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Abstract: When fitting functions to a set of 
experimental data the least squares method 
(LSM) is used, considering that it will have the 
minimum error. This method is used to fit the 
function to a linear or not necessarily linear 
curve. This curve is associated with a poly-
nomial of degree 𝑛, where the objective is to 
find each of the coefficients of the polynomial. 
The application of the CMM leads to a system 
of linear equations of the form Aβ = b, where 
finding the values of the column vector β = 
A-1 b is the specific objective of the problem. 
The laboriousness of this problem does not lie 
in solving the system of linear equations but 
in generating it. In this work an algorithm is 
proposed which generates the equations that 
integrate the system of linear equations to ob-
tain the coefficients of a polynomial of degree 
𝑛, without using the formal method. To illus-
trate the use of this algorithm two examples 
are presented, the free fall of an object and the 
solar irradiance. The CMM for the generation 
of the equations that form the system of linear 
equations for obtaining the coefficients of the 
proposed polynomials is presented in detail. 
Then the proposed algorithm is presented. 
After that, the proposed algorithm is used to 
generate the equations of the system of linear 
equations. Finally, the systems of linear equa-
tions obtained by using the formal method 
and the proposed algorithm are compared. 
The results show the ease with which the sys-
tem of linear equations is generated by using 
the proposed algorithm compared to the for-
mal CMM.
Keywords: algorithm, coefficients of a poly-
nomial, least squares method, linear regres-
sion, system of linear equations.

INTRODUCTION
In everyday problems, an analytical ma-

thematical expression is rarely available to 
predict the quantitative value of the depen-
dent variable of the problem or phenomenon 
to be dealt with. In the face of this real cons-
traint, the collection, statistics and analysis of 
data obtained from the measurements made 
is necessary. From these data, a mathematical 
method can be applied to obtain an analytical 
expression that allows predicting the quan-
titative value of the dependent variable. For 
this purpose, the CMM or linear regression 
is originally available. This is a mathematical 
method used to predict the quantitative value 
of the dependent variable, leading to know the 
values of the coefficients or constants that are 
part of the polynomial that best fits the data.

In most of the examples found in the lite-
rature, the CMM is presented for polynomials 
of degree one, two and exceptionally degree 
three, due to the laboriousness of generating 
the system of linear equations, which leads to 
obtaining the values of the coefficients sou-
ght. The solution of the system of linear equa-
tions generated by the formal CMM is not 
complicated since there are different direct 
or mathematical methods that, with the help 
of the computer, simplify the task of solving 
the system and, with it, the obtaining of the 
values of the coefficients of the polynomial to 
be treated.

THEORETICAL FRAMEWORK 
The CMM is based on simple regression. 

When working with two variables, only one 
independent variable and one dependent va-
riable are considered. From the given changes 
in the independent variable the value of the 
dependent variable can be determined. 

The use of CMM in modern statistics dates 
back to Greek mathematicians. However, the 
first modern precursor may be Galileo (Hervé, 
2007). The essential idea of this method is to 
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obtain the best least squares fit by minimizing 
the sum of quadratic residuals; where the re-
sidual is considered as the difference between 
the observed value and the value fitted by the 
model. The simplest model consists of fitting a 
straight line but this distribution of points can 
be better fitted to a higher degree polynomial.  

The use of the CMM is privileged over other 
methods in modeling processes due to its effec-
tiveness and completeness. In relation to obtai-
ning a model, it is true that most of the times a 
linear function is used as a starting point, and 
sometimes this model is enough, but in other 
behaviors or phenomena of Science and En-
gineering the linear model is not enough. The 
use of data describing a behavior and the mini-
mum amount of these, has made the CMM an 
interesting and powerful tool Neil (2007). The 
theoretical underpinning related to the CMM 
allows different types of statistical intervals ea-
sily interpretable in works such as calibration, 
optimization and prediction (Neil, 2007). The 
CMM provides information about a data set in 
a precise way and opens the way for the study 
of more complex phenomena.  

