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RESUMO: A ênfase deste artigo está no 
Sistema Acoplado de uma Equação de 
Placa de Kirchhoff-Love com a Equação 
de uma Rede Elétrica do tipo Membrana, 
onde o acoplamento é de ordem superior, 
dado pelo Laplaciano da velocidade de 
deslocamento  e pelo Laplaciano do 
potencial campo elétrico  , aqui apenas 
uma das equações é conservativa, enquanto 
a outra possui propriedades dissipativas. 
O mecanismo dissipativo é dado por um 
amortecimento intermediário  entre 
o potencial elétrico  (amortecimento 
friccional) e o Laplaciano do potencial 
elétrico para  (amortecimento 

de Kelvin Voigt). Demonstramos que 
 não é analítico para  

mas é analítico para  , além de 
decair exponencialmente para 

 pertence à classe Gevrey 
aguda  quando o parâmetro  está 
dentro do intervalo ] 0,1[.
PALAVRAS-CHAVE: Equação da Rede 
Elétrica. Placas de Euler-Bernoulli. Gevrey’s 
sharp classes. Falta de Analiticidade. 
Decaimento Exponencial.
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ABSTRACT: The emphasis in this paper 
is on the Coupled System of a Kirchhoff-
Love Plate Equation with the Equation of a 
Membrane-like Electrical Network, where 
the coupling is of higher order given by the 
Laplacian of the displacement velocity    
and the Laplacian of the potential electric 
field   , here only one of the equations 
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is conservative, and the other has dissipative properties. The mechanism was dissipative is 
given by an intermediate damping  between the potential electric    (frictional 
damping) and the Laplacian of the electric potential for    (damping Kelvin Voigt). We 
show that 

 
is not analytic for 

  
 and analytic for   , however 

  
decays 

exponentially for    and 
   

 is of Gevrey sharp class 
  

 when the parameter  
   lies in the interval  ] 0,1[.

  KEYWORDS: Electric Network Equation, Euler-Bernoulli Plates, Gevrey’s sharp
classes, Lack of Analyticity, Exponential Decay.

INTRODUCTION
In the literature, several mathematical models describe a single electrical network 

connecting piezoelectric actuators and/or transducers, see for example, [5], [20], or [33]. In 
particular, in [20], equations (2b) and (2c), we have, for example, the equations of a second-
order electric transmission line with zero order or second-order dissipation:

(S,Z) and (S,S) networks are second-order networks with zeroth-order and second-
order dissipation.

 
(1)

Where v(x,t) denotes the time-integral of the electric potential difference between the 
nodes and the ground. Note that in the first equation of (1) we have the frictional damping 
and in the second we have the viscous damping or Kelvin Voigt.

The motivation for this research was born from the coupled system of the Euler-
Bernoulli Plates and Membrane-Like Electric Network deduced in [33] as follows:

 
(2)

 
(3)

satisfying the boundary conditions

 
(4)

and prescribed initial data

 
(5)

Here, u(x, t) denotes the transversal displacements of the plates, and v(x, t) is the 

time-integral of the electric potential difference between the nodes and the ground, and   
the domain with smooth boundary ∂Ω. The coefficients  α, β,    are positive and    

non-zero, for details of the physical meaning, and as determined each of the coefficients 

consult the deduction of the Physical-Mathematical model on pages 441 and 442 of 

reference [33]. The reference [5] can also be consulted for more details on modeling.
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Our purpose in this work is to study a more general system, to this end, we will 

consider in the equation of the electrical network the fractional dissipation (−∆)θvt for 0 ≤ θ 

≤ 1, keep in mind that for the particular cases θ = 0 and θ = 1 the mathematical models are 

given by equations in (1) of [33] respectively.

