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ABSTRACT: The article presents the study
of the regularity of two thermoelastic beam
systems defined by the Timoshenko beam
model coupled with the heat conduction
of Green-Naghdiy theory of type lll, both
mathematical models are differentiated
by their coupling terms that arise as a
consequence of the constitutive laws initially
considered. The systems presented in this
work have 3 fractional dampings: #,(-2)" ¢,
M(—=D)°y, and K(-L)*6, where ¢, ¢ and 8
are transverse displacement, rotation angle
and empirical temperature of the bean
respectively and the parameters (1, g, §) €
[0, 1]3. It is noted that for values 0 and 1 of
the parameter 7, the so-called frictional or
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viscous damping will be faced, respectively.
The main contribution of this article is to
show that the corresponding semigroup

S(f) = e, with i = 1, 2, is of Gevrey class
s > m with (1, o, §) €
R.;= (0, 1. It is also showed that S,(1) =
et is analytic in the region R, :={(t, o, )
el % 118} and S,(f) = €2 is analytic in the
region R, :={(t, 0, §) €[3, 1P /1= &},

KEYWORDS: Gevrey class, Analyticity,

Fractional damping, Semigroup theory.

11 INTRODUCTION

In this article, it is investigated the
regularity of the semigroup associated with
the thermoelastic beam system where the
transversal vibrations are given by Timo-
shenko’s model (See Timoshenko [24])
and the balance of the energy is described
by the Green-Naghdi theory, known as
thermo- elasticity of type 1ll(See Green
and Naghdi [7]). The equation of motion
and energy balance for this thermoelastic
Timoshenko system is given by

pAdy — 8, =0 = 0,
pltyy — M, +5 = 0,

z € (0,L), t e RY,
ze(0,L), te R,
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Pty + e+ = 0, xz€(0,L), teR",

The constant p denotes the density, the cross-sectional area, and /the area moment
of inertia. By S one denotes the shear force, Mis the bending moment and g is the heat flux.
The function ¢ is the transverse displacement, ¢ is the rotation angle of a filament of the
beam and uis the temperature difference. Here, tis the time variable and xis the coordinate
space along the beam.

In this investigation, two systems that differ only in their coupling terms are analyzed,
which are obtained by starting from similar constitutive laws.

The first best-known mathematical model in the literature, and studied for example in
[5], [14] and [15], starts from the following constitutive laws:

S =kAG(¢, + ), M = El, + Bu and q = —dov, — Kay, (1)

where a is the so-called thermal displacement whose time derivative is the empirical
temperature u, i.e., a,= u, Eand G are elastic constants, kthe shear coefficient for measuring
the stiffness of materials (k < 1), d and K denote the thermal conductivity, B the coefficient of
linear thermal expansion and y a coupling constant.

To simplify the notation let us denote by p, =pA, p, =pl, K=kAGand b= El. Under
these conditions, the system can be written as

p1de — K(dr + L"‘);y,- = 0, ze(0, L) teRT, (2)
Pt — bye + K(de +0) + Pur = 0, ze(0,L), teR", (3)
pates — OUee + YPite — Ktige = 0, xz€(0,L), teRT, (4)

In order to exhibit the dissipative natural of system (2)—(4), it is convenient to
introduce a new variable (see [25]):

ot x) = /“ u(s, x)ds + %\(:) (5)

where x € H,(0, L) solves the following Cauchy problem

Xzz = p3t1 — Ktgge +901  in (0, L), (ﬁ)
x(z) =0, x =0,L.

Then, considering 3 fractional damping x,(-8)" ¢, #/,(-8)°y, and K(-A)?6,and using (5)
and (6) the starting system (2)—(4) is transformed to

piow — k(G + V) + (=AY 6 = 0, z€(0,L), teRT, (1)
pathy — DAY + K¢y + ) + B0, + pa(—=A)7Y, = 0, ze(0,L), teRT, (8)
paly — OAD + 0 + K(=A)0, = 0, xe€(0.L), teRT, (9

where the parameters T, 0 and § take values in the range [0, 1] and u, u, are positive
real constants.

