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ABSTRACT: In this work, we study the 
stability and regularity of the system formed 
by the third-order vibration equation in 
Moore-Gilson-Thompson time coupled with 
the classical heat equation with Fourier’s 
law. We consider fractional couplings. He 
then fractional coupling is given by: nAøθ, 
anAøθutt and nAøθut where the operator Aø is 
self-adjoint and strictly positive in a complex 
Hilbert space H and the parameter φ can 
vary between 0 and 1. When φ = 1 we have 
the MGT-Fourier physical model, previously 
investigated, see; 2013[1] and 2022[9], 
in these works, the authors respectively 
showed that the semigroup S(t) = etB 

associated with the MGT-Fourier model 
are exponentially stable and analytical. The 
model abstract of this research is given by: 
(3)–(5), we show directly that the semigroup 
S(t) is exponentially stable for φ ∈ [0, 1], we 
also show that for φ = 1, S(t) is analytic and 
study of the Gevrey classes of S(t). We show 
that for φ ∈ ( , 1) there are two families of 
Gevrey classes: s1 > 2 when φ ∈ (1/2, 2/3] 
and s2 >  when φ ∈ [2/3, 1), in the last part 
of our investigation using spectral analysis 
we tackled the study of the nonanalyticity 
and lack of Gevrey classes of S(t) when φ 
∈ [0, 1/2]. For the study of the existence, 
stability, and regularity, semigroup theory 
is used together with the techniques of the 
frequency domain, multipliers, and spectral 
analysis of a system, using the property of 
the fractional operator Aø for φ ∈ [0, 1].
KEYWORDS: Asymptotic behavior, 
Stability, Regularity, Gevrey Class, 
Analyticity, MGT-Fourier System.

1 | 	INTRODUCTION 
Various researchers year after 

year have been devoting their attention 
to the study of asymptotic behavior; the 
model Moore-Gilson-Thompson equation 
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appearing in the context of acoustic wave propagation in viscous thermally relaxing fluids, 
in [14], they studied the model abstract:

where A be a self-adjoint positive operator on H with a dense domain D(A) ⊂ H, 
show exponential stability requires γ ≡ α − 

2
 > 0. In the complementary region of the 

parameters, the system is unstable (γ < 0) or marginally stable ( γ = 0). Quite interestingly, it 
can be used as a model for the vibrations in a standard linear viscoelastic solid, for it can be 
obtained by differentiating in time the equation of viscoelasticity with an exponential kernel 
(see [8] for more details). 

In [19], studies the decay of the energy of the Moore-Gibson-Thompson (MGT) 
equation with a viscoelastic term, this work is a generalization of the previous one (Part I) 
see [20], in the sense that it allows the kernel memory to be more general and shows that 
power decays the same way kernel memory does, exponentially or not. The model is given 
by

where A is a positive seft-adjoint operator defined in a real Hilbert space H. The 
convolution term  reflects the memory effect of viscoelastic materials; the 
“memory kernel” g(t): [0,∞) → [0,∞) directly relates to whether or how the energy decays. 
Without this memory term, it is known the MGT equation has exponential energy decay in 
the non-critical regime, where  see [14].

One of the first investigations of the coupled MGT-Fourier model, was published in 
2013, see Alves et al. [1] studied the exponential decay of the MGT-Fourier physical model 
given by

where x ∈ Ω, t ∈ (0,∞). The function u = u(x, t) represents the vibration of flexible 
structures, and θ = θ(x, t) is the difference of temperature between the actual state and a 
reference temperature. The constants α and β are positive, η is the coupling constant. Ω is 
a bounded open connected set in Rn(n ≥ 1) having a smooth boundary Γ = ∂Ω. The initial 
conditions are given by (5) and the boundary conditions: u = 0, ut = 0, θ = 0, on ∂Ω = Γ.

