and Young inequality, and continuous embedding, we have the

inequality
L
BlAXIP < C{IFIgIU g} for 0 <6<1.(41)

Therefore, estimates (27), (37), (39), and (41), condition (18) the Theorem 3 is
verified for 0 < 6 <1.

Now let's show condition (17) the Theorem 3. Itis prove that iR C o(B) by
contradiction, then we suppose that iR & p(B). As 0 € p(B) and p(B) is open, we consider
the highest positive number A such that the interval ]-iA, i\ [c p(B), then iA, or =i\ is an
element of the spectrum o(B). We suppose iA, € a(B) (if —iA, € o(B), the proceeding is
similar). Then, for 0 <& < A there exists a sequence of real numbers (A ), withd <A <A, A

— A,, and a vector sequence U, =(u v ,w,,z ) € D(B) with unitary norms, such that
I (i/‘]‘ﬂ _B)U}r “H = "Fn IIH — 0,

as n —. From (39) and (41) for0 <0 <1, we have
all du, I < C{IF U, llg +11 By 1}

Bll 4%, 12 < C{IF, IglUy iy +1Fully ).

In addition to the estimates and (27) and (37) for 0 <0 < 1, we have

2 2
[we IIF +llz, [IF — O.

Consequently,

2 2 2 2
allduy B+ 81 4%, 12 +1wy P Iz P — 0.
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Therefore, we have |IU,II,, — 0, but this is absurd, since IIU |l = 1 for all InelN  Thus, iR c ,O(B) .

This completes the proof of condition (17) of Theorem 3.

S(T) = EBT IS NOT ANALYTIC FOR O € [0,1[ AND IT IS ANALYTICAL FOR O =1

This section is divided into two subsections: In the first subsection (4.1), we show the
lack of analyticity for 0 <8 < 1, and in subsection (4.2), we test the analyticity of S(t) for 8 = 1.

4LACK OF ANALYTICITY OF S(T7) FOR O € [0,1[. SEMIGROUP S(T) = E™
GENERATED BY B IS NOT ANALYTIC WHEN 00O <1.

Theorem 6. Let S(t) = e® be the C,-semigroups of contractions over the Hilbert
space H associated with the system (2)—(4) is not analytic when 6 € [0,1].
Proof. Now we show that the corresponding semigroups are not analytic for 0 < 0 <

1. Let us construct a sequence F_such that the solutions of
AU —-BU, =F,.
satisfies |A |IU Il,, — <, which in particular implies

1 (0~ B)" g — =

which means that the corresponding semigroup is not analytic.
The spectrum of operator A = —A defined in (6) is constituted by positive eigenvalues
(o,)suchthato, — «asn— «.For n €N we denote with e, an unitary L?-norm eigenvector

associated to the eigenvalue o , that is:

de, =o,e, A6, =0f . lle,llpq) = 1Lfor 0s0<1 neN (42)
Let’'s show that the right side of inequality (19) for 6 € [0,1) is not verified. Consider
the eigenvalues and eigenvectors of the operator A as in (6) and (42), respectively.
Let F =(0,0, -e, 0) € H. The solution U= (u_, v, w,, z ) of the system (Al -B)U, =
F satisfies w = i\u,, z = iAv, and the following equations

;1-23.‘“ —aAlun —idydv, = e,.
A%y, — Bdv, +iyAdu, —id5A%y, = 0.
Let us see whether this system admits solutions of the form
Uy =€y, Vy =Un&y,

for some complex numbers #, and v, . Then, the numbers u,, v, should satisfy the

algebraic system
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{7 = acp| ty ~thyouo, =1 @)
U fOully + {7 =By —i003 2} U, = 0. (44)
On the other hand, solving the system (43)-(44), we find that
2 .
{p2,n (}"] - 160-3‘211}

"o Pin(4n ) Pon() — P laon — 1603 2npria(4) (45)

where

Pa(2) = 2 — o wdpsy(B) = 2 o )

Taking $, =ﬁ£ and considering the polynomial

dn (Srr] = DPin (Sn].pln ("-"n) - ?20—3511
= sﬁ—[(a+y2)os +,Bcrﬂ:|sn +a',6‘03.

