
1
Journal of Engineering Research ISSN 2764-1317 DOI 10.22533/at.ed.3173352319105

Journal of
Engineering 
Research

v. 3, n. 35, 2023

All content in this magazine is 
licensed under a Creative Com-
mons Attribution License. Attri-
bution-Non-Commercial-Non-
Derivatives 4.0 International (CC 
BY-NC-ND 4.0).

ANALYSIS OF 
SUBSYNCHRONOUS 
RESONANCE 
VIA TORSIONAL 
INTERACTIONS IN 
ELECTROMECHANICAL 
SYSTEMS THROUGH 
DIFFERENT FAULT 
POINTS

Carlos HSM Junior 
DEELE 
CEFET-RJ 
Rio de Janeiro-RJ, Brazil 

João A. Moor Neto 
DEELE
CEFET-RJ 
Rio de Janeiro-Rj, Brazil

Gustavo K. Dill 
DE MET 
CEFET-RJ 
Rio de Janeiro-Rj, Brazil



2
Journal of Engineering Research ISSN 2764-1317 DOI 10.22533/at.ed.3173352319105

Abstract: This article investigates the 
occurrence of Subsynchronous Resonance 
(RSS) in power systems composed of a 
turbine-generator set and electrical network 
with the presence of series compensation in an 
alternative way, through different fault points. 
The set is represented in the form of state space 
to allow modal analysis and obtain the natural 
oscillation frequencies of the system. The 
study proposal aims to analyze the influence 
of the location of the fault and the impact of 
this premise on the accentuation of existing 
torsional interactions during the occurrence 
of RSS. The simulations were carried out in 
the PSCAD/EMTDC environment, applying 
three-phase faults at different points of the 
equivalent system. There is an occurrence of 
energy exchange related to the occurrence 
of Subsynchronous Resonance via Torsional 
Interactions, for the fault scenarios analyzed.
Keywords: Subsynchronous Resonance ; 
Torsional Interactions; Series Compensation; 
Mohave.

INTRODUCTION
Series compensation is a widespread 

methodology to increase electrical energy 
transfer capacity, optimize the voltage 
profile and improve system stability [1]. 
However, its use may result in an electrical 
or electromechanical condition of the system 
in which the electrical network exchanges 
significant energy with the turbine-generator 
set at one or more natural frequencies of the 
combined system, below the synchronous 
frequency, and subsequent to a disturbance 
having as initial condition equilibrium, a 
phenomenon known as Subsynchronous 
Resonance (RSS) [2], [3]. This oscillation 
condition, due to its complexity, is divided 
into three manifestations: the Induction 
Generating Effect (IGE), Torsional Interactions 
(TI) and Torque Amplification (TA) [4]. 
The first two are forms of self-excitation, the 

first being purely electrical and the second 
electromechanical [5]. Furthermore, the third 
manifestation has an intrinsic relationship 
with disturbances in the network related to 
transient torques. The three manifestations 
have their own origins, but they can coexist or 
even culminate in the existence of another [6], 
especially in power systems with the existence 
of thermoelectric turbogenerators, the focus 
of the study presented.

The thermoelectric turbogenerator is 
considered to have a complex mechanical 
structure, connecting several rotating masses 
through a non-rigid shaft [7]. When the 
system is affected per intense disturbances, 
one notices the emergence of torsional 
oscillations between the different rotating 
masses. This type of disturbance, when related 
to series compensated systems [8], results 
in the approximation between the natural 
frequency bands of the turbogenerator and 
the natural frequencies of the network, at a 
level lower than the synchronous frequency. 
In the case of the aforementioned condition, 
the coincidence between the frequencies 
of the turbogenerator-grid set influences 
electromechanical interactions and 
involuntary energy exchange. The scenario 
addressed characterizes the existence of 
subsynchronous oscillation phenomena, such 
as, for example, Subsynchronous Resonance.