We will write the system under study in its abstract form. For this purpose, we introduce 

some helpful notations beforehand. Let Ω a bounded set in    with smooth boundary and 

given the operator: A : D(A) ⊂ L2(Ω) → L2(Ω), where

 
(6)

It is known that this operator given in (6) is selfadjoint, positive, compact inverse, 
and compact resolvent. Using this A operator, our proposed system, written abstractly, is 
as follows:

 
(7)

 
(8)

and contemplates the boundary conditions (4) and initial data (5). 
In the last decades, many researchers have focused on studying the asymptotic 

stability of several coupled systems with indirect damping (Terminology initially used by 
Russell in his work [25]). Systems of two coupled equations as wave-wave, plate-plate, or 
plate-wave equations with indirect damping inside of their domains or on their boundaries, 
were studied by several authors. We are going briefly mention some of these works:

Alabau et al. in [2]. They considered abstract evolution equations given by:

in which Ω is a bounded open set of    with smooth boundary ∂Ω and A1, and A2 

are self-adjoint positive linear operators in Hilbert space and B is a bounded operator. When 

A1 = −∆ = A, A2 =∆2, and B is the identity operator, we have a wave-Petrowsky system, where 

β > 0, with partial frictional damping βut. For this case, they showed that, if 
  

 and

Then the energy of the solution satisfies, for every t > 0, the estimate
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In this direction, other results can be found in [4, 6, 13, 15, 27].
Alabau et al. [4] (see also [1, 2, 3]) considered an abstract system of two coupled 

evolution equations with applications to several hyperbolic systems satisfying hybrid 
boundary conditions. They have shown their solutions’ polynomial decay using energy 
and multiplicative techniques. Tebou [30] considered a weakly coupled system of plate-
wave equations with indirect frictional damping mechanisms. He showed this system is 
not exponentially stable when showed the damping acts either in the plate equation or in 
the wave equation, and a polynomial decay of the semigroup using a frequency domain 
approach combined with multiplier techniques, and a recent Borichev and Tomilov [7] result 
in the characterization of polynomial decay of bounded semigroups. Recently, Guglielmi [13] 
considered two classes of systems of weakly coupled hyperbolic equations: the wave-wave 
equation and a wave-Petrovsky system. When the wave equation is frictionally damped, he 
proved that this system is not exponentially stable, and a polynomial decay was obtained. 
The result of the optimal decay rate was provided. Many other papers were published in this 
direction; viewed in [22, 24, 30, 32]. 

Now we will mention some concrete problems that motivated the work in this paper:
Han and Liu [14] have recently studied the regularity and asymptotic behavior 

of two-plate system solutions where only one of them is dissipative and indirect system 
dissipation occurs through the higher-order coupling term    and   . The damping 
mechanism considered in this work was structural or Kelvin-Voigt damping. More precisely, 
the system studied in [14] is:

satisfying the boundary conditions

where u(x, t), w(x, t) denote the transversal displacements of the plates at time t in 

the domain   with smooth boundary ∂Ω,    is the coupling coefficient. They 

showed that if dst > 0 and dkv = 0, the semigroup associated with the system is analytic, and 

for dst = 0 and dkv > 0, they showed that S(t) is exponential but not analytic.
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In 2013, Dell’Oro et al. in [9]. They considered the abstract system with fractional 

partial damping:

where Ω is a bounded open set of   with smooth boundary ∂Ω and when A 
= −∆ as in (6), this system models a thermoelastic plate, where the parameter   is 
responsible for the rotational inertia, which is proportional to the plate thickness,  , 
corresponding to the case of a thin plate. They showed that the semigroup of this system 
is exponentially stable if and only if σ ≥ 1. Moreover, when 1/2 ≤ σ < 1, they proved that 
the semigroup decays polynomially to zero as t−1/(4−4σ) for initial data in the domain of the 
semigroup generator, and such a decay rate is optimal. In this same work, they also showed 
that for the case   and 0 ≤ σ < 1/2, the semigroup decays polynomially with the optimal 
rate t−1/(1−2σ). Other results in this direction can be found in [6, 26, 29, 31].

A more recent result involving fractional dissipation was published in 2019 by 
Oquendo-Suárez [21]. They studied the following abstract system:

where Ω is a bounded open set of    with smooth boundary ∂Ω and one of these 
equations is conservative and the other has fractional dissipative properties given by Aθvt, 
where 0 ≤ θ ≤ 1 and A = −∆ as in (6), and where the coupling terms are   and   . 
They showed that the semigroup decays polynomially with a rate that depends on θ and 
some relations between the structural coefficients of the system. It has also demonstrated 
that the rates obtained are optimal using a spectral characterization theorem of semigroup 
polynomial stability due to Borichev and Tomilov [7].