The second mathematical model addressed in this research that was proposed in
2017 by Santos et al. [17], which consists of adjusting the couplings of the first system

Ciéncias exatas e da terra: teorias e principios 2 Capitulo 1



couplings to satisfy type Ill heat conduction that acts mainly on the shear force, and as a
result, the transverse shear force S = k(¢, + ¢) is obtained from the transverse distribution
of shear stresses acting on each cross-section of the beam. For this purpose, it is necessary
to start with the used constitutive laws

S = k(¢ + 1) — pu, M = by, and qg=—0a, — Kagy,, (10)

where a is the so-called thermal displacement, the time derivative of which is the
empirical tem- perature u, i.e., a, = u. From these constitutive laws, by making appropriate
changes, one arrives at the system to follow (for more details see [17]):

p10u — K(Pr +0)e + p0p + 11 (=A)7¢, = 0, x€(0,L), teRT, (11)
pothre — DAY + K(dy +U) — pby + pa (=AY, = 0, x€(0,L), t € RT, (12)
,'];;9“ — 0AH + ,LI(O:, + L')t + 1.(—A)“(6‘t = 0, S (O L) te R+. (13)

To make the calculations in the results of the test more practical, the two systems are
abstractly rewritten by using the operator: A: D(A) c L?(0, L) — L?(0, L), where

A=—-A=—()p, D(A)=H*0,L)N HL0,L). (14)

It is known that the operator given in (14) is self-adjoint, positive, and has inverse
compact on a complex Hilbert space D(A% = L2(0, L). Therefore, the operator A’ is self-
adjoint positive for all v € R, bounded by v <0, and the embedding

D(A") — D(A™),

is continuous for v, > v,. Here, the norm in D(A") is given by [l ul| ;. = [|Au]|, u
€ D(AY), where ||.|| denotes the norm in the Hilbert space L2(0, L) = D(A°). Some of these
spaces are: D(A'?) = H}(0, L), D(A°) = L3(0, L) and D(A"'?) = H(0, L).

Studying the regularity (Gevrey class and/or Analyticity) of systems is relevant to
science. In applied sciences, obtaining information about the solutions of the mathematical
model under study such as regularity (smoothness) has the same importance as knowing
the asymptotic behavior of the model’s solution. From a mathematical point of view, when
one talks about the regularity of solutions, concepts like differentiable, Gevrey class, and
analyticity come to mind. It is already known that semigroups S(f) = €® of the Gevrey class
have better regular properties than a differentiable semigroup, but are less regular than an
analytic semigroup. The Gevrey rate s >1 ’'measures’ the degree of divergence of its power
series. It should be noted that the Gevrey class or analyticity of the model in particular implies
three very important properties: The first one is the property of the smoothing effect on initial
data, i. e., no matter how irregular the initial data is, the solutions of the models become very
smooth in positive finite-time. The second property is that systems are exponentially stable.
Finally, these systems benefit from the property of linear stability, which means that the type
of the semigroup is equal to the spectral limit of its infinitesimal operator.

During the last decades, various authors have studied some physical phenomena
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for the Tim- oshenko beam system formulated in different mathematical models. Most of
them focused on studying the asymptotic behavior, always trying to obtain the best decay
rate and using dissipa- tions in some of the system equations. In the following paragraphs,
some of these investigations are mentioned.

In 1987, Kim and Renardy [9] studied the asymptotic behavior of the Timoshenko
beam consid- ering two boundary dissipations. They demonstrated the exponential decay
of energy associated with the model using the multiplier technique and also determined
numerical estimates of the eigenvalues of the operator associated with this system. Later
in 2008, Messaoudin and Said- Houari [14] also studied the asymptotic behavior of the
Type Il thermoelastic Timoshenko system with mixed boundary conditions (Dirichlet-
Dirichlet-Neuman), they demonstrated using the en- ergy method that if the velocities of
the waves associated with the hyperbolic part of the system are equal, then the system
decays exponentially. The complement of the study of the asymptotic behavior of this same
system due to different mixed conditions (Neumann-Dirichlet-Neumann) was studied again
in 2013 by Messaoudin and Fareh [15], in this new research they show that if the speeds of
the waves associated with the hyperbolic part of the system are different, then the system
decays polynomially. In the following year, the work of Fatori et al. [5] who also studied
this same system, but with two types of boundary conditions (Dirichlet-Dirichlet-Dirichlet)
and (Dirichlet- Neumann-Dirichlet), using semigroup technique they showed that the
corresponding semigroup is exponentially stable If and only if the velocities associated with
the hyperbolic part of the system are equal, in the absence of exponential decay they show
that the corresponding semigroup is polynomially stable and the determined rate is optimal.