Due to the nature of the CMM whose es-
sence is the quadratic residual, the high sen-
sitivity to extreme data or observations is one 
of the most considerable disadvantages of 
this method. This is a consequence of using 
the square of a number because the quadratic 
function “overstates”, betrays or amplifies the 
departure from the reference value. For exam-
ple, the squared difference between 20 and 10 
is 100, but the squared difference between 202 
and 102 is 10,000, so the CMM pays attention 
to extreme observations (Abdi et al., 2013). 
Despite this considerable disadvantage of the 
CMM different disciplines apply it. 

In practice, various applications are encou-
ntered where the functions have linear and/or 
k-power terms, where k ∈ 𝑁. In this particu-
lar case the expression that best fits the data is 
expressed by equation (1), where i is the i-th 
data. 

yi=β0+β1 . xi+ β2 . xi
2+ β3 . xi

3+ ... + βk . xi
k+∈ (1) 

𝜖 is the error or residual and β0 , β1 , β2 ,... βk 
the regression coefficients. Now, considering 
that we have 𝑛 one sample data (measure-
ments taken), then from equation (1) we have 
equation (2). 

yi=f(xi)=β0+β1 . xi+ β2 . xi
2+ β3 . xi

3+ ... +βk . xi
k (2) 

Where 𝑖 ∈ {1,2,3, ... 𝑛}, and 𝑛 the number 
of data in the given sample. 

By subtracting the error 𝜖 from equation 
(1) and, expressing it in terms of equation (2), 
equation (3) is obtained. 

𝜖 = 𝑦𝑖  - 𝑓(𝑥𝑖) (3)

Since some errors (residuals) can be positi-
ve or negative, depending on whether the data 
is above or below the curve, then it is prefera-
ble to use the squares of the errors to quantify 
the error relative to the curve. Hence the error 
𝜖 is the sum of the squares of the differences 
(standard deviation) between the y values on 
the approximation line or curve and the given 
y valuesi , then this generates equation (4): 

Now it is necessary to find the coefficients 
or constants β0 , β1 ,... βk of equation (1) that 
minimize the least squares error. Therefore, 
considering the 𝑛 data of the given sample we 
obtain equation (5). 

The general problem of fitting the optimal 
least squares line to a set of data pairs {(xi ,yi )}, 
where 𝑖 ∈ {1,2,3, ... 𝑛}, where 𝑛 is the number 
of data in the sample, requires minimizing the 
error in equation (5) with respect to the para-
meters β0 , β1 ,... βk , i.e., it is necessary to mini-
mize the error function. To find the minimum 
value, first the partial derivative of 𝜖𝑖

2 with res-
pect to each coefficient must be applied. After 
that, each equation must be equated to zero, 
thus generating a system of equations. Finally, 
solve said system of equations to obtain the 
values of the coefficients or constants of the 
treated polynomial. This procedure is repre-
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sented by the set of equations (I), Nakamura 
(1992), Burden (1998) and Samir (2019). 

	

	

	

	 (I)

The system of equations (I) reduces to a 
system of m x m linear equations of the form: 
Aβ=b where A is the matrix of coefficients, 
b is the constant vector, and β is the vector 
formed by the coefficients β0, β1, β2 ,... βk of 
the polynomial.

There are scenarios in which when making 
physical measurements, the behavior of the 
data set conforms to a polynomial of order 
equal to or greater than two. While this may 
be simple to understand, it is not always ob-
vious. Therefore, it has been determined to 
illustrate the use of the CMM for the gene-
ration of the system of linear equations that 
leads to obtaining the coefficients of the poly-
nomial to be treated, two examples presented 
to fulfill this task.

DEVELOPMENT OF THE MMC

EXAMPLE 1: GRAVITATIONAL 
ACCELERATION CONSTANT
The height at which an object is released 

from an initial height d0 with an initial velo-
city v0 and with the value of the gravitational 
acceleration constant g, for a given time t, is 
given by equation (6).

where:
d, is the height or distance traveled by the 
object in free fall.
d0 , is the initial height at which the object 
is released.

vo , is the initial velocity at which the body 
or object begins its fall.
g, the gravitational acceleration constant.
t, the time taken to travel a given distance d.

Figure 1. Object in free fall.