Concerning the regularity of the semigroup associated with plate models, we can cite 
the work of [11] of 2012; in that work, the authors study the differentiability and analyticity of 
the associated semigroup and also determine the optimum rate of decay and more recently 
published works explore the regularity of solutions using the Gevrey classes introduced in 
1989 in the thesis of Taylor [28]. Among these works, we can mention Hao-Liu-Yong [15] 
and, more recently, the paper of Keyantuo-Tebou-Warma [16] to be published. In this last 
work, the authors studied the thermoelastic plate model with a fractional Laplacian between 
the Euler-Bernoulli and Kirchhoff model with two types of boundary conditions; in addition 
to studying the asymptotic and analytical behavior, the authors show that the underlying 
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semigroups are of Gevrey class   for every 
  

 for both the clamped and hinged 
boundary conditions when the parameter θ lies in the interval ]0, 1/2[.

This article was organized as follows: In section 2, we study the well-posedness of 

the system (7)-(8) through the semigroup theory. We left our main results for the last two 

sections. In Section 3, we prove the exponential decay of the semigroup 
  

 for 0 

≤ θ ≤ 1. Section 4 deals with the lack of analyticity of the semigroup
 

 for θ ∈ [0, 1[ 

and analyticity of S(t) for θ = 1; in particular, we address the case 0 ≤ θ < 1 in subsection 

4.1, while the case θ = 1 is discussed in subsection 4.2. Finally, in section 5 we show that 

 is of Gevrey sharp class 
  

when the parameter θ lies in the interval ]0, 1[.

WELL-POSEDNESS OF THE SYSTEM
We will use a semigroup approach to show the existence and uniqueness of strong 

solutions for the abstract system (7)-(8). It is important to recall that A defined in (6) is a 

positive self-adjoint operator with a compact inverse on a complex Hilbert space D(A0) = 

L2(Ω). Therefore, the operator Aθ is self-adjoint and positive for all θ ∈    and the embedding

is continuous for θ1 > θ2. Here, the norm in D(Aθ) is given by 
  where 

  
denotes the norm in the Hilbert space H. Some of these spaces are:

 
and

 
.

Now, we will use a semigroups approach to study the well-posedness of the system 

(7)-(8). Taking w = ut, vt = z and considering U = (u, v, w, z) and U0 = (u0, v0, u1, v1), the 

system (7)-(8), can be written in the following abstract framework

 
(9)

where the operator B is given by

 
(10)

 for U = (u, v, w, z). This operator will be defined in a suitable subspace of the phase 
space

It’s a Hilbert space with the inner product
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   for Ui = (ui, vi, wi, zi) ∈ H, i = 1,2., and we endow it with the norm given by

 (11)

 
In these conditions, we define the domain of B as

To show that the operator B is the generator of a C0-semigroup, we invoke a result 

from Liu-Zheng’s book.

Theorem 1 (see Theorem 1.2.4 in [17]). Let B be a linear operator with domain D(B) 

dense in a Hilbert space H. If B is dissipative and 0 ∈ ρ(B), the resolvent set of B, then B is 

the generator of a C0-semigroup of contractions on H.

 Let us see that the operator B in (10) satisfies the conditions of this theorem. We see 

that D(B) is dense in H. Effecting the internal product of BU with U, we have

 
(12)

that is, the operator B is dissipative.
To complete the conditions of the above theorem, it remains to show that 0 ∈ ρ(B). 

Let F = (f1, f2,f3,f4) ∈ H. Let us see that the stationary problem BU = F has a solution U = 

(u,v,w,z). From the definition of the operator B given in (10), this system can be written as

(13)

 (14)
This problem can be placed in a variational formulation: to find t = (u, v) such that

(15)

where
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Consequently

 

(16)

Of (16), the proof of the coercivity of this sesquilinear form b in Hilbert space 

D(A)×D(A1/2) is immediate, now, applying the Lax-Milgram Theorem and taking into account 

the first equations of (13)-(14), we have a unique solution U ∈ H. As this solution satisfies 

the system (13)-(14) in a weak sense, from these equations we can conclude that U ∈ D(B).

Again, from (16) and the second equations of (13)-(14), applying Cauchy-Schwarz 
and Young inequalities to the second member of this inequality, for ε > 0, there exists Kε > 
0, such that

This inequality and the first equations of (13)-(14) imply that ∥U∥H ≤ C∥F∥H, then 

0 belongs to the resolvent set ρ(B). Consequently, from Theorem 1, we have B as the 

generator of a contraction semigroup.