In more recent research from 2022 [9] they studied the model abstract MGT- Fourier 
system:
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in the subcritical regime β > , where the operator A is strictly positive selfadjoint. For 
any fixed ρ ∈ [1, 2] the authors showed that the solution associated to the semigroup S(t) 
is analytically and exponentially stable as well. Also in 2022 M. Conti et al [5], studied the 
model:

His research is focused on analyzing the energy transfer between the two equations, 
mainly when the first one is in the supercritical regime and exhibits an antidissipative 
character. The leading actor becomes the coupling constant η, governing the competition 
between Fourier damping and MGT antidamping. In fact, they showed that a large enough 
η is always capable of stabilizing the system exponentially fast. One of the characteristics 
of this model is the presence of the bilaplacian in the first equation. With respect to the 
analogous model with the Laplacian, this forced to adjust the mathematical techniques. On 
the one hand, the energy estimation method does not seem to be applied directly, on the 
other hand, there is a gain in regularity that allows us to rely on analytical techniques for 
the properties of the semigroup associated with the model. In light of the above discussion, 
the natural question to be addressed is how the dissipation produced by the heat equation 
influences the asymptotic dynamics of the system. In the subcritical case, both equations 
in (2) are dissipative (actually exponentially stable) and good stabilization properties are 
expected. This idea was confirmed in [9], where it is shown that if μ = γ − αβ < 0 then the 
semigroup associated to (2) is exponentially stable and also analytic. This means that the 
coupling allows not only a dissipation transfer between the equations, but also a regularity 
transfer. This research deals with the behavior of the system in the critical and supercritical 
regimes, that is, when μ ≥ 0. In these cases, the system (2) consists of a conservative 
system (if μ = 0) or antidissipative (if μ > 0). More recent research in this direction can be 
found at [4, 3, 11, 23].

In the last decade, the number of investigations focused on the regularity of the 
semigroups S(t) associated with coupled systems has increased considerably. The interest is 
centered on Differentiability, Gevrey class, and/or Analyticity, among the model’s considered 
systems with fractional couplings, different types of dissipation (internal, localized), and 
fractional dissipations. One of the motivations for this new research is that the analytic 
semigroups associated with linear systems imply that this type of semigroup admits Gevrey 
classes, which in turn implies the semigroup’s differentiability. And depending on the 
regularity, the semigroup will have the best asymptotic behavior (Exponential Decay). More 
recent research in this direction can be found at [2, 6, 7, 13, 16, 17, 18, 24, 25, 26, 28, 29].

The paper is organized as follows. In section 2, we study the well-posedness of the 
system (3)-(5) through semigroup theory. We leave our main contributions for the last two 
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sections; in the third we dedicate to stability, and in the fourth, to regularity. in the section (3) 
we showed that the semigroup S(t) =  is exponentially stable as φ ∈ [0, 1]. In the last section 
(4) of the regularity, we studied the analyticity when φ = 1, determine two family of Gevrey 
classes: s1 > 2 when φ ∈ ( ) and s2 >  when φ ∈ [ , 1). And when the parameter φ 
assumes values in the interval [0, ] it shows that S(t) does not admit Gevrey classes and 
is not analytic. We prioritize direct proofs using semigroup-theory characterization together 
with frequency domain methods, multiplier, and spectral analysis of the fractional operator 
Aφ for φ ∈ [0, 1].

2 | 	WELL-POSEDNESS OF THE SYSTEM
In this section, we will use the semigroup theory to assure the existence and 

uniqueness of strong solutions for the system (3)–(5) where the operator A is defined to 
follow, let A: D(A) ⊂ H → H be a strictly positive selfadjoint operator with compact inverse on 
a complex Hilbert space H, with a continuous embedded domain D(A),→ H. Consider the 
abstract linear system:

The initial conditions are given by
u(x, 0) = u0(x), ut(x, 0) = u1(x), utt(x, 0) = u2(x), θ(x, 0) = θ0(x), in Ω. (5)
Remark 1 It is known that this operator A is strictly positive, selfadjoint, has a compact 

inverse, and has compact resolvent. And the operator Aτ is self-adjoint positive for all τ ∈ R, 
bounded for τ ≤ 0, and the embedding

is continuous for τ1 > τ2. Here, the norm in D(Aτ) is given by ||u||D(Aτ):= ||Aτu||, u ∈ 
D(Aτ), where ⟨·, ·⟨ and || · || denotes the inner product and norm in the complex Hilbert space 
H = D(A0). Some of the most used spaces at work are D(A ) and (A- ).