More recently, in 2017, Santos et al.[17] studied the type lll thermoelastic Timoshenko
beam system given by:

P — E(dr + ) + by = 0, re(0,L), teR",
paly — by, + K(p, +U) —pty = 0, ze(0,L), teR™,
p3bit — 00,0 + p(Gr +0)t — Ve = 0, ze(0,L), teRT,

and the boundary conditions (Dirichlet-Dirichlet-Dirichlet) given by
@(0,8) = &(L,0) =p(0,8) = (L, 0) = 8(0,t) = 8(L, t) =0, Vit >0,
or with the boundary conditions(Dirichlet-Neumann-Neumann) given by
o(0,t) = &(L,0) = v, (0,t) = ¥ (L,0) = 6.(0,t) = 0.(L,t) =0, Yt >0,
note that this system differs slightly from the terms of coupling. In this research, the
authors also applied the semigroup technique and showed that the associated semigroup
can be exponen- tially or polynomially stable depending on the relationships between the

wave propagation velocity coefficients, specifically in the case of polynomial decay it was
proved that the rate found is optimal.
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About investigations the regularity of semigroups associated with various
mathematical mod- els, one could mention the paper/article of Fatori et al.[4], whose work
the authors studied the differentiability and analyticity, in addition to studying the asymptotic
behavior via semigroups. For analyticity, they used a theorem that can be found in the
Liu-Zheng book[12] or the work of Hao et al.[8]. Other more recently published works have
explored the regularity of solutions using the Gevrey class introduced in Taylor’s thesis [19]
(1989). In the same direction, one could mention [1, 2, 6].

Among recent research that has studied the asymptotic behavior and/or regularity of
models with fractional damping, one could mention the works of Sare et al.[18], in that paper,
the authors investigated coupled systems thermoelastic type, where they address two cases
with Fourier’s heat law and the other with Cattaneo considering in both cases the rotational
inertial term. Further- more, they, study the exponential stability, possible regions of loss of
exponential stability and polynomial stability, and, more recently, the work of Keyantuo et
al.[20](2020) to be published. In this latter work, the authors studied the thermoelastic plate
model with a fractional Laplacian between the Euler-Bernoulli and Kirchhoff model with
two types of boundary conditions. In ad- dition to studying the asymptotic and analytical
behavior, the authors show that the underlying semigroups are of Gevrey class s for every
s > % for both the clamped and hinged bound-ary conditions when the parameter 6
lies in the interval (0, 1/2). Moreover, one could cite the investigations [3, 10, 11, 16, 22, 23].

One motivation for deciding to study the regularity (determination of the Gevrey
classes and analyticity) of Timoshenko’s systems was in the direction of complementing the
work published in 2005 by Raposo et al. [21], in this work the authors study the asymptotic
behavior (exponential decay of the Timoshenko system), the studied system considers two
weak (frictional) dampings given by the speed of the transversal and rotational movements.

The investigated model is given by

P — k(g —10)p +up =0 in (0, L
pathyy — bthyy + k(uy — )+ 40y =0, in (0, L
u(0,t) = u(L,t) =¢(0,t) =¥(L,t) =0 t>0.

The authors use the frequency domain technique (spectral characterization) to study
the asymp- totic behavior via semigroups.