Generally in equation (6), the values of d0, 
v0 and g are considered as known constants, 
having as independent variable the time t and 
d the dependent variable, but in practice the 
coefficients of the polynomial are unknown 
and it is when the CMM is applied to know 
their values. In order to illustrate the use of 
the CMM the following scenario is proposed: 
suppose that from equation (6) we know the 
time ti  that the object has taken to travel a 
certain distance or height di and, we want to 
know the values of the coefficients d0 , v0 and g 
from a set of data obtained as samples or tests 
performed see figure 1. In this example, the 
pairs of data considered in different measure-
ments are: {(t1 , d1 ), (t2 , d2 ), (t3 , d3 ), (t4 , d4 ), 
(t5 , d5 )}, i.e., 𝑛 = 5.

It was assumed that there is an observer lo-
cated at a height d from the ground, and he 
sees how the object is falling; being d1  = 0 and 
v1 = 0, using equation (6), for which it is de-
sired to make the adjustment. In equation (6) 
the pairs of known values are (t , di i ,), and the 
constants to be obtained are d0 , v0 and g. Ac-
cording to the CMM, it is proposed that equa-
tion (6) be expressed as in equation (7):
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In the first member of equation (7)x(ti)  
corresponds to yi of equation (5). The second 
member of equation (7),  corres-
ponds to the general polynomial in equation 
(5). So, substituting equation (7) into equa-
tion (5) to obtain the sum of squares of the 
errors or residuals, we have equation (8).

The next step is to optimize the function, mi-
nimizing the error described by equation (8). 

The partial derivative of the function des-
cribed in equation (8) is applied with respect 
to d0 , v0 and g, which are the coefficients of 
the polynomial to be obtained and then each 
equation is equaled to zero. The above is pre-
sented in equations (9), (10), and (11).

 

 

x(ti ) = xi  and developing equations (9)-
(11), equations (9a), (10a) and (11a) are 
obtained:

Since five pairs of data are available then 
the summations range from i = 1 to 𝑛 = 5. 
Developing and rearranging the terms of 
equations (9a)-(11a), the system of linear 
equations formed by equations (12), (13) and 
(14) is obtained.

Equations (12)-(14) yield a matrix 
equation of the form Aβ=b where A is the 3 
x 3 coefficient matrix represented in equation 
(15), β is the column vector to be obtained 
formed by the constants d0 , v0 and g equation 
(16) and finally b is the 3 x 1 constant column 
vector equation (17).

Thus, the solution of the matrix equation 
Aβ=b to solve this matrix equation is descri-
bed by equation (18), provided that A-1 ≠ 0.

So, for this example the solution can be 
expressed as in matrix equation (II).

Solving the 3 x 3 system of linear equations 
described by equation (II), the values of the 
coefficients d0 , v0 and g are obtained. The so-
lution of this system can be performed using 
different methods; for a detailed solution and 
verification of the results of this example con-
sult Perez (2021); remember that the purpose 
of this work is to obtain the system of linear 
equations from the given polynomial.
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EXAMPLE 2: SOLAR IRRADIATION 
The second example is related to solar 

irradiance. 
One of the earth’s energy sources is radiant 

energy from the sun.  This radiated energy is 
designated solar irradiance. Solar irradiance 
designates the flux of electromagnetic energy 
emitted by the sun per unit area (Garner, 
2017).

Proposing that the solar irradiance is ex-
pressed by a polynomial of degree 4 as in 
equation (19), find the function that best fits 
the data. Equation (20) presents the error, i.e., 
the difference between the fitted function and 
the data. Equation (21) presents the squared 
error and equation (22) presents the total er-
ror, seeking to minimize the error.

To simplify obtaining the optimality of it is 
suggested to use equation (23).

Thus equation (23) is left as equation (23a),

In equation (19) it can be seen that the ir-
radiance Ii depends on θi but to make use of 
this equation it is necessary to know the co-
efficients (values of the coefficients a, b, c, d 
and e), which can be obtained by applying the 
CMM; for this the error in equation (22) is 
minimized. Now we have to obtain the values 
of the five coefficients (a, b, c, d and e) then 
the polynomial is a function of these five va-
riables. So, to minimize the error in equation 
(22) we must apply the partial derivative of etot 
with respect to each of the now variables a, b, 
c, d and e, which is represented in equations 
24-28.