Taking v = αut + u, the system (3)-(4) can be rewritten as

This system (6)-(7), for φ = 1 is the model of a system of the coupled viscoelastic 
equation coupled with the heat equation given by Fourier’s law. Taking the duality product 
between equation(6) and vt, and (7) with θ, taking advantage of the self-adjointness of the 
powers of the operator A and using the identity v = αut + u, Let β − α > 0, for every solution 
of the system (3)-(5) the total energy E: R+ → R+ is given in the t by
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and satisfies

Taking ut = v and vt = w, the initial boundary value problem (3)-(5) can be reduced to 
the following abstract initial value problem for a first-order evolution equation

where U(t) = (u, v, w, θ , U0 = (u0, u1, u2, θ0 and the operator B: D(B) ⊂ H →

for U = (u, v, w, θ for U = (u, v, w, θ)T. This operator will be defined in a suitable 
subspace of the phase space

it is a Hilbert space with the inner product

for Ui = (ui, vi, wi, θi) ∈ H, i = 1, 2 and induced norm

In these conditions, we define the domain of B as

To show that the operator B is the generator of a C0-semigroup, we invoke a result 
from Liu-Zheng’ [22].

Theorem 2 (see Theorem 1.2.4 in [22]) Let B be a linear operator with domain D(B) 
dense in a Hilbert space H. If B is dissipative and 0 ∈ ρ(B), the resolvent set of B, then B is 
the generator of a C0-semigroup of contractions on H.

Proof: Let us see that the operator B given in (11) satisfies the conditions of this 
theorem(2). Clearly, we see that D(B) is dense in H. Taking the inner product of BU with U, 
we have
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and since β > α, the operator B is dissipative.
To complete the conditions of the above theorem, it remains to show that 0 ∈ ρ(B). 

Therefore we must show that (0I − B)-1 exists and is bounded in H. We will first prove that 
(0I − Bexists, then it must be proved that B is bijective. Here we are going to affirm that B is 
surjective, then for all F = (f1, f2, f3, f4)T ∈ H the stationary problem BU = F has a solution for U 
= (u, v, w, θ)T  ∈ D(B). From definition of the operator B in (11), this system can be written as:

v = f1, w = f2 and

From these equations, this problem can be placed in a variational formulation: v, 
w ∈ [D( )]2 and we write the last two equations (15)-(16) in a variational form, using the 
sesquilinear form b :

Where 

and the sesquilinear form b is given by

as D(A),→ D(A ), → D(A0), → D(A - ) ,→ D(A-1), this sesquilinear form is coercive 
in the space [D(A )]2. As g1, g2 ∈ [D(A- )]2 from Lax-Milgram’s Lemma the variational form 
has unique solution (u, θ) ∈ [D(A ) × D(A ) )] and it satisfies (15)-(16), such that (17) is 
verify for (ψ1, ψ2) ∈ [D(A )]2. From (18) and for all (ψ1, ψ2) ∈ [D(A )]2, we have

choosing ψ2 = 0 ∈ D(A ) from (19) and ∀ψ1 ∈ D(A ), we have

then

On the other hand, choosing ψ1 = 0 ∈ D(A ) from (20) and ∀ψ2 ∈ D(A ), we have

, then
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(20) and (21) are solutions in the weak sense. From F = (f1, f2, f3, f4)T ∈ H and 0 ≤ φ 
≤ 1 implies that -  ≤  ≤ , we have D(A ),→ D(A ),→ D(A- ) ,→ D(A ,→ D(A )), 
from (20), we have

Now from 0 ≤ φ ≤ 1 implies that 2 ≥ 2 − φ ≥ 1 ≥  ≤  we have D(A ),→ D(A ) 
→ D(A),→ D(A0),→ D(Aφ-1),→ D(A-1), from (21), we have

Then  and 
The injectivity of B follows from the uniqueness given by the Lemma of Lax-Milgram’s. 

It remains to show that  is a bounded operator. From v = f1, w = f1, equations (22) and (23) 
and (12), we get

Using norm ||F||H and applying inequalities Cauchy-Schwarz, Young and applying 
continuous embedding D(Aτ2),→ D(Aτ1), τ2 > τ1, after making various estimates, we obtain

Therefore B-1 is bounded. So we come to the end of the proof of this theorem.
As a consequence of the previous Theorem 2, we obtain

Theorem 3 Given U0 ∈ H there exists a unique weak solution U to the problem (10) 
satisfying

Futhermore, if U0 ∈ D(Bk), k ∈ N, then the solution U of (10) satisfies
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Theorem 4 (Lions’ Interpolation) Let α < β < γ. The there exists a constant L = L(α, 
β, γ) such that

for every u ∈ D(Ay).
Proof: See Theorem 5.34 [10].

