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ABSTRACT: In this article we prove that
the Cauchy problem associated to n-th
order equation in periodic Sobolev spaces
is globally well posed when n is an odd
number such that n — 1 is an even number
not multiple of four. We do this in an intuitive
way using Fourier theory and in a fine version
using groups theory. Also, we demonstrate
the conservative property of the Cauchy
problem using differential calculus in H3,.
Finally, we study its generalization for the
other cases of n.
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INTRODUCTION
We study the problem:

(P): Ou+0fu=0 inHyt, withu(0)=¢ €Hp,, ,

considering s a real number, n is an odd
number such that n — 1 is an even number
not multiple of four and denoting by Hj, to
the periodic Sobolev space.

Also we can cite [6], where we
find some works related to the model (P,)
coupled to Kuramoto-Sivashinski equation,
and [1] where our model is stated among
the proposed problems. In these additional
references we have motivation to study the
problem and inspiration with the ideas we
find there.

We also cite some works about
existence by semigroups [2], [3], [4] and
take support in some results of [5].

Our article is organized as follows.
In section 2, we indicate the methodology
used and cite the references used. In
section 3, we prove that problem (P,) is well
posed. Moreover, we introduce a family of
operators that form a group of class C, to
state the result Theorem 3.3 and prove it
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in a fine version. In section 4, we study the conservative property of the homogeneous
problem (P,) and applications. In section 5, we analized (P,) for the other cases of n. Finally,
in section 6, we give the conclusions of our study.

METHODOLOGY

As a theorical framework in this article we use [6]. Also, we use the references [1],
[8], [6] and [7] for the Fourier theory in periodic Sobolev spaces, and differential and integral
calculus in Banach spaces.

THE PROBLEM (P,) IS WELL POSED

We prove that (P,) is well posed. Also, we introduce a family of operators that form a
unitary group of class C,, as we make it in Theorem 3.2.
Finally, we state the Theorem 3.3 whose content is a fine version of Theorem 3.1
based on the group {S(0)},, -
Theorem 3.1 Let s a fixed real number, n an odd number such that n — 1 is an even
number not multiple of four and the problem
u € C(R, Hpey)
(PD Jiu+ofu=0 € H;;T"
u(0) = € Hp,,
then (P,) is globally well posed, that is 3!'u € C(R, Hyer) N C'(R, Hpg') satisfying
equation (P,) so that the application: ¢ — u, which to every initial data ¢ assigns the
solution u of the IVP (P,), is continuous. That is, for ¢ and ¢ initial data close in Hje,, their
corresponding solutions u and T respectively, are also close in the solution space.
Also,

lu(t) -a()ls=llp-@ls, VtER
and

supeeg lu(t) - i(@ls=llp - @ lis.
Moreover, the solution u satisfies

u(t) € Hyer , VEER, Vr<s

with llu(t)lls = ll@lls and lu(t)l-<l@ls, Vr<s and tE R

The application: ¢ — d.u, wich for every initial data ¢ assigns the derivative of
solution u of the /VP (P,) is continuous. That is, for ¢ and ¢ initial data close in Hp,, their
corresponding d,u and dai, respectively, are also close in the solution space.

Also, the following inequalities are verified
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10eu(t) - Beit (O)lls—n < llp - @lls, VEER,
Suprer 10eu(t) - et (6)ls-n < llp — I,

19eu(t)lls-n < llplls, VE € R

Moreover, |9.u(t)lls-n < llplls, VE € R.
Proof.- We prove it in the following way.