On 12/9/1970 and 10/26/1971, the most 
damaging impacts of electromechanical 
oscillations ever witnessed to date were 
witnessed. The two generators of the 
Mohave thermoelectric generating unit 
(California, USA) were completely fatigued 
by Subsynchronous Resonance via Torsional 
Interactions [9]. After the series of incidents 
that occurred, the electrical industry passed 
a milestone in terms of compensation. 
Before the incident, series compensation in 
long transmission lines was used without 
detailed sizing, without taking into account 
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the mechanical interactions between the 
turbine-generator set and the electrical grid, 
which culminated in several studies of the 
phenomenon of Subsynchronous Resonance, 
in global level.

When it comes to studies related to 
Subsynchronous Resonance via Torsional 
Interactions, the literature prioritizes the 
analysis of the degree of compensation 
adopted for the system [10] and [11], with 
extremely important factors such as the 
location of the fault occurring without the 
necessary approach. On the other hand, this 
study’s main contribution is to approach the 
oscillatory phenomenon from the perspective 
of fault location. Thus, two different 
points were considered for the application 
of faults in the same system in order to 
compare and investigate the impacts that 
exist during Torsional Interactions. To this 
end, the Mohave electromechanical power 
system, developed for simulations by [10] 
and [11] during incidents in the PSCAD /
EMTDC environment [12], is reproduced, 
with the insertion of the three-phase fault 
parameterized for the occurrence of Torsional 
Interactions at one of the natural frequencies 
of the turbogenerator. In this particular study, 
faults are applied at two different points 
in the system, specifically before and after 
series compensation. Therefore, focus was 
given to a comparative analysis of results 
obtained in simulations to investigate the 
RSS phenomenon. It must be noted that the 
analysis was directed to the torques of the 
turbogenerator shaft and magnitudes of the 
specified series capacitor.

In addition to the introduction presented in 
this chapter, in chapter II dynamic modeling 
is introduced to obtain the frequencies of 
the torsional modes of the set, in chapter III 
the focus is given to modeling the system 
in a PSCAD/EMTDC environment [12], 
in chapter IV the results considering the 

application of the fault at two different points 
and in chapter V the conclusions of the 
analysis are presented.

DYNAMICS OF THE 
ELECTROMECHANICAL SYSTEM
In the dynamics of the turbine-generator + 

electrical grid system, the mechanical part of 
the system provides the position and speed of 
the rotor (turbogenerator axis) as a function of 
the mechanical torque, exciting the electrical 
system, depending on the degree of series 
compensation, which reacts to the mechanical 
excitations through the electrical torque.

For the study of Subsynchronous 
Resonance, it is important to treat the 
turbogenerator as a multi-mass -spring 
system, considering the shaft stiffness 
constants (equivalent to the elastic stiffness 
constants of the traditional mass-spring 
model ) and the mutual damping of the mass 
zones. [13]. The system can have more than 
one natural frequency, given the different 
sections and mechanical parameters that 
make up the shaft. Each section can have an 
oscillation mode. The multi- spring model 
presented in this work is based on [14]. An 
imaginary section of the turbogenerator shaft 
is considered, with a set of mass zones given 
by n= [ 1,....,m], with inertia constants Hn, 
damping coefficients of their own Dn and, with 
mutual elastic constants Kn,n+1 as represented 
in Figure 1.

Figure 1. Multi-mass-spring model of the 
turbogenerator shaft.

Expressions (1) and (2) represent the 
interactions between the mass zones.



4
Journal of Engineering Research ISSN 2764-1317 DOI 10.22533/at.ed.3173352319105

 (1)

 (2)

For the mass zone of the generator, the 
mass zone torque Tn and the mutual elastic 
constant after the generator Kn-1,n (δn - δn-1) 
do not exist and for the other low, medium 
and high pressure stages the electrical torque 
Te ceases to exist. The angle δn represents the 
angular difference between the mass zone 
velocity and the reference angular velocity ωb.