3 | 	STABILITY

3.1	 Exponential decay of the semigroup S(t) = etB

In this section, we will study the asymptotic behavior of the semigroup of the 
system (3)-(5). We will use the following spectral characterization of exponential stability of 
semigroups due to Gearhart[12](Theorem 1.3.2 book of Liu-Zheng [22]).

Theorem 5 (see [22]) Let S(t) = etB be a C0-semigroup of contractions on a Hilbert 
space H. Then S(t) is exponentially stable if and only if

and

holds.

Remark 6 Note that to show the condition (27) it is enough to show that: Let δ > 
0. There exists a constant Cδ > 0 such that the solutions of the system (3)-(5) for |λ| > δ, 
satisfy the inequality

In view this theorem(5), we will try to obtain some estimates for the solution U = (u, v, 
w, θ of the system (iλI −B)U = F, where λ ∈ R and F = (f1, f2, f3, f4)T ∈ H. This system, written 
in components, reads

From (14), we have the first estimate
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Therefore

Next, we show some lemmas that will lead us to the proof of the main theorem of 
this section.

Lemma 7 Let δ > 0. There exists Cδ > 0 such that the solutions of the system (3)-(5) 
for |λ| > δ, satisfy

Proof:(i): Taking the duality product between equation(29) and Au, taking advantage 
of the self-adjointness of the powers of the operator A, we obtain

Applying Cauchy-Schwarz and Young inequalities and norms ||F||H and ||U||H, for ε 
> 0, exists Cε > 0 such that

Therefore for |λ| > 1, we have  and using (33) finish 
proof of item (i) this lemma.

Proof:(ii) On the other hand, multiplying by λ the equation (37) and applying Cauchy-
Schwarz and Young inequalities, for ε > 0, exists Cε > 0 such that

from (33) finish proof of item (ii) this lemma.

Proof:(iii) Using identity  , we have

Applying Cauchy-Schwarz and item (ii) this lema, finish proof this item.

Theorem 8 The semigroup S(t) = etB is exponentially stable when the parameter φ 
assumes values in the interval [0, 1].
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Proof: Let’s first check the condition (28), we will start by proving in the following 
lemma the estimate of the term  and ||v + αw||²of ||U||²:

Lemma 9 Let δ > 0. There exists Cδ > 0 such that the solutions of the system (3)-(5) 
for |λ| > δ, satisfy

Proof: As  and for |λ| > 1 from item (i) of 
Lemma 7 and estimate (33), we finish the proof of this lemma.

Lemma 10 Let δ > 0. There exists Cδ > 0 such that the solutions of the system (3)-
(5) for |λ| > δ, satisfy

Proof: Taking the duality product between equation (30) and w and using (31), taking 
advantage of the self-adjointness of the powers of the operator A, we obtain

For ε > 0, exists Cε > 0 such that 1 α|⟨v, w⟩| ≤ Cε||v|| + ε||w||². Applying estimates 
(33) and (49) of Lemma 14 for |λ| > 1, we finish to proof this is lemma.

Finally the following lemma estimates the term ||v + αw||2 of ||U||²
Lemma 11 Let δ > 0. There exists Cδ > 0 such that the solutions of the system (3)-

(5) for |λ| > δ, satisfy

Proof: As ||v + αw||²≤ C(||v||²+ α²||w||²)²and as 0 ≤  applying continuous embedding, 
estimative (33) and Lemma 10, we finish to proof this is lemma.

Finally, using the Lemmas 9–11 and estimates (33), we get

Therefore the condition (27) for φ ∈ [0, 1] of Theorem 5 is verified. Next, we show 
the condition (26) of Theorem 5.