Now, taking g.(s,) = 0, we have the roots of the polynomial g (s,) are given by

|:(a+;r2)os +ﬁon:|icr” .J{a' +}’2)QU£ +25(y2 —a)o, +8°

. (47)

5 =

|x,, |

Thus, if we introduce the notation x, = y meaning that lim lim 7] is a positive real
number.
Taking s, =s, from equation (47), we have
s 2 fancd
s, =~ o, and 4, =o,.

n (48)

Then

= — = 2_
pln[‘gn] = 8y ,30'" On (49)

From g (s) = 0 in (45), we have

(al)-iomor} panls) - Pa(4)
_,-50;:-'%'})1;1 (;{_2) - ?22“20_!;: I &2/130_2;8

(50)
Therefore

-1-8
fl <l

Finally, of (42) for C > 0, the solution U of the system (iA, — B)U = F, satisfies
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WU, llg = Cllw, lI=C A 112, ll= C) Ay |41 €, 1= €| A |24

P
=C|4[" for 0<é<L (52)

Then, using estimates (51) in (52), for >0 and 0 <6 < 1, we obtain

U, = 04,

From where our conclusion follows.

= |":|11 "Un |LH_(53)

Analyticity of S(f) for 6 =1.

In this subsection, we show the analyticity of the S(t) for 6 = 1 using Theorem 4,
specifically checking condition (19) ( AI(i42-8)" FI< G F 11U l1s})

Remark 7. Let 6 > 0. There exist C, > 0 such that, for 0 < 6 < 1, we have %so..
Applying continuous immersions and inequality (37), we have

&-1
42 wi* < C{IFIGIU g} for 0<0<1.

Lemma 8. Let 6 > 0. Exist C, > 0 such that the solutions of equations (20)-(23) for
IAl = 8, satisfy

&
142 wi? < Cs{Il FligllUllr} for 0<6<1.

Proof. From 0 <0 < 1, then 0 = 8 — 2 < -1. Therefore, taking 0 = 6 — 2 in Lemma 5,
we have

& -1 1 1
% I42wl? = yll42 z|f _aReK,f 2u=A2fz>+(AS‘1v,Aﬁ)}
Jor E ﬂ o 1 2
+—RelAd 2 z42w)-—Re(f,. 47 'w)—Re(f;. 47’z (6]
(4T 5t me{ )1
o & 54
—-— hn(z,i.Aﬂ_lw)—ilm Alw A2 z)
B
From equation (22), we have ANA®~"w = iaA®*'u + iyA%z — iA°~ ' £, therefore
o o g 6+2
g hn(z,i-A‘g_lw) = —Z i A%zicd T u
B B 5)
a8
ay 5 o 81
+—— || 42z||-—Re{z, 4" f
g 14 gRe{e )

Applying Cauchy-Schwarz and Young inequalities, estimate (24) and for 1 > € > 0,
exists K_> 0, we get
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2+6

o - ] i
|E In(z, A4 W) < K I F gl Ullg +el14 2 ul?

(56)
On the other hand, applying the product duality to equation (22) with A°u and recalling
that the operator A is self-adjoint, we obtain

26 g 26
al|l42 ul? = ($V,A3{iiu}>—y<dzz,d 2 u>+(f§,.dsu>

g 248

= ||A§W||2 +(w?A9fi> - y<Aiz;AT u>+(f_q,,A‘9u),

now applying Cauchy-Schwarz and Young inequalities for every € > 0, there exists
a positive constant K_, independent of A, such that

246 g

142 wIP<C{IF U llg}+ 142wl

Using (57) in (56), we obtain

" ]
A ] ey
-5 1111(:,A‘9 ‘w>sa||A2w||2 +C{|| F gl U Il }-

- T 42 T 452 .
Similarly, as —Alm{4°w.4? z =*’L1‘“(A “’=z)‘and from equation (22), we have

A2 aw= iod®u+iya®lz—id%2f;, , therefore,

8 -4 ) (58)

_/1,[m<A'9_2w,z> = [m{—ia’(A‘gu,z>—i-y||AaTl zII2 +1'(A6_2f3,z)}
(59)

Applying Cauchy-Schwarz and Young inequalities, estimate (24) and for 1 > € > 0,
there exists K. > 0, we get