The linearized rotor equations can be 
readily written from equations (1) and (2) 
in order to obtain their representation in 
state space form. For small disturbances 
in the system, the electrical torque of the 
generator can be expressed as a function of 
the synchronizing torque coefficient Km so 
that Te = Km . Δδm. Equivalently to equation 
(1), the linearized equation that describes 
the interactions between the mass zones is 
represented by expressions (3) and (4):

   (3)

 (4)

In an equivalent way to what is stated in 
equation (1), for the mass zone of the generator 
the component (Kn-1,n + Kn,n+1 (δn) does not 
already exist, for the mass zones that do not 
involve the generator the synchronizing 
torque coefficient Km is null. Equation (3) can 
be rewritten in a simplified form to perform 
the modal analysis as given in (5):

 (5)

Where,  is a diagonal matrix 
of rotational mass of the inertia constant, 
D is a diagonal matrix with the damping 

coefficients, K is a trigonal matrix composed 
of the proper and mutual constants between 
the mass zones of the system and ωb is the base 
synchronous speed of the system used as a 
reference parameter. The damping coefficients 
are sized by field tests for specific operating 
conditions, which makes the sizing of these 
parameters non-trivial.

In order to obtain the mode -shapes of the 
system, the natural frequencies, as well as their 
oscillations, the state matrix of the system is 
determined through the matrix calculation 
of equation (5), disregarding the damping 
coefficients of the machines as per expression 
(6).

 (6)

Where, the M and K matrices are 
determined by equations (7) and (8) and, each 
state represents a mass zone:

 (7)

 (8)

The intersection between two frequency 
bands is proportional to the degree of 
series compensation, a crucial factor for the 
occurrence of Subsynchronous Resonance 
via Torsional Interactions [14]. The difference 
between the synchronous frequency and the 
natural frequency of the electrical grid tends 
to excite the torsional modes of the turbine-
generator set [15]. This difference causes the 
conjugate to operate subsynchronously. If 
this is greater than the mechanical damping 
torque of the turbogenerator shaft at the 
resonance frequency, the electromechanical 
system is subject to increasing oscillations, 
characterizing a condition of instability, 
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so that the subsynchronous torque causes 
negative damping. To define the scenario 
for the occurrence of this manifestation of 
Subsynchronous Resonance, it is necessary 
to compare four frequencies of the 
electromechanical system: the synchronous 
frequency, the frequency value of the series 
capacitor, the natural frequency value of the 
network (ƒn

REDE) and the frequency value of the 
torques of the turbogenerator shaft (ƒn

TURB), as 
represented in the flowchart in Figure 2.

Figure 2. Flowchart of the conditions for the 
occurrence of Torsional Interactions.

Given that the network frequency, the 
synchronous frequency and the frequency 
set for the capacitor are known, the torsional 
interactions are verified by comparing 
with the frequencies of the modes of the 
turbine-generator set, obtained from the 
electromechanical modes of matrix A, 
described in equation (6).

SYSTEM PARAMETERIZATION
In incidents that occurred at the Mohave 

thermoelectric plant between 1970 and 1971, 
the turbine-generator set of the generating unit 
was affected by Subsynchronous Resonance 
via Torsional Interactions. As at the time 
the sizing of series compensation had no 
restrictions, the degree of compensation of the 
electromechanical system was 74%, according 
to the sizing proposed in [16]. In this chapter 
the case of Subsynchronous Resonance will 
be reproduced, introducing a comparative 

analysis between the two possible locations 
of the fault occurrence: before and after series 
compensation. The simulations were carried 
out using the PSCAD/EMTDC software [12] 
and the obtaining of mechanical parameters 
necessary to enable the investigation of 
Torsional Interactions was developed in the 
MATLAB software [17].

CASE STUDY
The turbine-generator set used in Mohave 

(1970-71) has 892.4 MVA, with 4 pressure 
zones (one high, one medium and two low), 
generator and exciter. Therefore, the model 
presented in chapter II is expanded to five 
states. Figure 3 illustrates the system adopted 
by [10] for representation and analysis of the 
set, with the possibility of applying faults at 
points A and B.

Figure 3. Schematic of the Mohave power 
system in the years 1970 and 1971.