After that, equations (24)-(28) are equaled 
to zero, and by rearranging, equations (29)-
(33) are obtained.

From equations (29)-(33) it can now be 
seen that a, b, c, d and e are the unknowns, 
whereas θi, θi

2, θi
3, θi

4 through θi
8 and Ii  are 

known values, the latter generating constant 
values for each of the summations. So that 
equations (29)-(33) form a 5 x 5 system of 
linear equations, matrix equation (III).
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From the matrix equation (III) we have 
that the solution matrix is given by the matrix 
equation (IV). Therefore, by solving the matrix 
equation (IV), the values of a, b, c, d and e 
will be known and thus the coefficients of the 
polynomial of degree 4 of the solar irradiation 
will be obtained.

PROPOSED ALGORITHM
From the two preceding examples it can be 

seen that obtaining the system of linear equa-
tions to be solved from the original polyno-
mials is more than complex, it is a laborious 
process with a high possibility of making a 
mistake. This has led to analyze the polyno-
mial to be solved, the process for obtaining 
the system of equations as well as the system 
generated as such, leading to an algorithm.

It is recalled that the essential purpose of 
this article is that, from a polynomial of de-
gree 𝑛, the system of linear equations gene-
rated by applying the CMM is obtained and 
not the values of the coefficients of the poly-
nomial. These coefficients are obtained by sol-
ving the system of equations.

The algorithm is presented below in gene-
ral terms and then applied to the two exam-
ples presented previously.

ALGORITHM

1. Express the polynomial to be treated as 
an equation.

i. Express the polynomial as an equation 
where in the first member of the equa-
tion will be all the terms of the indepen-
dent variable with their respective coef-
ficients or constants to be obtained. 
ii. In the second member of the equa-
tion leave only the dependent variable.

2. Identify the number 𝑛 of data pairs 
available, which were obtained by the 
measurements. 
Each pair of data is formed by the dupli-
cate of the i-th independent and depen-
dent variables.
3. Obtain the value of m, which is the size 
of the system of linear equations to be ge-
nerated.
The value of m is obtained from the de-
gree of the polynomial to be solved; m = 
q +1, where q is the degree of the polyno-
mial in question.
4. Generate the first equation of the sys-
tem of linear equations.
Apply the summation from 1 to 𝑛 to the 
equation in step 1; where 𝑛 is the number 
of data pairs available.
5. Generate the second equation of the 
system of linear equations. 
For the first member of the first equation 
of the system of linear equations genera-
ted in step 4:

i. Multiply the first term by the summa-
tion as well as by the independent varia-
ble and then divide by 𝑛, the number of 
data pairs. 
ii. Multiply from the second to the last 
term by the independent variable.
iii. Multiply the second member of the 
first equation by the independent varia-
ble.
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iv. Form the new equation.
Generate the new equation with all the 
terms (from the first to the last) genera-
ted previously, i.e., the two members of 
the equation.

6. Generate the remaining equations of 
the system of equations.

Multiply the second equation (the two 
members) generated in step 5 by the 
independent variable. Repeat this step 
until the last equation of the system of 
equations is obtained.

7. Express the generated system of linear 
equations as a system of linear equations 
in matrix form.

APPLICATION OF THE ALGORITHM 
TO EXAMPLE 1
The polynomial to be worked out is expres-

sed in equation (6), which for convenience is 
rewritten here.

Obtain the system of linear equations for 
the polynomial of equation (6) using the pro-
posed algorithm.

APPLICATION OF THE ALGORITHM

1. Express the polynomial as an equation.
i. Express the polynomial as an equation 
where in the first member of the equa-
tion are all the terms of the independent 
variable with their respective constants 
or coefficients to be obtained.
ii. In the second member of the equa-
tion will be exclusively the dependent 
variable.
By performing the two previous steps on 
equation (6), equation (6a) is obtained.