&8 &8 &1
~m(4"w.z) < K |47z +2 )| LulP +Cll 42 2| FCIF Ul

From ?<252:—9 using continuous embedding and estimates (24) and (57), we

obtain

&
—Im(AHw, z) < || 2w +Cy

| F Il U llgr}-
(61)
Applying Cauchy-Schwarz and Young inequalities in equation (54), for 1 > ¢ > 0,
there exists K. > 0 and estimates (58) and (61), and from ?<%<§ using continuous

embedding for every € > 0, there exists a positive constant K, independent of A, such that

&

& &
|| 42w|* < c||42z|? +co~{||F||H||U|h,}+s||A2w|F.(62)

Finally, from inequality (24) in inequality (62), we complete the proof.
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Remark 9. Using Lemma 8 in the inequality (57), we have

8+2
42 ulf < C{IF|lUl} for 0<6<1. ©3)
And taking 8 = 1 in Lemma 8, we have
1 1
||A2w||gcs{||F|[H||U|[H}z_(64)
Remark 10. Taking 6 = 1 in inequality (63) to Remark 9, we have
3
3, 112
Il 42u |I°< C5 {I F gl U |l }-
Lemmall. Let 6 = 1 and 6 > 0. Exist C; > 0 such that the solutions of equations
(20)-(23) for IAl = J, satisfy:

[AzIP < C5{I F gl U e}

Proof. Applying the product duality to equation (23) with z and recalling that the
operator A is self-adjoint, we have

1 1 1 1 a
il z|P= —,8<A2v,,12z>+ y<A2w,A2z>—§||A2z I +{fs.2).

Taking the imaginary part and using Cauchy-Schwarz and Young inequalities, we
obtain

1 1 1
|A|||z||sca{na2zu2+||A2w||2+||sz||2+||f4n||z||} |
(66)

From estimates (24), (41), (64) and norms |||}, and [U[%,., finish to proof.
Lemma12. Let 6 =1 and 6 > 0, there exists C, > 0, such that the solutions of equations
(20)-(23) satisfy the following inequality:

|4 I1wIP< C5{Il Fligl U g}

Proof. Considering 6 = 1, applying the product duality to equation (22) with w and
recalling that the operator A is self-adjoint, we have

3001 11
1}1||W||2=—O:'<A2H,A2W>—}’<A225A2W>+<f§;w).
(67)
Taking the imaginary part and using Cauchy-Schwarz and Young inequalities, we

obtain
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3 1 1
N wIP< Co 31l 42u | + 11422 1P + 1| 42w )P + 11 £l w i -
(68)
From estimates (24), (64), (65), and norms IFl; and I, finish to proof.
Lemma 13. Let 6 = 1 and 6 > 0, there exists C, > 0, such that the solutions of
equations (20)-(23) satisfy the following inequality:

A

N4ul* < C;{IFligllUllg}-
(69)

Proof. Considering 6 = 1, applying the product duality to equation (22) with w, using
(20) and recalling that the operator A is self-adjoint, we have

11
il w||2 = —a(Azu,iiu —f1> - ;V<A22,A2w>+{f3,w)_
(70)
Equivalent

1 1
il |l dul* = —idllwl? +(Au,Afi}—y<Azz,A2w>+(f3:w).

Taking the imaginary part and using Cauchy-Schwarz and Young inequalities, we
obtain

1 1
2 2 2 02 3. 2
[ 211w |1 scﬁ{lAluwu A2z 7+ 4wl +HAu||||Af1H+||f;m|wu}

From estimates (24), Lemma 12, (64), and norms "F";’ and |\U\|i , finish to proof.

Finally, the following lemma estimates the term |4]|| 42v|?.

Lemma 14. Let 6 = 1 and 6 > O, there exists C, > 0, such that the solutions of
equations (20)-(23) satisfy the following inequality:

1
|44 v < ca{nFlLHnUmq}.(?z)

Proof. Considering 6 = 1, applying the product duality to equation (23) with z, using

(20) and recalling that the operator A is self-adjoint, we have

1 1 1
idllzI? = —B{Avidv —f2)+y<AEw,Aiz>—§||Aiz||2 +(f.2).
(73)
Equivalent

1 1 1 1 1 1
B A2v|? = —id]|z|? +,5‘<A2v,A2f2) + ;f<A2w,A2z> - S22 + {fo.z)

Taking the imaginary part and using Cauchy-Schwarz and Young inequalities, we
obtain
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1
|4[1142 v
1 1 1 1
< c:;{lzllllzn2 + 11 42zIF + 42wl + A2 f )+ IIﬂ\IIIZII}.
(74)
From estimates (24), Lemma 13, (64), and norms |Fli; and [U[};. | finish to proof.
For 8 = 1, summing estimates the Lemmas 11, 12, 13, and Lemma 14, we have

-y -1
UG < CIFIghUly = 1A(GAL ~B) iy < Cs.
(75)
Therefore, for 6 = 1, the condition (19) is also verified, so the proof of Theorem 4 is
finished.