1. First, we obtain the candidate to the solution. In order to get it we apply the
Fourier transformation to the equation
dru = —dju
and using (ik)"= —ik",V k€Z, we have
9,4 = —(ik)"q
= k"

which for every kis an ODE with initial data 1 (k, 0) = ¢ (k).
Thus, solving the IVP’s

e C(R12(2))
Q) |04k, ) = ik™ a(k, t)
ik, 0) = ¢(k)

we obtain
ik, t) = e*"tp(k),

from which we get our candidate to the solution:

+0o0

u®) = ) g

k==

+00
= D M Ge (3:1)

k=—o00
here we are denoting @k(x)=e"** for x€R.
2. Second, we prove:
u(t) EHger and u(t)lle= llgplly (3.2)

In effect, let t € R — {0}, ¢ € Hy¢, we have
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+co

e 2
I, =27 ) 1+, (0]
k=—o0
4o

=21 z (1 + k2)°1p(R)|? < oo 33)

k=—o00
= llpll3,.
Obviously it holds (3.2) for t=0.
3. We will prove that u(') is continuous in R.

Let t'€ R,
e = u(e) .,

+ oo

=2m > (4R = e )p o
k==
400

=2m ) A+ PP IHOF  (34)
k=—co

where H(t) := e™*"t—e*"t’

We see that lim_ . H(f) = 0.

In order to interchange limits, we need the uniform convergence of the series. For
this, we take the k-th term of the series and bound it by a convergent series, that is

ipn i |2
L oo =211 + k2)S| @ (k)| ?[e*"t — k"
< 8n(1+k2)°1g()I?,

there we have used the triangular inequality (property of the norm) and the equality

el =1 for ® € R. Thus,

4+
D < il <o,

k=—o0

and using the M-Test of Weierstrass Theorem, we have the series converges
uniformly. Now, we can interchange limits, that is

+oo
: _ 12 —
lim|u(®) = u(t)ly, =

hm Ik,t = 0
t—tr
k=—00 ~—v—_6

and then we conclude
lim|ju(t) —w(t)llmg,, = 0.

4.  We will prove
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||u(t+h)—u(t)
h

+ar =0 whenh— 0.

In effect, let teR,

u(t + ) — u(t) :

h + dfu(t)

Hpel!
2

ik™(t+h) ikt
et —e n
+ (ik)"eik"t

=21 ) (A+KD PR

h
k=—oo
+co
=2 Z (1+ k25 k) 12 | M ()| (3.5)
k=—co

eik“h_l
where M(h) := { — = ik”}.

Using L'Hospital we have M(h)—0 when h - 0.
Again, to interchange limits, we need the uniform convergence of the series. For this
we will bound the k-th term of the series. Previously, for h#0 we observe

olik™s }ds

eiknh_l n'l.l a{
h j h as

b1 .
= | =[ik"]e*"sds
J, 7

and taking norm, we have

ik™h _
e 1
h _hknlf |ezk s
< ! |kI™ h
=y .
= |k|™,
for h>0. That is,
eik™h _
T| < k|® (3.6)

for h>0. If h<0, (3.6) also holds. Using inequality (3.6), we are going to bound |M
(h)|?* as follows:

IM(R)I? < {2]k|"}*
< 4{|k[*}"
< 4{1 + kB (3.7

Let us bound the k-th term of the series. Here we will use the estimation (3.7)
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A+ k2RI IM (W)]* < 41+ k2 (R + [k}
=401+ kE**1pU)|?
and, since 2m X2 (1 + k*)f1¢(k)|* = llollZ < « for ¢ € HS,, using the M-Test of
Weierstrass we get the series (3.5) converges uniformly and then it is possible to interchange
limits and obtain

_ 2
||u(t+h})l u(t) + a}}u(t)

- 0 whenh—=0. (3.8)

s—n

5.  We will prove the continuous dependency of the solution with respect to the
initial data, that is, let ¢ and ¢ be close data in H;,,, then their corresponding
solutions u and 4, respectively, are also close in the solution space. Let t € R,

+ oo

() = )l =27 Y (1 +k2|e* (o) - $))[*

k=—oo

=2 Z 1+ k5 @) —qﬁ(k)|2
k=—o0
= llo — @lizs (3.9)

per

Taking supremum over R we have
supeerllu(®) — 4O llgg,, = llo — llug,, - (3.10)

Hence, we have: if o=@ then u—1u .