Lemma 12 Let ρ(B) be the resolvent set of operator B. Then

Proof: Since B is a closed operator and D(B) has compact embedding into the energy 
space H, the spectrum σ(B) contains only eigenvalues. Let us prove that iR ⊂ ρ(B) by using 
an argument by contradiction, so we suppose that iR ̸⊂ ρ(B). As 0 ∈ ρ(B) and ρ(B) is open, 
we consider the highest positive number λ0 such that the ] − iλ0, iλ0[⊂ ρ(B) then iλ0 or −iλ0 
is an element of the spectrum σ(B). We Suppose iλ0 ∈ σ(B) (if −iλ0 ∈ σ(B) the proceeding is 
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similar). Then, for 0 < δ < λ0 there exist a sequence of real numbers (λn), with δ ≤ λn < λ0, 
λn → λ0, and a vector sequence Un = (un, vn, wn, θn) ∈ D(B) with unitary norms, such that

||(iλnI − B)Un||H = ||Fn||H → 0,
as n → ∞. From estimative (44), we have

Therefore, we have ||Un||H → 0 but this is absurd, since ||Un||H = 1 for all n ∈ N. 
Thus, iR ⊂ ρ(B). This completes the proof of this lemma.

Therefore the semigroup S(t) = etB is exponentially stable for φ ∈ [0, 1], thus we finish 
the proof of this Theorem 8.

4 | 	REGULARITY

4.1	 Study of Analyticity of the semigroup S(t) = etB

In this subsection, we will show that the semigroup S(t), is analytic for the parameter 
φ = 1. The following theorem characterizes the analyticity of the semigroups S(t).

Theorem 13 (see [22]) Let S(t) = etB be C0-semigroup of contractions on a Hilbert 
space H. Suppose that

Then S(t) is analytic if and only if

holds.
Before proving the main theorem of this subsection, we will prove some lemmas that 

will be used for analyticity for φ = 1 and the determination of Gevrey classes para φ ∈ ( , 1).
Lemma 14 Let δ > 0. There exists Cδ > 0 such that the solutions of the system (3)-

(5) for |λ| > δ, satisfy

Proof: (i) Taking the duality product between equation (30) and Aø v, we obtain

Applying Cauchy-Schwarz and Young inequalities and estimative (51) of Lemma 15, 
we finish the proof of item (i) of this lemma.

Proof: (ii) Applying the operator  in the equation (30) and then using Young
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Using item (i) of the Lemma 15, we finish the proof this item.
Lemma 15 Let δ > 0. There exists Cδ > 0 such that the solutions of the system (3)-

(5) for |λ| > δ, satisfy

Proof: (i): Performing the duality product between equation (32) and Aø -1w, taking 
advantage of the self-adjointness of the powers of the operator A, we obtain

Applying Young inequalities and from  and φ − 1 ≤ 0, using continuous 
embedding, for ε > 0, exists Cε > 0 such that

For |λ| > 1, we have ||A u||²≤ |λ|||A u||², from Lemma 7, estimative (33), using norms 
||F||H and ||U||H finish proof of item (i) this lemma.

Proof (ii): On the other hand, performing the duality product between equation (31) 
and λw, taking advantage of the self-adjointness of the powers of the operator A, we obtain

then, taking imaginary part, for ε > 0 exists Cε > 0, such that

Therefore, as 0 ≤ φ ≤ , of item (ii) Lemma 7, item (i) this lemma 
and estimative (33), finish proof this item.
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Proof (iii): Multiplying by Aø -1w the equation (31) and by ηA2ø-2w the equation (32) 
and adding the results, we have

Taking imaginary part, we have 

Of (58), as for 0 ≤ φ ≤ 1 we have  using continuous 
embedding and aplying Cauchy-Schwarz and Young inequalities for ε > 0 exists Cε > 0, 
such that

Finally, as 2φ − 2 ≤  using continuous embedding and item (i) Lemma 7 and item 
(i) of Lemma 14, finish proof this item.

Proof (iv): Just observe that for . Then

Lemma 16 Let δ > 0. There exists Cδ > 0 such that the solutions of the system (3)-
(5) for |λ| > δ, satisfy

Proof: (i): Performing the duality product between equation (32) and λ θ, taking 
advantage of the self-adjointness of the powers of the operator A, we obtain

Taking the real part of (62) and simplifying, we get
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As  And for |λ| > 1 and 0 ≤ φ ≤ 1 
we have, φ − 1 ≤ 0 and φ −  applying continuous embedding D(AT2) ,→ D(AT1), τ2 > τ1, 
estimative (33) and applying Cauchy-Schwarz, we finish the proof of item (i) of this lemma.