S(T) = EBT IS OF GEVREY SHARP CLASS S > 1/06 WHEN THE PARAMETER ©
LIES IN THE INTERVAL 10,1[.

Before exposing our results, it is useful to recall the next definition and result
presented in [8, 16] (adapted from [28], Theorem 4, p. 153).

Definition 15. Let t, 2 0 be a real number. A strongly continuous semigroup S(t),
defined on a Banach space H, is of Gevrey class s > 1 fort >t , if S(t) is infinitely differentiable
fort > t,, and for every compact set K c (t,~) and each u > 0, there exists a constant C =
C(u, K) > 0 such that

HS’(”:' (r]" < cu"(nY, forallt €« Kon = 0,1,2..
L(H) (76)
Theorem 16 ([28]). Let S(t) be strongly continuous and bounded semigroups on a
Hilbert space H. Suppose that the infinitesimal generator B of the semigroups S(t) satisfies
the following estimate, for some 0 < r < 1:

(i21-B)" u <
SR

Then S(t) is of Gevrey class s fort > 0, for every s >1/ r .

- |7
fnowl

Lemma 17. Let 0 < 8 < 1 and &, > 0, exists C,, > 0, such that the solutions of
equations (20)—(23) satisfy the following inequality

&-1
@ |AN4? zIP < Cy IFIlIUIg for 0<8<l
(78)
ﬂ_—l
i |42 wi? < Cy IFIITU I for 0<6<1.(
79

Proof. (i) Taking the duality product between equation (23) and A®'z, using the
advantage of the self-adjointness of the powers of the operator A, we get
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o 151 g g 26-1
iAll42 z|P= —,6’<A2v,A 2z>+y<Alw,A2z>—5|| 42 z)? +<f41A‘9“z)_
Taking the imaginary part, applying Cauchy-Schwarz inequalities, we have

-1

[Al4? =P

L oL : S -1
SCx AT+l 4 227+ AWl + A2z |17+ S A7z

(80)

As for 0 < 8 < 1, we have 9%52 and 6 — 1 < 0, using continuous embedding and
estimates (24), (41), and Lemma 8, we finish the proof of this item.

Proof. (i) Taking the duality product between equation (22) and 4%'w,, using the
advantage of the self-adjointness of the powers of the operator A, we get

=R 2 @ 1,1
il)|A 2 wllz——a<A 2 u,A2w>—y<Azz;A 2w>+<f3,Ae_lw).
Taking the imaginary part, applying Cauchy-Schwarz inequalities, we have

a1 82 [ [
[214 % wiPsc, {na 2 u||2+|m2wn2+||A2zu2}+|\f3HuA"“wu,
(81)

As for0 <6 < 1, we have 6 — 1 < 0. Using continuous embedding and estimates (24),
Remark 9, and Lemma 8, we finish the proof of this item.

Our main result in this section is as follows:

Theorem 18. Let S(t) = e? strongly continuos-semigroups of rnntractions on the
Hilbert space . The semigroups S(t) is of Gevrey class s for every S>l for €]0,1[, as
there exists a positive constant C such that we have the resolvent estima?e:

|4

(i,{.I—B)_IH <C, ieR
L(H) 82)

Proof. We will initially show that for 0 < 6 < 1, it is verified:
W =IP<Cs 1 F T Nl and |7 1 wIP<Cy 1L F [l T e -
(83)
Asfor0<6<1,wehave o< [? g} . We are going to use an interpolation inequality.
Since

0=¢ (?] +(1-¢) @J for $—6 and 1—$=1—6,

Using inequalities (24) and item (i) of Lemma 17, we get that
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8 +1-8
|42z

5-1 ér
2 =5 2
HzI? <cliaz z|

< AT F U ) (I F Il Ul )