The electrical and mechanical parameters 
of the turbine-generator set are presented in 
Tables I and II. In Table I the reactance data 
in the direct and quadrature axes for the 
periods of steady state X, transient regime X' 
and subtransient regime X" , as well as their 
respective equivalent time constants T, T' e 
T". In Table II, there are the inertia constants 
H, for the different zones of mass, in addition 
to the damping coefficients D and also the 
mutual torsional constants K.
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GENERATOR – 892.4 MVA (VALUES IN PU)
Xd = 1,79 X'd = 0,169 X"d = 0,135
Xq = 1,71 X'q = 0,228 X"q = 0,2
XL  = 0,13 R1 = 0 T'd0 = 4,3

T"d0 = 0,032 T'q0 = T"q0 = 0,05

TABLE I. Impedances and Time Constants 
[10]

PASTA H D ADJACENCIES K
HP 0.092897 0.104108 HP-IP 19,303
IP 0.155589 0.058477 IP-LPA 34,929

LPA 0.858670 0.019680 LPA-LPB 52,038
LPB 0.884215 0.002280 LPB-GER 70,858
GER 0.868495 0.024762 GER-EXC 2,822
EXC 0.0342165 0.010219

Table II. DYNAMIC DATA OF THE 
TURBOGENERATOR SHAFT (in PU) [10]

In steady state, the distribution of 
mechanical torque across the shaft sections 
is given by the respective proportion: 30% 
High Pressure (HP), 26% Medium Pressure 
(IP), 22% Low Pressure of stage A (LPA), 22% 
Low Pressure stage B (LPB). The Generator 
constants (GEN) and the exciter constants 
(EXC) are also presented in Table II. The exciter 
torque is assumed null so that initial fatigue 
between the adjacency is not considered [10].

COMPUTATIONAL 
IMPLEMENTATION
To obtain the natural frequencies and 

analyze the Subsynchronous Resonance, 
the MATLAB program [17] was used to 
carry out the Modal Analysis. From the 
adopted turbogenerator parameters, the 
matrices [A], [K] and [M] are determined, 
and from the Eigenvalues of [A], the natural 
oscillation frequencies of the turbogenerator 
are obtained. If the system’s complementary 
frequency coincides with one of the five 
mechanical natural frequencies, the system 
will enter the RSS instability zone.

To adapt the case study in the PSCAD/

EMTDC environment [12], it is considered 
that the generator operates with an initial 
power of 0.9 pu and an inductive power 
factor of 90%. Three-phase faults (phase-
to-ground) with a reactance of 0.04 are 
applied pu and duration of 0.075 seconds. 
The series capacitor has a reactance of 0.371 
pu and the inductive reactance of the line is 
0.5 pu [10]. The values in pu are established 
depending on the magnitudes of the adopted 
turbogenerator. The fault is entered into the 
system in 1.5 seconds. The turbine-generator 
set described in the previous section 
connects to a series compensated 539kV 
line. This connection is made by a star-delta 
transformer (539kV/26kV). The synchronous 
machine has a phase voltage of 15.011kV and 
the simulation time is nine seconds. At the 
moment the fault occurs (1.5 seconds), the 
multi-mass block representing the mechanical 
part of the turbogenerator is associated with 
the synchronous machine, with constant 
synchronous speed. The machine field voltage 
is assumed constant. The mutual damping and 
damping specific to the multimass block were 
disregarded, aiming to observe the oscillatory 
phenomenon in natura. The analysis of the 
frequency value of the stationary quantities 
of the series capacitor is carried out via the 
Fast Fourier Transform FFT (Fast Fourier 
Transform) [18]. Figures 4 and 5 illustrate, 
respectively, the turbogenerator and the 
electrical network, with the respective 
appropriate parameterizations in the PSCAD/
EMTDC environment [12].
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Figure 4. Representation of the turbogenerator 
and the fault in a PSCAD/EMTDC 

environment [12].

Figure 5. Representation of the electrical 
network with series compensation in the 
PSCAD/EMTDC environment [12], with two 

points (A and B) for fault applications.

RESULTS
The results are presented through 

comparative analysis of the effect of the fault, 
applied at different points, on the electrical 
quantities of the system. The oscillatory 
frequency of the synchronous machine’s 
torque quantities, capacitor voltage, torque in 
the mass zones, among others, are observed.