As B is the generator of a C0-semigroup, the solution of the abstract system (9) is 

given by U(t) = etBU0, t ≥ 0. Thus, we have shown the following well-posedness theorem:

Theorem 2 (see [23]). Let us take initial data U0 in H, then there exists only one 

solution to the problem (9) satisfying

U ∈ C([0, ∞[; H).

Moreover, if U0 ∈ D(B) then the solution satisfies 

U ∈ C([0, ∞[; D(B)) ∩ C1([0, ∞[; H).

STABILITY RESULTS
In this section, we will study the asymptotic behavior of the semigroup of the system 

(7)-(8). First, we will use the following spectral characterization of exponential stability 
of semigroups due to Gearhart [12] (Theorem 1.3.2, book of Liu-Zheng), and to study 
analyticity, we will use a characterization from the book of Liu-Zheng (Theorem 1.3.3).

Theorem 3 (see [17]). Let S(t) = eBt be a C0-semigroup of contractions on a Hilbert 
space H. Then S(t) is exponentially stable if and only if
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(17)
and

 

(18)

holds.
Theorem 4 (see [17]). Let S(t) = eBt be a C0-semigroup of contractions on a Hilbert 

space H. Suppose that

Then S(t) is analytic if and only if

 

(19)

holds.
 In what follows: 

  
 and Kε will denote positive constants that assume 

different values in different places, and the coupling coefficient  will be assumed positive 

(the results remain valid when this coefficient  is negative).

 First, note that if    and F = (f1,f2,f3,f4) ∈ H then the solution U = (u,v,w,z) ∈ 
D(B) of the stationary system (iλI−B)U = F can be written in the form

We have

 
(24)

 From equations (21) and (24), we have

(25)

As 
  

, taking into account the continuous embedding 

, θ2 > θ1 and (24), we obtain
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(26)

 
(27)

EXPONENTIAL DECAY OF S(T) FOR 0 ≤ Θ ≤ 1. 
 In this subsection, we show the exponential decay using Theorem 3 to demonstrate 

condition (18). Just demonstrate

(28)

Now, notice that: 

Summing up, both equations and taking the real part, we have

 
(29)

To get our first results, we should first demonstrate some lemmas.
 Lemma5. Let 0 ≤ θ ≤ 1 and σ ≤ −1. The solutions of equations (20)-(23), satisfy the 

following equality

Proof. Applying the product duality to equation (22) with Aσz and recalling that the 
operator A is self-adjoint, we have
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Similarly, applying the product duality to equation (23) with 
  
 and using equation (20), 

we obtain

 Now, to get the conclusion of this Lemma, it is sufficient to perform the subtraction 
of these last two equations, take the real part, and use the identity (29).

 Taking σ = −2, in Lemma 5, we have

From equation (22), we have A−1λw = iαAu + iγz − iA−1f3, therefore

Substituting (31) into (30) and from , using (24), we have

 On the other side of the equation (22), we have A−2λw = iαu + iγA−1z − iA−2f3, therefore

 

Now, substituting (33) into (32), we have
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Applying Cauchy-Schwarz and Young inequalities, taking into account the continuous 

embedding , θ2 > θ1,
  

and using estimative (24), we have, for ε > 

0, there exists kε > 0, such that

 
(35)

On the other hand, by effecting the product duality of (22) by A−θu, we have

Taking the real part and applying Cauchy-Schwarz and Young inequalities, taking 

into account the continuous embedding,
  

, we have

 (36)

Substituting (36) into (35) and taking into account the continuous embedding 
  

and 
  , we have

 (37)

Taking the duality product between equation (22) and u and using the equation (20), 
we obtain

(38)

Applying Cauchy-Schwarz and Young inequalities, taking into account the continuous 

embedding and using estimates (24) and (37), we have, 

for ε > 0, there exists kε > 0, such that

 (39)

Similarly, applying the duality product to equation (23) with v and using the equation 
(21), we have
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(40)

Subtracting (40) from (38) and taking the real part, we have

Now, as Im{⟨Av,u⟩ + ⟨u, Av⟩} = 0 and , using the estimative (39) and applying 

Cauchy Schwarz inequality and Young inequality, and continuous embedding, we have the 

inequality

(41)

Therefore, estimates (27), (37), (39), and (41), condition (18) the Theorem 3 is 

verified for 0 ≤ θ ≤1.