6. Uniqueness of Solution. Equality (3.10) or (3.9) will allow us to prove the solution
is unique. In effect, let ¢ € H},, and suppose there are u and u two solutions,
then using (3.10) we have,

lu(r) = &()llgs,, = supcerllu(®) = @(O)llgg,, = Il — @llgg,, =0, vreR
from where we conclude that u=u
Thus, problem (P,) is well posed and its unigue solution, which depends continuously
on the initial data, is

400

u(@)= ) MG

k=—o0

7. Now, we consider the case r < s. Here we have Hper © Hper and since the
initial data ¢ € Hper, then ¢ € Hper and satisfies

Il < lllls. (3.11)

From (3.3) for rand using (3.11) we get

lu@? = llell} < llgll <.
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That is,
u(t) € Hy,, ,Vr€(-oo,5). (3.12)

The case r = s was already proven on the item 2.
Therefore, from (3.2) and (3.12), we conclude for te R

u(t) € Hper , Vr € (-0, s].

8. We will prove that du(-) is continuous in R. Let t, f€ R, using the inequality
10 u () lls—m < llu(t)lls and continuity of u(-), we obtain
10, u(t) — du(t)lls—n = I-dFu(®)+oxu(t)ls—
= "a.a?(u(t) - u(tr))”sfn
< lu() —ul@ll; -0 (3.13)

when t »t’. That is, d;u € C(R, H3.").

Let @ € Hyer, if define W (D = Nt= o, (k"D)eX" “p(k)px then W(De and
W (D)ells—n < llglls, Vt€R Thatis, W(t) € L(Hyer, Hye') with [[W(0)]l < 1.
In effect, using |kni|2 < ([k|%)2 = (|k|2)* < (1 + |k|2)n, Yk E Z and |e| =1, VO ER,

9.

we have

+co

nip a 2
IW@O@lE,=2m ) 1+ K ()R (k)|

- ankzm(l + K2 (kD) 2|6 ()12

+co

< ZMZ (1+ k235 |(H)|? < oo
k=—o0

= llgllZ .

10. From item 4 and 9, we have du(f) = W (f)¢.

Next, we have the following result
Corollary 3.1 The unique solution of (P,) is
+co
u® = Y e*GH0;,
k=—co

where ¢, (x):=e™* forx € R.
Corollary 3.2 With the hypothesis of preceding Theorem, we obtain

1. u€Cl(R, Hper )N CHR, HpY), Vr<s.
2. usatisfies

llpls, vtER, Vr<s, (3.14)

lu(e)ly
llplls, VtER, Vr<s. (3.15)

18:24(E) -

A IN

3. Thatis,
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lu(t) — i)l
supeeg lu(t) - ()

lp - @lls, VEER, Vr<s,
lop-@ls, Vr<s.

N IA

4. Moreover,

19cu(t) = B¢t () l-n
supyeg 10:u(t) - 0:di () llrn

llp - @ls, VtER, Vr<s,
lp =@ lls, Vr<s.

A IA

Proof.- The inequality (3.14) follows of the Sobolev continuous imbedding.

We will use the Sobolev continuous Imbedding and item 9 for prove that if ¢ € Hper
then W (g € Hp." and IW (D)@l <lipls, Ve ER, Vr < s. Thatis, W (t) € L(HS, H;;,'?)
with W)l <1, vr < s.