In this study, the system parameters 
indicated in chapter III are inserted into the 
modeling presented in chapter II in order to 
obtain the oscillation modes of the turbine-
generator set and their respective natural 
frequencies of () ƒn . Such frequencies, obtained 
through the imaginary part of the eigenvalues 
of matrix A, are presented in Table III:

ƒn, 1 ƒn, 2 ƒn, 3 ƒn, 4 ƒn, 5
15,718 20.2121 25.5508 32.2929 47.4563

TABELA III. NATURAL TURBOTGERATOR 
OSCILLATION FREQUENCIES IN HERTZ

In order to obtain the RSS, via torsional 
interactions, the capacitor voltage frequency 
is adjusted to 40Hz. Thus, the system’s 
complementary frequency (60Hz – 40Hz) 
is sufficiently close to the natural oscillation 
frequency of the turbine-generator set 
presented in the second oscillation mode 
of Table III. For this condition, a fault is 
applied before and after the capacitor and the 
behavior of the electrical quantities in the set 
is evaluated.

FOUL APPLIED AT POINT B
For the fault application scenario after 

the series capacitor, a sharp increase in the 
machine torque was observed, as shown in 
Figure 6.

Figure 6. Electrical torque in the Synchronous 
Machine.

During the fault, there is a sharp increase in 
the voltages and currents of the series capacitor. 
However, even after the fault duration ended, 
overvoltages and overcurrents were observed. 
The voltage magnitude reaches values close 
to 2000 pu as illustrated in Figure 7. It was 
also found that the speed of the turbine-
generator set also increased too much due to 
disturbances during and after the fault.
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Figure 7. Voltage across the series capacitor.

The electrical torques between the 
adjacencies of the turbogenerator shaft 
suffer disturbances in their magnitudes 
during the application of the fault, in 1.5 
seconds. However, after extinguishing this, 
a completely inappropriate behavior of the 
turbogenerator is noticed, the main result of 
the system’s self-excitation. The adjacencies are 
treated in detail in Figures 8, 9, 10, 11 and 12, 
respectively. The existence of torque between 
the exciter and the generator is observed, in 
line with the distribution of torques in the 
turbogenerator during equilibrium, as shown 
in Figure 8. The torque between generator 
and exciter will be treated prominently, given 
the mass arrangement of these sections. 
There is an increase in torque between the 
entire turbogenerator shaft. The two largest 
torsional interactions occur between the two 
low pressure zones (37.96 pu peak torque) 
and the generator and exciter (32.86 pu peak). 
The entire axis remained stressed, even after 
the fault, a typical scenario for the occurrence 
of Subsynchronous Resonance.

Figure 8. Torque between the Generator and 
Exciter.

Figure 9. Torque between the High and 
Medium Pressure Zones.

Figure 10. Torque between the Medium and 
Low Pressure Zones A.

Figure 11. Torque between Low Pressure 
Zones.

Figure 12. Torque between Low Pressure Zone 
B and Generator.

To investigate the frequency of the 
predominant voltage in phase A of the series 
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capacitor, the FFT block was adjusted from 
the base frequency adopted at 10 Hertz to 
the synchronous frequency, that is, (10, 20, 
30, 40, 50 and 60Hz), as shown in Figure 13. 
It was possible to verify the predominance 
of the 40 Hertz frequency during and after 
the fault extinction, promoting the scenario 
of torsional oscillations. This scenario was 
repeated for the other phases of the capacitor.

Figure 13. FFT analysis of the series capacitor 
voltage in phase A.

To obtain the frequency of the torque signals 
from the turbine-generator set for the 6 mass 
zones, the torque peak periods (in seconds) 
of the five adjacencies of the turbogenerator 
shaft were analyzed. According to the inverse 
relationship between period and frequency 
(f=1/T), the frequency of 20 Hertz can be 
verified through Figure 14, which represents a 
period of the waveform illustrated in Figure 9. 
Expanding the analysis to the other Torsional 
Interactions along the turbogenerator axis, 
there was a predominance of the frequency 
of 20 Hertz, with the occurrence of Torsional 
Interactions.

Figure 14. Periods of subsequent peaks – High 
and Medium Pressure Zones.

