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Abstract: A study of the Lorentz coordinate
transformations is made accepting the validity
of the two Einstein postulates and the spatial-
temporal homogeneity, but in space-time
lacking isotropy. Expressions relating the
space-time coordinates between two inertial
observers are found. Under the new equations
of coordinate transformations, a study is made
of the way transformation equations take for
both velocity and acceleration measured by two
inertial observers. These transformations are
analyzed to see which ones remain unchanged,
which change and which form change with
respect to those obtained from spatial relativity
in isotropic spaces. The invariance of the space-
time interval is also studied.

Keywords: Anisotropic space-time, coordinate
transformations, space-time interval, velocity
transformations.

INTRODUCTION

Einstein’s special relativity is based on
his two postulates such as the invariance of
the laws of physics measured in any inertial
frame of reference and the postulate of the
constancy of the speed of light regardless of
the frame in which it is measured. In addition
to these postulates is the additional ingredient
to be added which consists of space-time
isotropy. The basis that “the main idea of
special theory” is that “there are no preferred
frames of reference and therefore no preferred
directions”, which unduly confuses the
isotropy of the unidirectional speed of light
with the isotropy of space [1].

Classical books introduce it of isotropy
(without even naming it) as a simple subject
that does not need to be argued and that surely
it is too hasty to make explanations of the
spatial isotropy [2]. It is possible that spatial
isotropy can be empirically proven, regardless
of what is thought of the unidirectional speed
of light, is one of the objectives of this work,
which aims to offer a logically transparent

path to anisotropic special relativity.

The idea in this research is to elaborate the
assumption of anisotropy by exploiting the
concept of an objective spatial direction in
space-time compared to that elaborated by
Minkowski, and use it in a very natural way to
select some fundamental amounts of Physics
and see the form they take when part of an
anisotropic spacetime. It is possible to study
how the Lorentz metric is replaced in non-
isotropic spaces and to see the extent to which
it tends to transform in the case of spatial
isotropy [3].

It is then a question of studying the form
that take fundamental themes of special
relativity as they are: Lorentz transformations
in coordinates, speed and acceleration when
taking into account the spatial direction, in
addition to the space-intervaltime, temporal
dilation and contraction in length. Most
specialized texts on this topic on special
relativity do not consider it necessary to
explain that space isotropy is not a trivial
or necessary ingredient in the principle of
relativity, butin our case the special anisotropic
transformation and some of its consequences
are explained [4].

COORDINATE
TRANSFORMATIONS IN
ANISOTROPIC SPACES

Taking into account the homogeneity in
space-time, the principle of relativity and the
principle of the constancy of the speed of light,
but not the space-time isotropy, the Lorentz
transformation equations have the form [5]:

X =y(x—vt) 1
t’=a(t—ex)} ()
Assuming the constancy of the speed of
light for an observer in system S, any signal
emitted from the origin and traveling in the
direction of the axis (+x) you get that, x = ct.
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Replacing in equations (1) you get that,

X' =y(ct—vt) = y(c— )t } @)

t' =a(t—cet) = a(l —ce)t

By the principle of constancy of the speed

of light, for an observer in the S’ system;

the signal emitted from the origin in the

direction of the axis (+ x'), you have to x" =

ct’. By replacing in the first equation (2) and

multiplying the second equation (2) by c and
matching these two, you get,

y(c—v) = ca (1 —ce) (3)
Proceeding analogously with equations
(1), but assuming that the direction of
propagation of the emitted light beam occurs
in the direction of the axis (—x), then x = —ct
and also in the direction of axis (+ x'), that is,
X =—ct.
This procedure allows the expression to be
obtained,

y(c+v) = ca (1+ce) (4)

Adding member to member equations (3)
and (4) is obtained,

2yc= 2ca; a=y

Subtracting member to member equations
(3) and (4) is reached,

v
2yv = 2cae; cle=v; e=—
o2

Lorentz transformations are expressed in
form [5],

X' =y —vt) } (5)

t=y(t—"".2)
parameter y should depend on the relative
speed of reference frames v.

To find a suitable ratio for non-isotropic
space-time, a parameter ¢ is introduced,
differentiating the hyperbolic relations senh¢
sen @, coshg and tang.

Be

% = tanh ¢
Y = g (¢)coshy (6)
vz = g(p)senhyp
By introducing these relations in the
transformation equations (5) it remains:

-ow(me, ) @

Since yisa constant parameter that depends
basically on the relative constant velocity v of
the frame S’ relative to S, then the parameter ¢
also depends on v.

In this sense the function g(¢) will
also depend on the velocity v and the
transformation equations (7), it is observed
that when g(y) =1 the Lorentz transformation
in isotropic spacetime is obtained.

By defining the function,

g(p) = ¢ (8)

Where n is a constant dimensionless
parameter. It follows from the definition (8)
that the conditions g(0) = g(¢) = 1 are met,
see [5].