Proof of (ii): Multiplying by λ the equation (63), we have

For ε > 0, exists Cε > 0, such that

on the other hand, from equation (30), we have iλv = w +f2 and using Lemma 15, we 
have

besides,

using equation (30), we have

and

or for 0 ≤ φ ≤  of item (ii) Lemma 15

And besides, for 0 ≤ φ ≤ 1

Therefore, from the estimates (65)–(69) together with the estimates (71) and (72) we 
conclude the proof of the item (ii) of this lemma.
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Proof. (iii): Performing the duality product between equation (32) and λA2ø-3θ, taking 
advantage of the self-adjointness of the powers of the operator A and using (30), we obtain

As for 0 ≤ φ ≤ 1 we have 3θ − 3 ≤ 0 < , taking imaginary 
part in (73) and using continuous immersions, for ε > 0 exists Cε > 0 such that

Finally using estimative (33) and Lemma 7, we finish the proof of the item (iv) of this 
Lemma.

Lemma 17 Let δ > 0. There exists Cδ > 0 such that the solutions of the system (3)-
(5) for |λ| > δ, satisfy

Proof: (i): Multiplying by ɲAø-1w equation (31) and by ηw the equation (32) and 
adding the results, we have

On the other hand. Carrying out the following duality products: first between equation 
(32) and  u, taking advantage of the self-adjunction of the powers of operator A, we 
have
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Adding the equations (77), (78), (79) and (80), we get

From the identities: ∀z ∈ C, it is verified Im{z + z} = 0 and Im{i(z − z)} = 0, taking the 
imaginary part in (81), we get

For , from (54) of Lemma 15, we have

Besides, using (32) and considering , from estimative (52) Lemma 15, 
estimative (60) Lemma 16 and estimative (49) Lemma 14, we have

on the other hand, using (31), we have
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Considering , applying Cauchy-
Schwarz and Young inequalities, continuous immersion and estimates (33), (34) of Lemma 
7, (50) of Lemma 14, (59) and (61) of Lemma 16, for ε > 0 exists Cε > 0 such that

And, from , then

Applying Cauchy-Schwarz and Young inequalities in (82) and using estimates (84)–
(86), for ε > 0 exists Cε > 0, such that

For − φ ≤ 0,1 − φ ≤ , 
using continuous immersion, finish proof this item.

Proof. (ii): Performing the duality product between a²βAv and w e using equation 
(30) and advantage of the self-adjointness of the powers of the operator A, we obtain

On the other hand, multiplying by w equation (31) and by ηAø-1w the equation (32) 
and adding the results, we have

Taking imaginary part in (88) and using (87), we have
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Then

Therefore, of (90), as for , φ − 1 ≤ 0 and φ − 1 
< , applying continuous immersion, Cauchy-Schwarz and Young inequalities, for ε > 0 
exists Cε > 0, finish proof this item.

Theorem 18 The semigroup S(t) = etB is analytic for φ = 1.
Proof: From Lemma(12), (47) is verified. Therefore, it remains to prove (48), for that 

it is enough to show that, let δ > 0. There exists a constant Cδ > 0 such that the solutions of 
the system (3)-(5) for |λ| > δ, satisfy the inequality

Finally, considering φ = 1 and using item (i) the Lemmas 7, 14 and 16, Lemma 17 
and item (iii) estimative (75) of Lemma 17, finish the proof of this theorem.

4.2	 Gevrey Class
Before exposing our results, it is useful to recall the next definition and result pre- 

sented in [15] (adapted from [27], Theorem 4, p. 153]).
Definition 19 Let t0 ≥ 0 be a real number. A strongly continuous semigroup S(t), 

defined on a Banach space H, is of Gevrey class s > 1 for t > t0, if S(t) is infinitely differentiable 
for t > t0, and for every compact set K ⊂ (t0,∞) and each μ > 0, there exists a constant C = 
C(μ, K) > 0 such that

Theorem 20 ([27]) Let S(t) be a strongly continuous and bounded semigroup on a 
Hilbert space H. Suppose that the infinitesimal generator B of the semigroup S(t) satisfies 
the following estimate, for some 0 < Ψ < 1:
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Then S(t) is of Gevrey class s for t > 0, for every s > .
Our main result in this subsection is as follows:
Theorem 21 Let S(t) = etB strongly continuos-semigroups of contractions on the 