From where we ended the proof of (83),

On the other hand. As for 0 <8 < 1, we have o« [? ﬂ . We are going to use an
interpolation inequality. Since

0=¢ [?] +(1-¢) (g] Jfor g=6and 1-¢$=1-6,
using Lemma 8 and item (ii) of Lemma 17, we get that

a-1 & 8 ~1-8

2 5 o2 3 iR
lwll® = Clll4? wi |42 w|

< A I F Il T} I F el Ul ™7

From where we ended the proof of (83),
Now we will estimate the term [A|lAull?. Making the duality product between equation
(22) and Au and using the equation (20), we have

; 1
gl Aul? = i(w,iﬂ,u)—;f<ﬂ—1 z, |2 du ) + (fy. Au)
i

1
= AllwIP +{ioqd’u+iyAz—ifs. i)~ 7 il z A 4u ) + (f—iw — if;).
Za
Applying Cauchy-Schwarz and Young inequalities, for € > 0, there exists a positive

constant K, independent of A, such that:

||l 4u|* < c|A|lwl? +C‘{|(Au,Aﬁ)|+|(z,Afi)|+|{f3,f1)|}

K |AI1zIP +2|A|ll4ul® +cC|(f.w)- @

Now applying Cauchy-Schwarz and Young inequalities, and from estimate (83), we
have

|A]eq | 4ul? < ClA[ I Flgll Ui} for 0 < 6 < 1.
(85)

1
Finally, we'll get the estimate for ||| 42v|7, : taking the duality product between equation
(22) and w, and using the equation (20), we have
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P2l wl? —idey | AulP = —y(A%z,A%w>+afl (Au, AR+ (f3.w).
(86)

Now, taking the duality product between equation (23) and z and using the equation
(21), we have

8 1 1 1
iz + 51142 2| = idey || 42| +ar2<A2v,A2f2>
8
[t @7
+ oyl A2w. a2z ) + (fa.z).

Subtracting equations (86) and (87) and taking the imaginary part, and noting that
11 11
nn{(,ﬂz;ﬁw) + <A2w,Azz>} =0,

1 1 1
;fﬁa'2|A5v||2=;/[m{a1(Au,Afl> + (fg,w) - af2<A5v.A5f2> - (f_,z)}

we obtain

e || dulP +AfllzIP ~lwl?]. @8)

On the other hand, now applying Cauchy-Schwarz and Young inequalities in (88),
using estimates (83),, (83),, and (85), we find

1
|/1|a2||A3v||2£C|A|l_a{IIF||H||U|lH} for 0<f<l1. (89

Finally, adding the estimates (83),, (83),, (85), and (89), we find

AT IE < ) P IFIglUlly) for 0<6<1 0

Then, for every € > 0, there exists a positive constant K_, independent of A, such that:
A 1Al =B)'F
o e - F
| F llgz

1-&

AIUIE < ClATIFIE

where 7 =@ = for 0 <0 <1. Therefore
T . -1
|4 |(ZAT - B) " |lym, < C o1

So, applying lim sup when |A\]| — = in (91) of Theorem 16 S(f) is of the class Gevrey
s, for every s>é .

Finally, of the inequalities (91) and Theorem 16, the inequality (76) is verified, and
S(t) is in the Gevrey class S>10-
infinitely differentiable in Bforallt>0and 6 € JO,1[.

Therefore, from definition 15, the semigroups S(t) = e® are
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Remark 19 (Gevrey Class Sharp). The Gevrey classes determined above are Sharp,
for the meaning of Sharp is given by the following theorem:

Theorem 20. The function ¢(6) = 6 for 6 €]0, 1] that determine the Gevrey classes of
the semigroups S(t) = e'® is sharp, in the sense: If

=71+ =60+5, for al & >0 such that

f+dp<1 and l<f53’<1,
2 (92)

then

i for l <0 <1,
] 2 93)

is not a Gevrey class of the semigroup S(t) = e®.

5 >

Proof. To prove this theorem, we will use the results obtained in Theorem 18 and the
estimates determined in equations (52). i.e, from estimative (52), we have

I 10 = KA U, b = K|4,|" — o, when [4,| - o

Therefore, ® does not verify the (82) condition of Theorem 18 concerning class
Gevrey.
1
Then the Gevrey class s> 2 for 8 €]0,1[, the semigroup S(f) is Sharp.
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