The relation (8) is the most general possible
solution, which leads to finding the following
relations that arise from equation (6),

c+v>n 1

y = glp)coshp = (&2 =
2y = g(@)senhp == (—)J=/ ®)

tanhp = E

Taking into account the above equations
(9), the transformation equations (7) remain
as follows,

/ n
()= ()

1 —g .
1_—1;2/62 _% 1 (ct)

: 1 =2 (10)
X c X
@) -ren( L )
Being in this case the relativistic factor in
anisotropic spaces y(n, v), which is defined in
the form,
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c+v\™ 1
) 1— uz/cz (1 1 )
For the case where the dimensionless
number n = 0, the relativistic factor of special
relativity is obtained in isotropic spaces, i.e.,

youv) = (

c—v.

y(0,v) = ——=1,
) - — Yo
A 1_vZ/C2

It is now appropriate to find the remaining
transformations between the directions of
axis yy' and axis zz'. Suppose first that a ray
of light moves in the xy plane for the observer
S and in the x"y’ plane for the observer S, so
that the following relations are given for the
ray of light,

(12)

Plano xy: x% + y? = c2t? }
Plano x'y’ x'? + y'* = ¢%¢"

(13)

Using the relations of equation (10), which
can be written, ct’ = y(n,v) (ct - %) and x' =
y(n, u)(x — ut), replacing them in the second
relation of equation (13) and clearing y’ is
obtained,

v =(3)"

Similarly lies the transformation of zz’
axes.

In short, the transformation of coordinates

into anisotropic spacetime in the form of a
matrix is thus [6],

(14)

(e e o e
c+uv\" c+u\"
R I ()
c+u\"
x° 0 0 (c - U) c+uv\" X
0 0 0 (c - v)
0 Yo —YoB 0 0 . (15)
X

(X“) _ (c+_v)" —voB Yo 0 0 <X1>

X' c—v 0 0 1 0 ||x2

Xl3 X3

0 0 0 1

Which can be written in the simplest form,

n

c+v

x'* = (—) A, x?
c—v

(16)
Where: a, u = 0,1,2,3. In addition to the

notation changes: X°=ct, X' =x,X?=y, X?
= 7 for the primate system and X° = ct, X! =
x, X* =y, X* = z for the non- primate system.

In addition: y, the relativistic factor,
dimensionless parameter and A ¢ is the
Lorentz matrix of Einstein’s special relativity
(isotropic), defined as,

1 v
Yo = ) ﬁ:; y (Ava):
s
14 —YoB 0 0
0 0. (17)
—YoB Yo 0 0
0 0 10
0 0 01
The  previous  transformations  of

coordinates represented in equations (15) are
to pass from system S to system S’ (S §).
On the other hand, if we were to exchange
our reference systems or what is the same
consider that the coordinates given for the
space and time of the event are those observed
in S, instead of in S; the only change allowed by
the principle of relativity would be the physical
change in relative velocity of u by —u. That is,
from §’; the S system moves to the left, while
from S the S’ system moves to the right [7].

CONSEQUENCES
OF COORDINATE
TRANSFORMATIONS IN
ANISOTROPIC SPACES

This section discusses the consequences
of coordinate transformations represented
in equations (15). Basically, the study
focuses on investigating the invariance or
otherwise of the space-time interval, the
form that velocity transformations take
in anisotropic space as well as the form of
accelerations transformations. It is verified if
these transformations undergo fundamental
changes compared to those of special relativity
accepted in the literature for isotropic time-
spaces.
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SPACETIME INTERVALS IN
ANISOTROPIC SPACES

When it comes to Einstein’s spatial
relativity with its postulates and properties of
homogeneity and isotropy in both space and
time, the space-time interval is an invariant
quantity, that is, no matter the inertial
observer of reference that measures them, the
measured value remains unchanged,

ds’? = ds? (18)

From these properties of spacetime and
taking into account the definition of proper
time T for an observer in the S system (dS
= cdt), and analogously for an observer in
the S system (dS = cdt’). When considering
identity (18) and definitions of proper time, it
is observed that,

dt' =dt (19)

According to this result, one’s own time is
that which measures an observer at rest to the
observed event or event.

As can be seen from equation (18) and
from the Lorentz coordinate transformation
equations the space-time interval in spatial
relativity with its two postulates and the
properties of space- time homogeneity and
isotropy, is a relativistic invariant.

As will be seen in the next development,
this space-time interval is not a relativistic
invariant to the transformations of coordinates
into anisotropic space-time. To do this, we
develop dS" using the transformations (15),
which can be written as,

ctv

, c+uv\"
X0=(C_ ) (YOXO—YOBX1)=V0( —

9 o - )

X't = (c+v) (- yOBX°+YoX1)—V0(

c
X2 = (c +v) X2

c—V

¥ = (c + v)"X3

) (=BX° + XY)

The space-time interval according to an
observer in the S system is,

dS'? = c?dt'? - dx'? —

(ax)’ ~ (ax)

dy'? — dz'?
=(dx"%)? - — (dx")?