In effect, using ' [k»i|2 < (1 + |k|2)», Vk € Z and |e®| =1, V8 € R, we have

+oo

. ) Nig o 2
W@, =2m )" 1+ )et )|

_ 211'Z+m_ (1 + k3™ (k") 216 (k) |2

IA

an+m (1 + K2 [p()1?

k=—oo0

+oo
< ZTI'Z 1+ kD5 $UOI? < oo

k=—co
= lloll3 (3.16)
Now, we will introduce a family of operators which verify the condition of being a
unitary group of class C,.
Theorem 3.2 Let be s € R and n an odd number such that n — 1 is an even number
not multiple of four. The application
Spt R = L(Hpe )
t = S

such that S,,(t) = e " @t that s, applies

R P v
Su®0 = (¥4, ]+ V0 € Hier,

then {S,(0)}er is a unitary group of class C, on Hje,. Thus {S,},en is a family of
unitary groups on Hperr where
And for simplicity we will denote to S as S.
Moreover, the following assertions hold:
1. If @ € H3,,. then S()¢ € C(R, Hy,, ).

2. The application ¢ — S(-)¢ is continuous and verifies:

IS (), — S(t)¢z||H§e,, =l — szlnger;Vf ER

and

Fronteiras do conhecimento nas Ciéncias Exatas e da Terra Capitulo 4

57



supyerllS(€)y — S(f)lsz”ngr = Iy — lbz”H{m
with ; € Hy,, fori=1, 2.
3. If ¢ EHpep then 0:S(D)@ € Hyt and 10:S(D@llsn < llglls, VEE R. That is,
0:5(t) € L(Hper , Hper'), VEER, where
4. If ¢ € Hp,y then 0:S(-)@ € C(R, Hy ).

5. The application: Y — 9:S(-)y is continuous and verifies:

10:5(@®)1 — 3:S(Ob2llugzp < by — Yollys,, . vt € R

and
supeerllde S (D1 — 0:S(OP2llugr < 1 — Yallug,,
with y; € Hp,, fori=1, 2.
Proof.- We first observe S(0)¢ = [(@(K)iez]' = [$]Y = @, Vo € Hy,,, thus
S(0) = /. From linearity of Fourier transformation and its inverse, we have that S() is linear.
In effect, letbe a € C, @, P € ng,., we have

SO +9) = (%" lap + U1 ®)), ., |
n -~ v
= [ ag(0) + bk,
= [a(e*"000),, + (=¥ 0w), |
=a [(etk tqﬁ(k))kgz] + [(eikntlﬁ(k))kez]
=aS(t) (@) + SO ,
forte R.
If @ € HS,, and t€ R - {0}, we will prove that S(t)¢ € Hge, and 1S()ells = lipll, that

is ISl =
In effect, similar to (3.3), for t € R - {0} and ¢ € H;,, we have

+co
g 2
IS@lZg, =2m Y (@ +k ™" H0)|

k=—oo
+co

=2m (1 + k2192
2

_ 2
= llolls,, <.
Then, S(t)e € Hy., and 1S(t)ells = lglls, vt € R-{0}, that is S(f) € L(Hg.,) with lIs@)l=1,

vi€ R-{0}.

Therefore,
IS()@ls=ll@ls, VEER, Vo € Hﬁer . (3.17)

That is,
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S(t) € L(HS,, ) with IS()I=1, Vt€R. (3.18)
Now we will prove that S(t + r) = S(t) = S(r), Vt, r € R. In effect, let be f€ H,., and
t,reR-{0},
St +r)f = [(e e f(k))kEZ]V
= [(e* e i), | (319)

We know that if fE€H;,, then f € 2, that is

+oo
Z 1+ k2| o)) < o (3.20)
k=—co
We affirm that
(e f(k)),., €12, YreR. (3.21)

Indeed, when r = 0 it is evident that the statement is true. Thus, we will prove the
case r € R —{0}. For this, it is enough to observe that

+oo
Y. el ol
k=—co

+oo

= > a+ke [ |Faof*

k=—co =1

+co
- Z (1 + k2 |f(0)|* < oo,

k=—o0o

since it worth (3.20).
Then, from (3.21) and taking the inverse Fourier transform, we have

. A \%
(%" F(0),.,| €Hjer, vrer

This motivates us to define

[gr = (eik“rf(k))kez]v € Hser .