Hilbert space H, the semigroups S(t) is of Gevrey class si i = 1, 2, for every s1 >  
for φ ∈ ( , ) and s2 >  for φ ∈ [ , 1), such that we have the resolvent estimative:

Proof: (i): Note that the estimate

implies the inequality (94). Therefore from now on we will show (96), for this purpose 
let us estimate the term |λ| ||U||²H: Using estimative (75) Lemma 15 and (59) of Lemma 16 
in (76), we have

Using estimates (34), (75), (59) and (97), for ε > 0 exists Cε > 0, such that

Hence, in particular for φ ∈ ( , ), we arrive at

Proof: (ii): We assume λ ∈ R with |λ| ≥ 1, we shall borrow some ideas from [21]. Let 
us decompose w as w = w1 + w2, such that

and

Firstly, applying the product duality the first equation in (99)1 by w1, then by Aw1, 
we have

As for  ≤ φ ≤ 1 we have: 0 ≤  ≤  and from A w2 = A  w − A  w1, using 
estimative (100) and estimative (51) Lemma 15, we have
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as for  ≤ φ ≤ 1, we have −1 ≤ , then

Now applying the operator A -  in the second equation of (99) and using Lemmas (7) 
and (15), estimates (33) and (100) and as −1 ≤ , we have

Therefore

By interpolations inequality Theorem 4, since −  < 0 ≤ , using estimates (101) 
and (102), we derive

On the other hand, as ||w||² ≤ C{||w1||² + ||w2||²} and as for  ≤ φ ≤ 1 we have −2 ≤  
, using estimates (100) and (103), we get

equivalently

Now applying the estimate (104) in estimative (76) of Lemma 17 for  ≤ φ ≤ 1, we get

for other hand, using (34) and (59), Lemmas 7, 16 respectively, we get
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On the other hand, from estimative (35) of Lemma 7 and

it is equivalent to

then from (106), (107) and

we get

Besides, from (59) of Lemma 16

Equivalent to

From

Finally, adding the estimates (106), (107), (108) and considering estimative (104), 
we get

Therefore, finish the proof of inequality (96).
We finish the proof of this theorem.

4.3	 Lack Gevrey Class and Analiticity
Theorem 22 The semigroup S(t) = etB does not support Gevrey classes and is not 

analytic when φ ∈ [0, ]
Proof: Since the operator A is strictly positive, selfadjoint and it has compact 

resolvent, its spectrum is constituted by positive eigenvalues (σn) such that σn → ∞ as 
n → ∞. For n ∈ N we denote with en an unitary D(A°)-norm eigenvector associated to the 
eigenvalue σn, that is,
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Considering the eigenvalues and eigenvectors of the operator A as in (111). Let Fn 
= (0, 0, , 0) ∈ H. The solution Un = (un, un, wn, θn) of the system (iλnI−B)Un= Fn satisfies 

 for ψ ∈ R and the following equations

Equivalently,

Let us see whether this system admits solutions of the form

for some complex numbers µn and vn. Then, the numbers µn, vn should satisfy the 
algebraic system

At this point, we introduce the numbers

Then

Using identities of (114) and (115) in system (112)-(113), we obtain

Then
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Therefore:
For φ ∈ [0, ] and β − α > 0, we have

Besides:

Then

From the definition of ||U||H and estimative (121), for K > 0 we have

and

Remark 23 I) If there is a Gevrey class for S(t) when φ ∈ [0, ], there must exist a Ψ 
∈ (0, 1) such that the identity

is verified. But, multiplying both sides of the inequality (122) by |λn|Ψ for 0 < Ψ < 1, 
we have

then, |λn|Ψ||Un||H→ ∞ approaches infinity as |λn| → ∞. Therefore for φ in [0, ] the 
(124) condition fails. Consequently the semigroup S(t) does not admit a Gevrey class for φ 
∈ [0, ].
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II) From inequality (123), ||Un||H → ∞ approaches infinity as |λn| → ∞. There- fore 
for φ in [0, ], S(t) does not satisfy the condition (48) of Theorem 13, so S(t) is not analytic 
when φ ∈ [0, ].
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