Replacing and developing you have,

ds'? =y¢ ( ) (dX° — pdx1)? — g(t—i)zn (—BdXx° + dx1)?
(Y- ()

dS'Z—(C+") {r2l(dX® — pdX1)? — (—pdX° + dx1)?] — (dX?)2 — (dX*)?}

= (ﬁ) (Z[(dX°)? — 2BdX°dX" + B2(dX")? — B2(dX")? + 2BdX°dX" —
(dx")?] = (dx*)? — (dX*)*}

= (£2)" (311 - FHE@X? - (1 - FEXY?] - (dX?) — (dx*)?)

c-v

2{n}
- (z - E) [(@X*)? - (dx1)? — (dX?)? — (dX*)?]

Finally the relationship remains,

ds'’? = (”—")Mdsz

c—=v

(20)

As can be seen from the expression (20), the
space-time interval is not relativistic invariant
to transformations of type coordinates (15).

TRANSFORMATION OF SPEED INTO
ANISOTROPIC SPACETIME

Let@ =4 =u,i+u,j+uk the velocity of
a particle in a reference system S and 3’ =
Z:: wii+u)j +uyk, the velocity measured
by an observer in the system S, moving with
constant speed v relative to S in the direction

of the xx’ axes,

dx'  cdX Yo (c - U) (dx* — pdx°®)
Uy =7 = 0
dt dX 0(c+v) (dX0 — BdXY)

c
dx _ 4t
cdx—plear) _<(E-vE)
T cdt—pdx o4t _vdx

Taking into account the definition of speed
you get to the ratio of added speeds, that is,

U = Uy—V
R LS (21)

C

As can be seen, it does not undergo
changes with respect to the transformation
into isotropic spaces. Now, the analysis is
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done for the transformation of speeds on yy’
and zz’ axes,

¢+ v\"
_dy _eax?  c(g=) o
Uy === = = o
dt dx° c+u
vo(655) (ax° —pax)
dy
c /dt Ky

Yo (c%—ﬁz—f) Yo (1 _%ux)
You get the speed transformation for the
yy’ axes, ie,

" Hy

R ey (22)

Proceeding similarly for the zz" axes, you
get,

Uz

ué - yo(l—:—zux) (23)

The results of the velocity transformation
equations (21), (22) and (23) for anisotropic
spaces are not altered compared to those
found in isotropic spaces.

TRANSFORMATION OF
ACCELERATION INTO SPACE-TIME
ANISOTROPIC

Given an observer in system S that
measures acceleration,
du duxA du, , du, -

&:E: T +F] dtk:axf+ayj+azk

While an observer in system S’ moving
with velocity u with respect to S, measuring
acceleration,

=/
du dux R duy .

B _ L duy, ..
TR T TN T

ke=ali+ayj+ a,k

=T

Developing the acceleration according to
the x* axis measured by an observer in the §’
system that moves with constant velocity u
with respect to S,

e |

, _duy  cduy 1- /2
ST T Ax0 T ctv
Yo (C —v

) (dX° — Bdx1)

B vux/ ]

w (Eiﬁ) |ae — 27 dx]

(1" 2) () — (e =) (= ) ()

ro(E55) (1= ""ca) (a0~ rax)

(=) (59) + -0 2 (%)
7o (E2Y) (1-".) (1—%%)
(1=, =", z—ﬁ)ax
ro(C8) (1- %)
By rearranging the equation the
acceleration transformation equation for
inertial observers is,

' 1 Ax

B e e (24)

It can be observed that the transformation
of acceleration represented in equation (24)
differs from that found in isotropic spaces in
the factor: 1/ (%)n

Following similar arguments, it can be seen
that the transformations of the components
of a and a, accelerations measured in the
S’ system, in terms of the components in
the S system in anisotropic time-spaces, are
affected by the factor: 1/ '(Z’_'—Z)n, compared to
that found in isotropic spaces.

CONCLUSIONS

Traditionally the works and articles on
special relativity are based on their original
structure as is the principle of relativity for
physics in general and that of the constancy
of the speed of light in vacuum, in addition
to the properties of homogeneity and
spatiotemporal isotropy. In our case the study
takes into account a spatial and temporal
anisotropy, following basically the works
of H. E Goenner and G. Yu. Bogoslovsky in
his article: “A Class of Anisotropic (Finsler)
Space-time Geometries” [8], in which he
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finds the translations of Lorentz coordinates
into anisotropic spaces, while in the works of
Marco Mamone Capria in the article: “Spatial
Directions, Anisotropy and Special Relativity”
studies the concept of an objective spatial
direction in special relativity and accepts the
existence of a privileged spatial direction [6].
This extends the results of Goenner and G.
Yu. Bogoslovsky, and from the set of Lorentz
coordinate transformations are obtained the
fundamental consequences that are derived
from them, such as, in the part of kinematics
the transformations of speed and acceleration,
the invariance or otherwise of the space-
time interval. From the results found it
is evident that in space-time anisotropic
velocity transformations do not undergo any
change compared to those accepted of special
relativity, while acceleration transformations,
to switch from system S to system S, are
affected by the factor: 1/ ‘(”—”)n, which makes

C—V.

it a different result than that obtained in the
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