That is,
gr = S(r)f. (3.22)

Also, taking the Fourier transform to g, we obtain
g‘; — (eiknv'f(k))kez‘

that is
gr(k) = e 7f (k) , vk e Z. (3.23)

Using (3.23) in (3.19) and from (3.22) we have
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s+ = [ 5mm), ]
=S(t)g,
=S[S(f]
= [S(t) e S(r)]f, vt,r €R—{0}.

Thus,
s(t+71)=5() o S(r),vt,r € R —{0}. (3.24)

If t=0or r=0, then the equality of (3.24) is also true, with this we conclude the proof of
S(t+r)=5(t)>S(r), vVt reR. (3.25)
Now, we will prove the continuity of ¢t — S(t)¢
I1St+h)p — S(f)<P||ngr — 0 whenh—=0. (3.26)

In effect, using item 3 of the proof of the preceding theorem, we have

IS(t + o — SHell%s

per
+oo

=21 Z (1 + k2)5|(eik“(t+h) _ eiknt)(p?(k)lz

k=—o0

+00
=2 ) A+KIPRPRIHC+RE  (3.27)
k=—o

where H(t + h):= eik"(Eth) _ pik™c

We observe that im H(t +h) = 0.

Now, we again need the uniform convergence of the series in order to interchange
the limits. For this, we take the k-th term of the series and bound it with a convergent series,
that is

leen: = 2m(1 + k2)51 (k)2 etk ) — eik,"'t|2
< 8m(1+ k*)°|g(R)|?,

where we have used the triangular inequality (property of the norm) and the equality
le®l =1 for 6 € R.

Thus,

+oo
> hes < HllollZ < o, (3.28)
k=—o0

and using the M-Test Weierstrass Theorem we get the series in (3.28) converges
uniformly. Then, interchanging limits is allowed, that is
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+oo
lim||S(t+ M) — S(H)ell2 = Z lim e = 0
h—0 k:—mbl(ivo_“
and from here we conclude

liml|lS(z +h)e = S(Dells = 0.
Remark 3.1 It verifies
;}L%”S(t)(o —¢lls=0VpE ngr-

Remark 3.2 With the remark 3.1 we would have that {S(t)}¢cr is a group of class C,.
Now, we will prove that the operator S({) is unitary Vi € R.
From identity (3.17) we have that S(i) is isometric forall t € R.
From (3.25) we get
S()-S(-t)=S(t-t)=5(0)=1I, VtER (3.29)
S(-t) = S()=S(-t+t)=5(0)=1I, VtER. (3.30)
Obviously, we see that (3.29) implies the surjectivity of S(f) and that (3.30) implies
the injectivity of S(f). Therefore, S({) is bijective and
35(6)1=S(-t), VtER. (3.31)
Since S(f) isometric and surjective, we obtain that S(f) is unitary Vi € R (that is, S(f)*°
S(f) = S(t) ° S(#)* = I). Furthermore, from (3.31) we have S(t)* = S(-1), Vt€ R.
Therefore, {S(f)}
Let i, and v, close data in Hpe,, then we will prove that their corresponding S(-)i,
and S(-)y,, respectively, are also close. Since {S(1)},, is unitary for t € R, we have

IS(&)y, — S(t)lpznﬂgw = ||S(t)(¢'1 - ¢2)||H5w =l — 1}»')2||Hf,‘,_,ﬂ-
Taking supremum over R we have
supeerllS(OY; — S(OY2llug,, = Y1 — Y2llps,,.  (3:32)

From here we have that if 1, — ¥, then S(-)y, = S(-),.
We will prove: If ¢ € Hpe, then S(f)¢ € Hpz* and 19S(Holl_ < llgll.
In effect, using k"% < (1ki")2 = (IkI?)" < (1 + |kI?)", vk e Zand 1€l =1, VB € R, we have