 Now let’s show condition (17) the Theorem 3. It’is prove that  by 

contradiction, then we suppose that . As 0 ∈ ρ(B) and ρ(B) is open, we consider 

the highest positive number λ0 such that the interval ]−iλ0, iλ0[⊂ ρ(B), then iλ0 or −iλ0 is an 

element of the spectrum σ(B). We suppose iλ0 ∈ σ(B) (if −iλ0 ∈ σ(B), the proceeding is 

similar). Then, for 0 < δ < λ0, there exists a sequence of real numbers (λn), with δ ≤ λn < λ0, λn 

→ λ0, and a vector sequence Un =(un,vn,wn,zn) ∈ D(B) with unitary norms, such that

as n →∞. From (39) and (41) for 0 ≤ θ ≤ 1, we have

  
In addition to the estimates and (27) and (37) for 0 ≤ θ ≤ 1, we have

Consequently,
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Therefore, we have ∥Un∥H → 0, but this is absurd, since ∥Un∥H = 1 for all . Thus, .

This completes the proof of condition (17) of Theorem 3.

S(T) = EBT IS NOT ANALYTIC FOR Θ ∈ [0,1[ AND IT IS ANALYTICAL FOR Θ = 1
This section is divided into two subsections: In the first subsection (4.1), we show the 

lack of analyticity for 0 ≤ θ < 1, and in subsection (4.2), we test the analyticity of S(t) for θ = 1.

4LACK OF ANALYTICITY OF S(T) FOR Θ ∈ [0,1[. SEMIGROUP S(T) = ETB 
GENERATED BY B IS NOT ANALYTIC WHEN 0 ≤ Θ < 1.

 Theorem 6. Let S(t) = etB be the C0-semigroups of contractions over the Hilbert 

space H associated with the system (2)–(4) is not analytic when θ ∈ [0,1[.

 Proof. Now we show that the corresponding semigroups are not analytic for 0 ≤ θ < 

1. Let us construct a sequence Fn such that the solutions of

 satisfies |λn|∥Un∥H → ∞, which in particular implies

 which means that the corresponding semigroup is not analytic.
The spectrum of operator A = −∆ defined in (6) is constituted by positive eigenvalues 

(σn) such that σn → ∞ as n → ∞. For  we denote with en an unitary L2-norm eigenvector 

associated to the eigenvalue σn, that is:

 (42)

Let’s show that the right side of inequality (19) for θ ∈ [0,1) is not verified. Consider 

the eigenvalues and eigenvectors of the operator A as in (6) and (42), respectively.

 Let Fn = (0, 0, −en, 0) ∈ H. The solution U = (un, vn, wn, zn) of the system (iλI −B)Un = 

Fn satisfies wn = iλun, z = iλvn and the following equations

 Let us see whether this system admits solutions of the form

for some complex numbers . Then, the numbers  should satisfy the 

algebraic system



Fundamentos e innovaciones en Ciencias Exactas 2 Capítulo 4 54

On the other hand, solving the system (43)-(44), we find that

 (45)

where

 (46)

Taking  and considering the polynomial

 Now, taking qn(sn) = 0, we have the roots of the polynomial qn(sn) are given by

 (47)

Thus, if we introduce the notation xn ≈ yn meaning that lim is a positive real 

number.

 Taking  from equation (47), we have

(48)

Then

(49)

From qn(sn) = 0 in (45), we have

(50)

Therefore

(51)

Finally, of (42) for C > 0, the solution Un of the system (iλn − B)U = Fn, satisfies
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(52)

Then, using estimates (51) in (52), for δ > 0 and 0 ≤ θ < 1, we obtain

(53)

From where our conclusion follows.

Analyticity of S(t) for θ = 1. 
 In this subsection, we show the analyticity of the S(t) for θ = 1 using Theorem 4, 

specifically checking condition (19) 

 Remark 7. Let δ > 0. There exist Cδ > 0 such that, for 0 ≤ θ ≤ 1, we have . 