2. Identify the number 𝑛 of data pairs 
available. Each data pair consists of the 

duplicate of the i-th independent and de-
pendent variables.
In this example the number 𝑛 of data 
pairs (di , ti ) is 5, i.e., 𝑛 = 5. The value 
of 𝑛 is not obtained from the equation or 
polynomial but from the number of me-
asured data pairs. For this example the 
independent variable is t and the depen-
dent variable is d.
3. Obtain the value of m, which is the size 
of the system of linear equations to be ge-
nerated. 
This value of m is obtained from the de-
gree of the polynomial to be solved; m = 
q + 1, where q is the degree of the polyno-
mial to be solved.
In this example the degree of the polyno-
mial is q = 2, so the system of linear equa-
tions generated will be of size m = q + 1 = 
3 → m = 3; remember that the system of 
linear equations must be square; in this 
example it is m x m = 3 x 3.
4. Generate the first equation of the sys-
tem of linear equations.
Apply the summation from 1 to 𝑛 to the 
equation generated in step 1. In this exam-
ple the equation generated in step 1 is 
(6a). So, applying the summation to it, the 
equation is expressed by equation (6b).

Distributing the sum in each term of 
equation (6b) and in both members of 
the equation, equation (6c) is obtained.

Developing the summation over the first 
term of the first member of equation 
(6c) gives equation (6d). Equation (6d) is 
the first equation of the system of linear 
equations.
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5. Generate the second equation of the 
system of linear equations. 
From the equation generated in step 4, 
equation (6d) in this example, for the 
first member of this equation perform 
the following:

i. Multiplying the first term by the 
summation as well as by the independent 
variable and then dividing by 𝑛, the 
number of pairs of data. So, considering 
equation (6d), the first term is 5d0 , and 
the independent variable is ti ; applying 
the summation over the first term and 
dividing by 5, which is the value of 𝑛, 
we have that the first term of the first 
member of the second equation is 
expressed by expression (A).

ii. Multiply from the second to the 
last term of the first member by the 
independent variable. Multiplying by 
ti the independent variable the above 
terms of the first member gives the 
expression (B).

iii. Multiplying the second member of 
the first equation generated in step 4 by 
the independent variable, we have the 
expression (C).

iv. Form the second equation.
With all the terms of the first member 
generated above, expressions (A), 
(B) as well as the terms of the second 
member, expression (C), generate the 
new equation, equation (6e), which is 
the second equation of the system.

6. Generate the remaining equations of 
the system of equations.
For this example m = 3 so the system of 
equations is formed by three equations 
and the first two equations have already 
been generated, then it only remains to 
generate the last equation, i.e., the third 
equation. 
Multiply the second equation generated 
in step 5 by the independent variable. In 
this case the second equation is given by 
the expression (6e). By performing such 
multiplication, equation (6e) gives way to 
equation (6f), which is the third equation.

7. Express the generated system of linear 
equations as a matrix equation.
Thus equations (6d), (6e) and (6f) form 
the 3 x 3 system of linear equations, 
expressed in the matrix equation (6g).
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APPLICATION OF THE ALGORITHM 
TO EXAMPLE 2
In this example, from the polynomial of 

equation (19) we want to obtain the coeffi-
cients a, b, c, d and e. Recall that  is the irra-
diance angle while Ii is the irradiance value,  is 
the independent variable and Ii the dependent 
variable. 

APPLICATION OF THE ALGORITHM

1. Express the polynomial as an equation.
i. Express the polynomial as an equation 
where in the first member of the equa-
tion will be all the terms of the indepen-
dent variable with their respective cons-
tants or coefficients to be obtained.
ii. In the second member of the equa-
tion will be exclusively the dependent 
variable.
By performing the two previous steps on 
equation (19), equation (19a) is obtained.

2. Identify the number 𝑛 of data pairs 
available. Each data pair consists of the 
duplicate of the i-th independent and 
dependent variables.
In this example the number 𝑛 of data 
pairs (, ) is 14, i.e., 𝑛 = 14. This value was 
proposed to obtain the values of the coe-
fficients, consult Perez (2021). 
3. Obtain the value of m, which is the 
size of the system of linear equations to 
be generated. This value of m is obtained 
from the degree of the polynomial to be 
solved; m = q +1, where q is the degree of 
the polynomial to work with.
In this example the degree of the polyno-
mial is q = 4, so the system of linear equa-
tions generated will be of size m = q + 1 
= 5→ m = 5; remember that the system of 
linear equations must be square; in this 
example m x m = 5 x 5.