H P S
«r IS @ unitary group of class C on Hye,

+oo

1Sl =2 > (1+k2* | (km et G0
k=—co

+oo

- Z (1 + k25 |k g (k) |2
k=—oo
+oo

<2m Z (1 + k25131 <

k=—oo

= llglls -
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That is, 19S(f)¢ll__, < llell. From this inequality we obtain
19:S(E) 1 — 0:S(E)pzlls-n < llh1 — ¢alls,

with ¢, € Hpe, fori=1, 2.
So, taking supremum over R we have

supreg 10:S(€) 1 — 3:S(6) Palls—n £ llp1 — alls.
Finally, if ¢ € we will prove the continuity of t - dS(f)¢. That is
10:S(t + h)e — 0:S()@llsn = 0 when h— 0.

In effect, as item 3 of the proof of the preceding theorem, we have

10,:5(t + W) — 8, S(D)ell5-n

+oco

-2 Z (1+ k25| (e*" @) — eik"t).(kni)@(k)f
k=—co
+co

=21 ) A +ED (R = 1)), (D k)|

k=—oo
+co

=2m ) (1 + ke = 1l ki Ip (01
k=—oo

too
=21 Y A+ TIHBPIPIGEP  (333)
—
where H(h) = eik"h — 1,
We observe that lim,_  H(h) = 0.
Now, we again need the uniform convergence of the series in order to interchange
the limits. For this, we take the k-th term of the series and bound it with a convergent series,

that is
Iyen = 2m(1+ K25 H(R) 12 K2 @ (k)12
< 8r(1+k*|pk)I*,
where we have used the triangular inequality (property of the norm), [kmi|2 < (1 +

|k|2)", vk € Z and the equality |e®| =1 for 8 €R.
Thus,

+coo
Z Lo < 4ll@li < o, (3.34)

k=—co

and using the M-Test Weierstrass Theorem we get the series in (3.34) converges
uniformly. Then, interchanging limits is allowed, that is

+co
lim19:5( + W = 9:S(DlEn = ).

lim 1 =0
2 et
ko
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hence we conclude

1m10,S(t + Mg = 0,S()llsn = 0.

We will give some additional properties of {S(t)},,-
Corollary 3.3 With the hypothesis of preceding Theorem, the following assertions

hold
If @ € Hyey then S(t)¢ € Hy,, and IS(1)¢pl-< liglls, VEER Vr<s. That is
S(t) € L(Hyer, Hpey), VLER, Vr<s.
2. It ¢ € Hy,, then S(-)¢ € C(R, Hpey ), Vr<s.
The application: ¢ — S(*)¢ is continuous and verifies:
IS(t) 1 — S(t) Pzl lp1 — @2lls, VEER, Vr<s,

supieg 1S(6) 1 — S(t)gallr lp1 — ¢p2lls, Vr<s
with @i € Hj. fori=1, 2.

4. If ¢ € Hper then 0:5(8)¢ € Hpz™

1.

3.

A In

and 12:S()pll-n <lidlls, VEER, Vr <s.

That is 3.5(t) € L(HS, Hyz), VEER V¥r<s where

X v
3,5 = [((I‘kn)elknt@(k))kez] EHIZN, Y@ EHS, Vr<s.
If ¢ € . then 0:5(-)¢ € C(R, Hp"), Vr<s.
The application: ¢ — d,S()¢ is continuous and verifies:

Iy - polls, VEER, Vr<s,
s - ollc, Vr<s

5.
6.

19:S(0)p1 - 0:S(O) gl <
Supieg 10:S(t) 1 — 0:S(t)pzllrn <

with ¢ € Hy,,- for i =1, 2.
Proof.- Its proof is analogous to the proof of the second Corollary of Theorem 3.1,

where we use Sobolev imbedding.
Following, we state the Theorem 3.1 in function of the group {S(#)},...