FOUL APPLIED AT POINT A
Applying the fault before the series 

capacitor, a scenario similar to the case of 
the fault applied at point B is observed. 
The disturbances and accentuation of the 
magnitudes of the electrical torque of 
the synchronous machine, the speed of 
the turbogenerator and overvoltage and 
overcurrent in the series capacitor were 
perpetuated. Of the latter, the worsening 
of disturbances in the stationary capacitive 
voltage signal stands out, culminating in 
magnitudes greater than 2000 pu, with an 
increase of 34% in relation to the previous fault 
point. Figure 15 illustrates this phenomenon.

 : TENSÃO CAPACITOR SÉRIE

sec 0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0  ...
 ...
 ...

-4.0k

-3.0k

-2.0k

-1.0k

0.0 

1.0k

2.0k

3.0k

4.0k

 (p
u)

vcvolts

Figure 15. Voltage Signal in the Series 
Capacitor

Furthermore, in accordance with 
expectations, the torsional manifestations of 
the turbogenerator shaft showed behavior 
similar to the previous situation, with 
increased magnitudes. The torques between 
the LPB and generator sections and between 
IP and LPA are those that showed the highest 
percentage growth in relation to the fault in 
B, 74% and 34%, respectively. Figures 16 and 
17 illustrate the described scenario. Regarding 
frequency values, no changes were observed, 



10
Journal of Engineering Research ISSN 2764-1317 DOI 10.22533/at.ed.3173352319105

with 40 Hz being the frequency value of the 
series capacitor quantities and 20 Hz being the 
frequency value of torsional manifestations.

Figure 16. Torque between Low Pressure Zone 
B and Generator.

Figure 17. Torque between the Medium and 
Low Pressure Zones A.

COMPARATIVE ANALYSIS
According to the content exposed 

by the simulations, the phenomenon of 
Subsynchronous Resonance via Torsional 
Interactions was verified for the two fault 
points (A and B). The mechanical natural 
frequency of the turbogenerator of 20.21 Hz 
was sufficiently close to the frequency value of 
the shaft torques (20 Hz). To achieve this, the 
frequency value of the capacitor quantities was 
equal to the natural frequency of the electrical 
network of 40 Hz, resulting in a combined 
system frequency (synchronous frequency of 
60 Hz minus the 40 Hz of the capacitor). This 
complementary frequency was responsible 
for inducing subsynchronous torques on the 
shaft at a frequency of 20 Hz. As the voltage 
stored for the fault before the series capacitor 
was higher, greater torsional interactions were 
witnessed. For the fault at point A, the largest 

torsional interactions occur, in descending 
order: between the low pressure zones, 
between generator-exciter, medium and low 
pressure A, high and medium pressure, low 
pressure zone B and generator. For the fault in 
B, the order was equivalent. The comparison 
between the magnitudes and parameters of 
the electromechanical system by fault location 
is illustrated in Table IV, considering the 
magnitude of the torques and the capacitor 
magnitudes in pu and the turbogenerator 
speed in rad /sec.

POI-
NT

HP-
IP

IP-
LPA

LPA-
LPB

LPB-
GER

GER-
EX ωc Vc Ic

A 14.7 29.5 48.8 11.4 41.0 456.6 2573 11
B 11 21 37 6.57 32.8 441 1920 8

A/B 
[%] 27 36 29 74 25 4 34 38

TABELA IV. COMPARISON BETWEEN 
MISSING POINTS

CONCLUSION
Subsynchronous Resonance is assessed 

by locating different points for imposing 
faults in the system. It must be noted that 
the applications of faults at the two different 
points indicated were considered specifying 
the same degree of compensation previously 
adopted. The modal analysis indicated the 
natural frequencies of oscillations relative 
to the system that were indicated in Table 
III, and these values were confirmed in the 
simulation results of the equivalent model in 
the PSCAD/EMTDC program [12]. When the 
fault is located before series compensation, the 
capacitor stores even more voltage, resulting in 
an accentuated discharge of subsynchronous 
currents in the turbogenerator, compared to 
the fault after the capacitor. This scenario, 
in addition to culminating in Torsional 
Interactions, proportional to the voltage 
stored by the capacitor, stimulates the 
induction of transient torques, resulting in 
Torque Amplification.
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