4. Generate the first equation of the sys-
tem of linear equations.
Apply the summation from 1 to 𝑛 to 
the equation generated in step 1. In this 
example the equation generated in step 
1 is (19a). To simplify the writing of the 
summations these will be expressed wi-
thout the initial and final indices and also 
the numerical value of 𝑛 will not be used. 
So, applying the summation equation 
(19a) is expressed by equation (19b).

5. Generate the second equation of the 
system of linear equations. 
From the equation generated in step 4, 
equation (19b) in this example, for the 
first member of this equation perform 
the following:

i. Multiply the first term by the summa-
tion as well as by the independent varia-
ble and then divide by 𝑛. So, conside-
ring equation (19b), the said term is and 
the independent variable is ; applying 
the summation over the first term and 
dividing by 𝑛, we have that the first term 
of the first member of the second equa-
tion is expressed by the expression (Aa).

ii. Multiplying from the second to the 
last term of the first member by the in-
dependent variable. Multiplying by  the 
above terms of the first member we have 
the expression (Ab).

iii. Multiply the second member of the 
first equation generated in step 4 by the 
independent variable, which is expres-
sed by (Ac).
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iv. Form the second equation. 
With all the terms of the first member 
generated above, expressions (Aa), (Ab) 
as well as the terms of the second mem-
ber, expression (Ac), generate the new 
equation, equation (19c), which is the 
second equation.

6. Generate the remaining equations of 
the system of equations.
Since q = 4 then there are three equations 
left to generate; the first and second 
equations were already generated in the 
previous steps.
i. Generate the third equation. 
Multiplying the second equation, (19c), 
by the independent variable gives rise 
to equation (19d), which is the third 
equation.

ii. Generate the fourth equation. 
Multiply the third equation, (19d), ge-
nerated in the previous step, by the in-
dependent variable. By performing such 
multiplication, equation (19d) gives way 
to equation (19e), which is the fourth 
equation.

iii. Generate the fifth equation. 
Multiply the fourth equation, (19e), ge-
nerated in the previous step, by the in-
dependent variable, leading to equation 
(19f), which is the fifth equation.

7. Express the generated system of linear 
equations as a matrix equation.
Once the five equations have been ge-
nerated, the system of linear equations 
formed by equations (19b), (19c), (19d), 
(19e) and (19f) is available and, expres-
sing it as a matrix equation, equation 
(19g) is obtained. 

RESULTS
Comparing matrix equations (II) and (6g) 

of example 1, it is observed that both are 
the same, only that matrix equation (II) was 
obtained using the formal CMM while the 
second equation, equation (6g), was obtained 
using the proposed algorithm. 

Comparing the matrix equation (IV) and 
(19g) of example 2, they are also the same. The 
matrix equation (IV) was obtained using the 
formal CMM while that of equation (19g) was 
obtained with the proposed algorithm.

CONCLUSIONS
Generating the system of linear equations 

to obtain the coefficients of a polynomial of 
degree 2 and 4, following the formal CMM 
is too laborious and time consuming. The 
higher the degree of the polynomial the more 
laborious the procedure to obtain such a 
system of equations becomes. 
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The algorithm proposed in this paper 
not only works correctly for the examples 
presented but is also simple to use.

The algorithm does not make use of partial 
derivatives and the system of equations sought 
is obtained directly.

Given the polynomial to be treated, to 
generate the system of equations using the 
proposed algorithm only five simple things 
need to be identified: the coefficients of the 
polynomial, the degree of the polynomial, the 

independent variable, the dependent variable 
and, the number of data pairs 𝑛; from this 
information the generation of the system of 
equations is simple and straightforward.

Although the proposed algorithm presents 
a certain mathematical informality, it works 
correctly.

Work is currently underway on a formal 
and rigorously mathematical demonstration 
for the use of this algorithm for use on a 
polynomial of degree 𝑛.
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