Applying continuous immersions and inequality (37), we have

Lemma 8. Let δ > 0. Exist Cδ > 0 such that the solutions of equations (20)-(23) for 
|λ| ≥ δ, satisfy

Proof. From 0 ≤ θ ≤ 1, then σ = θ – 2 ≤ −1. Therefore, taking σ = θ – 2 in Lemma 5, 
we have

 From equation (22), we have λAθ − 1 w = iαAθ + 1u + iγAθz – iAθ – 1 f3, therefore

Applying Cauchy-Schwarz and Young inequalities, estimate (24) and for 1 > ε > 0, 
exists Kε > 0, we get
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 (56)

On the other hand, applying the product duality to equation (22) with Aθu and recalling 
that the operator A is self-adjoint, we obtain

 now applying Cauchy-Schwarz and Young inequalities for every ε > 0, there exists 
a positive constant Kε, independent of λ, such that

(57)

Using (57) in (56), we obtain

 (58)

Similarly, as and from equation (22), we have 

, therefore,

(59)

Applying Cauchy-Schwarz and Young inequalities, estimate (24) and for 1 > ε > 0, 
there exists Kε > 0, we get

(60)

 From  using continuous embedding and estimates (24) and (57), we 

obtain

(61)

Applying Cauchy-Schwarz and Young inequalities in equation (54), for 1 > ε > 0, 

there exists Kε > 0 and estimates (58) and (61), and from  using continuous 

embedding for every ε > 0, there exists a positive constant Kε, independent of λ, such that

(62)

Finally, from inequality (24) in inequality (62), we complete the proof.



Fundamentos e innovaciones en Ciencias Exactas 2 Capítulo 4 57

Remark 9. Using Lemma 8 in the inequality (57), we have

(63)

And taking θ = 1 in Lemma 8, we have

(64)

Remark 10. Taking θ = 1 in inequality (63) to Remark 9, we have

Lemma11. Let θ = 1 and δ > 0. Exist Cδ > 0 such that the solutions of equations 
(20)-(23) for |λ| ≥ δ, satisfy:

Proof. Applying the product duality to equation (23) with z and recalling that the 
operator A is self-adjoint, we have

Taking the imaginary part and using Cauchy-Schwarz and Young inequalities, we 
obtain

(66)

 From estimates (24), (41), (64) and norms , finish to proof.

Lemma12. Let θ = 1 and δ > 0, there exists Cδ > 0, such that the solutions of equations 

(20)-(23) satisfy the following inequality:

Proof. Considering θ = 1, applying the product duality to equation (22) with w and 
recalling that the operator A is self-adjoint, we have

 (67)

Taking the imaginary part and using Cauchy-Schwarz and Young inequalities, we 
obtain
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(68)

 From estimates (24), (64), (65), and norms  and , finish to proof.

 Lemma 13. Let θ = 1 and δ > 0, there exists Cδ > 0, such that the solutions of 

equations (20)-(23) satisfy the following inequality:

(69)

 Proof. Considering θ = 1, applying the product duality to equation (22) with w, using 
(20) and recalling that the operator A is self-adjoint, we have

(70)

Equivalent

Taking the imaginary part and using Cauchy-Schwarz and Young inequalities, we 
obtain

From estimates (24), Lemma 12, (64), and norms  and , finish to proof.

 Finally, the following lemma estimates the term .

Lemma 14. Let θ = 1 and δ > 0, there exists Cδ > 0, such that the solutions of 
equations (20)-(23) satisfy the following inequality:

(72)

Proof. Considering θ = 1, applying the product duality to equation (23) with z, using 
(20) and recalling that the operator A is self-adjoint, we have

(73)

 Equivalent

Taking the imaginary part and using Cauchy-Schwarz and Young inequalities, we 
obtain
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(74)

From estimates (24), Lemma 13, (64), and norms  , finish to proof.

 For θ = 1, summing estimates the Lemmas 11, 12, 13, and Lemma 14, we have

(75)

Therefore, for θ = 1, the condition (19) is also verified, so the proof of Theorem 4 is 
finished.

S(T) = EBT IS OF GEVREY SHARP CLASS S > 1/Θ WHEN THE PARAMETER Θ 
LIES IN THE INTERVAL ]0,1[.

Before exposing our results, it is useful to recall the next definition and result 
presented in [8, 16] (adapted from [28], Theorem 4, p. 153).