Theorem 3.3 Let be s € R, n an odd number such that n - 1 is an even number not
multiple of four and {S(#)}, the group of class C, from Theorem 3.2, then S(:)¢ is the unique

solution of
u € C(R,H., ) 0 CH(R HED
u, = Au in Hp."
u(0) = @ E H;ger

in the sense that

St+he - SO _ AS(D)e =0 (335

h

h—0 _
Hpet

where 4 = —dy, and if @,~@-> then S()o1~S() @2 .
Moreover, the following regularity is satisfied: If ¢ € . then S(t)o € Hyer, V1 < s,
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vteR and IS@®e¢llag,, < l@llag,,. VEER, Vr <s.
Also, ||6tS(t)<p||H§;p < ||(p||H§er,Vt ER, Vr<s, V@ € Hppr .
Proof.- The proof of (3.35) is analogous to the item 4 of the proof of Theorem 3.1.

And the proof of the remaining statement is also similar to the proof of Theorem 3.1 and as
a consequence of Theorem 3.2.

CONSERVATIVE PROPERTY OF THE PROBLEM (P,)
Theorem 4.1 Let nis an odd number such that n—1 is an even number not multiple of
four and w the solution of (P,) with initial data ¢ € Hy.,r then we obtain the following results:
1 O llw(OlF =
2 Nw®llsn=llells» <llells, t eR.

Proof.- As Hj,, c Hyz" thenthe following expressions: {d,w,w)s_, and (w, d,w};_p
are well defined.

So, we have
atllw(t)”g—n = at<w(t)JW(t))s—n

= (Qw(D), w(t))s_p + (W(t), 0w (t))s_y

= 2Re(@,w(t),w(t))s—n - (4.1)
Also, we obtain

+oo
OEwO. W) = 21 > (L+KD W) - B
k=—oco

= 27 Z (1 + k2 ™(ik)"w(k) - w(k)

k=—oo
+oo
= i Z (1 + ks kn (k)2 (4.2)
k=—c0
b=
noting (ik)"™ = —ik™ when n is an odd number such that n — 1 is an even number

not multiple of four.
Now, we will prove that the series of the equality (4.2) is convergent. In effect, using
the inequality: [k|" < |k|*® = (|k[®)" < (1 + [k|?)" and w(¢) € Hj,, We have
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+ o0
< D0 A+ RDTEMBOP

k=—co

DA+ kR

k=—oco

+o0

< DA+ A KRR
k=—co

= Y A+ EIROE = Ol <.
T

k=—o0

Then the series (4.2) is convergent, that is,
(Irw(t),w(t))s_n = —ib, with b ER. (4.3)

From (4.1), using d,w = —d3}w and the equality (4.3) we get

A lwllz, = 2Re(d,w(t),w(t))s_n
= 2Re (—ojw(t),w(t))s—n
= —2Re (3fw(t),w(t))s_n

=0

= 0.
Therefore, llw(t)||2_, is a constant. Then, |lw(t)llZ, = llw(0)|I?,,,YtER.
As (lw(@lls—n — WO lls—) Ulw (O lls—n + [IW(0)lls—) = 0, we have

Iw(@®lls—n = lw(O)lls—p < lw(0)lls, Vvt €R.

Thatis, [w(Olls—n = ll@lls—n < ll@lls, Yt ER.
Corollary 4.1 [Continuous dependence of the solution of (P,)] Let u and v solutions
of (P,) with initial data ¥, and 1, in Hj.,, respectively. Then the following assertions hold
dcllu@®) — v, =0
and
u(®) = v(®)lls—pn = 0y — P2lls—n < Ipy —¥2lls, £ ER. (4.4)
Proof.- Define w := u — v then w satisfies
dw+olw=0
w(0) = ¥y — .
We conclude using the Theorem 4.1.
Corollary 4.2 [Uniqueness of solution of (P,)] The problem (P,) has a unique solution.
Proof.- In effect, let uand v solutions of (P,) with the same initial data, that is 1, =y, =1.
From (4.4) we obtain [[u(t) — v(t)lls—_,, < lI0ll; = 0.Then, [lu(t) — v(t)ll,_,, = 0.
So, v(t), YVt ER, thatis u = v.