Definition 15. Let t0 ≥ 0 be a real number. A strongly continuous semigroup S(t), 

defined on a Banach space H, is of Gevrey class s > 1 for t > t0, if S(t) is infinitely differentiable 

for t > t0, and for every compact set K ⊂ (t0,∞) and each µ > 0, there exists a constant C = 

C(µ, K) > 0 such that

(76)

Theorem 16 ([28]). Let S(t) be strongly continuous and bounded semigroups on a 

Hilbert space H. Suppose that the infinitesimal generator B of the semigroups S(t) satisfies 

the following estimate, for some 0 <  < 1:

(77)

Then S(t) is of Gevrey class s for t > 0, for every s >1/  .

Lemma 17. Let 0 < θ < 1 and δ1 > 0, exists Cδ1 > 0, such that the solutions of 
equations (20)–(23) satisfy the following inequality

(78)

(79)

Proof. (i) Taking the duality product between equation (23) and Aθ−1z, using the 
advantage of the self-adjointness of the powers of the operator A, we get
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Taking the imaginary part, applying Cauchy-Schwarz inequalities, we have

(80)

 As for 0 < θ < 1, we have  and θ – 1 < 0, using continuous embedding and 

estimates (24), (41), and Lemma 8, we finish the proof of this item.

 Proof. (ii) Taking the duality product between equation (22) and , using the 

advantage of the self-adjointness of the powers of the operator A, we get

Taking the imaginary part, applying Cauchy-Schwarz inequalities, we have

(81)

 As for 0 < θ < 1, we have θ – 1 < 0. Using continuous embedding and estimates (24), 

Remark 9, and Lemma 8, we finish the proof of this item.

 Our main result in this section is as follows:

Theorem 18. Let S(t) = eBt strongly continuos-semigroups of contractions on the 

Hilbert space . The semigroups S(t) is of Gevrey class s for every 
  

 for  ∈]0,1[, as 

there exists a positive constant C such that we have the resolvent estimate:

(82)

Proof. We will initially show that for 0 < θ < 1, it is verified:

(83)

 As for 0 < θ < 1, we have . We are going to use an interpolation inequality. 

Since

 Using inequalities (24) and item (i) of Lemma 17, we get that
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From where we ended the proof of (83)1

 On the other hand. As for 0 < θ < 1, we have . We are going to use an 

interpolation inequality. Since

 using Lemma 8 and item (ii) of Lemma 17, we get that

From where we ended the proof of (83)2

 Now we will estimate the term |λ|∥Au∥2. Making the duality product between equation 

(22) and λu and using the equation (20), we have

Applying Cauchy-Schwarz and Young inequalities, for ε > 0, there exists a positive 
constant Kε, independent of λ, such that:

(84)

 Now applying Cauchy-Schwarz and Young inequalities, and from estimate (83), we 
have

(85)

 Finally, we’ll get the estimate for  taking the duality product between equation 

(22) and w, and using the equation (20), we have
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(86)

 Now, taking the duality product between equation (23) and z and using the equation 
(21), we have

 Subtracting equations (86) and (87) and taking the imaginary part, and noting that

 

we obtain

(88)

 On the other hand, now applying Cauchy-Schwarz and Young inequalities in (88), 
using estimates (83)1, (83)2, and (85), we find

(89)

 Finally, adding the estimates (83)1, (83)2, (85), and (89), we find

(90)

Then, for every ε > 0, there exists a positive constant Kε, independent of λ, such that:

 where  for 0 < θ <1. Therefore

(91)

 So, applying lim sup when |λ| → ∞ in (91) of Theorem 16 S(t) is of the class Gevrey 

s, for every 

 Finally, of the inequalities (91) and Theorem 16, the inequality (76) is verified, and 

S(t) is in the Gevrey class  Therefore, from definition 15, the semigroups S(t) = eBt are 

infinitely differentiable in B for all t > 0 and θ ∈ ]0,1[ .
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 Remark 19 (Gevrey Class Sharp). The Gevrey classes determined above are Sharp, 

for the meaning of Sharp is given by the following theorem:

 Theorem 20. The function ϕ(θ) = θ for θ ∈]0,1[ that determine the Gevrey classes of 

the semigroups S(t) = etB is sharp, in the sense: If

(92)

then

(93)

 is not a Gevrey class of the semigroup S(t) = etB.
Proof. To prove this theorem, we will use the results obtained in Theorem 18 and the 

estimates determined in equations (52). i.e, from estimative (52), we have

 Therefore, Φ does not verify the (82) condition of Theorem 18 concerning class 

Gevrey.

 Then the Gevrey class  for θ ∈]0,1[, the semigroup S(t) is Sharp.
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