OTHER RESULTS TO N-TH ORDER EQUATION

Remark 5.1 Results analogous to theorem 3.1 are obtained when n is an odd number
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such that n—1 is an even number multiple of four, where the solution would be

v(t) = [(e*”‘"t@(k)),‘,_ez]V

for the initial data ¢ € Hp,,.

Remark 5.2 Results analogous to theorem 3.2, Corollary 3.2, are also obtained
when n is an odd number such that n—1is an even number multiple of four, where the family
of operators introduced is

m v
T(Me = |(e "), | . Vo€ Hsr

Therefore, the version analogous to theorem 3.3 is valid.

Remark 5.3 Results analogous to theorem 4.1, Corollaries 4.1 and 4.2 are also
obtained when n is an odd number such that n—1 is an even number multiple of four, in this
case, note that (ik)"=i k"V k€Z.

Remark 5.4 When n is an even number multiple of four, the problem (P)) has a
solution and the associated family of operators

I'(t)e = [(e_knt@(k))kgz]v' Y @ € H,,

forms a contraction semigroup. Note that (ik)"= k">0,V k€Z.

Furthermore, the dissipative property of problem (P,) is obtained using the same
technique explained in section 4. Finally,

Remark 5.5 When n is an even number not a multiple of four, the problem (P.) has
no solution.

CONCLUSIONS

By Fourier theory, we proved in detail the existence and uniqueness of solution to the
model (P,) when n is an odd number such that n — 1 is an even number not multiple of four,
as well as the continuous dependency of the solution respect to the initial data. Later on, we
introduced the group theory to rewrite the solution of problem (P,) by this theory, making it
much more fine. We used unitary groups theory and get important results of existence and
approximation.

We showed the conservative property of the homogeneous problem, which allowed
us to deduce the continuous dependence (with respect to the initial data) and uniqueness
solution of (P,).

Finally, we generalized the results for the n-th order equation when n is an odd
number such that n - 1 is an even number multiple of four. And we analyzed (P,) for the

other cases of n.

Fronteiras do conhecimento nas Ciéncias Exatas e da Terra Capitulo 4

66



REFERENCES

[1 ] lorio, R. and lorio, V. Fourier Analysis and partial Differential Equations. Cambridge University, 2002.
[2]Liu Z. and Zheng S. Semigroups associated with dissipative system. Chapman Hall/CRC, 1999.

[3 ] Pazy A. Semigroups of linear operator and applications to partial differential equations. Applied
Mathematical Sciences. 44 Springer Verlag. Berlin, 1983.

[4 ] Santiago Ayala, Yolanda (2012) Global existence and exponential stability for a coupled wave system
Journal of Mathematical Sciences: Advances and Applications, 16(12)(2012), 29-46.

[5 ] Santiago Ayala, Yolanda Tépicos de Analisis Funcional. Fundamentos y Aplicaciones. Alemania,
Editorial Académica Espafiola, 2014.

[6 ] Santiago Ayala, Y. and Rojas, S. Regularity and wellposedness of a problem to one parameter and its
behavior at the limit, Bulletin of the Allahabad Mathematical Society, 32(02)(2017), 207-230.

[7 ] Santiago Ayala, Y. and Rojas, S. Existencia y regularidad de soluciéon de la ecuacién del calor en
espacios de Sobolev periddico, Selecciones Matematicas, 06(01)(2019), 49-65.

[8] Santiago Ayala, Y. and Rojas, S. Espacios de Sobolev periddico y analisis de ecuaciones de evolucion,
Saarbrucken, Editorial Académica Espafola, 2021.

Fronteiras do conhecimento nas Ciéncias Exatas e da Terra Capitulo 4

67