This article is organized as follows. In section 2, using the theory of semigroup,
the well- posedness of both systems is studied. Section 3 is dedicated to the study of the
regularity of both models, this subsection is subdivided into two parts: in subsection 3.1
Gevrey class of the semigroup associated with the first system S(f) = €'’ in the region R
= (0, 1]® is determined and it is shown that S(f) = €5 is analytic in the region R,,. Finally,

in subsection 3.2 we show that the Gevrey class of S(f) = €®2'is § =~ min{ - <y for

1+7 ' T+o ' T+E

the parameters (1, 0, §) within the region R, and this subsection is finished by proving
that S(f) = €®2' is analytic when the 3 parameters 1, 0, and & take values in the closed

Ciéncias exatas e da terra: teorias e principios 2 Capitulo 1



interval [, 1] such that T = &. The investigation ends with an observation regarding the
asymptotic behavior of S(f) = €®" in which it is illustrated that the necessary estimates given
in Propositions(5) and (6) imply that the semigroup associated with the system (15)—(17)
and (21)—(22) and the system (18)-(22) respectivamently are exponentially stable for (T, o,
€) [0, 15

2|1 WELL-POSEDNESS: SEMIGROUP APPROACH
Using the A operator defined in (14) the system (7)—(9) will be given by

P — k(e +10)e + AT, = 0, ze(0,L), teR", (15)
patiss + bAY + K(0y + V) + Bl + 2 A%y = 0, z€(0,L), teRT, (16)
pabi + 6AQ + v, + KA, = 0, ze(0,L), teR". (17)

And again using the A operator on (11)—(13), leads to

P10 — Ky + )y + by + 111 A0y = 0, x€(0,L), teR, (18)
pathy + bAY + k(dy + ) — pby + A%, = 0, ze€(0,L), teRT, (19)
ﬂ;;gﬁ + dAf0 + [1(@;; + L‘)t + "‘;‘AEBf = 0, T e (0, L) te R+. (20)

Additionally, the appropriate initial conditions for both systems are considered
e(0,) =¢0.  @i(0,) =1, ©(0,)) =w0, wi(0,:)=v1, 6(0,)=8 and 6,(0,:) =6, (21)
and boundary conditions for both systems of type Dirichlet-Dirichlet-Dirichlet

HH0) = (t, L) =0, (t,0) =(t, L) =0, 6(t,0)=0(L,0)=0 ¢>0. (22)

Taking ¢p=¢, W =y, © = 6, considering U= (¢, ¢, ¢, ¥, 6,0) and U, = (¢,, ¢,, ¥,
y,, 6,, 6,), both systems, can be written in the following abstract framework

%U(t) =BU(t), U(0)=U,. (23)

where for the operator B, for the first system is defined by

i)
[ ,,l—l[h'(':?ac + 1)), — 1 A7) w
307 — v ,
blb o ‘ _t[h/lg' + H((b_,; + {') + 3(—)* + ,Ug."lﬂ\l’] (2-1)
e
[ —2; (040 + 9V, + KA%O)]
and the operator B, for the second system is defined by
Capitulo 1
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P

ITIJ[""((.ZU + )y — O, — 1y A7 D]

BU = ﬂ%[fb:”h' — k(g J:Pl) +pO — AW | (25)
ﬁjfdAOf;d£?+—W)77AE®]
for U= (¢, ¢, ¢, W, 6, ©). Both operators are defined in the energy space
Hy = Ho = H := [D(AZ) x D(A")]3.

H, is a Hilbert space with the inner product given by

(U U, = p1Bv(®,®%) + pary (W, ¥%) + Bry(dz + 4, & + ¥%) + bry(va, ¥7)
+ 80k (0, 0%) + BRK(©,07),

forU=(¢, o, ¢y, W, 6,0), U =(¢, ¢, ¢, V¥, 6,0 & H, and induced norm

1U1R, = oI + pary ]2 + Brey|da +0|1* + by || A2 || + Bon|| AZ6]* + BrK||O]*.

In these conditions, he domain of B, is defined as

D(By) { U e H/B(U) € H+ boundary conditions (22) }

= D(A) x D(AT) N D(A7) x D(A) x D(A7) N D(A”) x D(A) x D(A?) N D(AS). (26)
And H, is a Hilbert space with the inner product given by
(U, U, = pr{®,@7) + po (P, %) + k(pe + U, @5 +U7) + bW, ¥5) +0(0.,07) + p3(©,07),
for U = (¢, @, 0, 0,0),U" = (¢, &*, 4", ¥* 0*,0%) € H, and induced norm
W13, == prll@I® + 2l LI* + wllos + vl + b AZ¢||? + 5] A20]* + ps]|©] 2.
In these conditions, the domain of B, is defined as
D(By) = D(A) x D(A%) ND(AT) x D(A) x D(A%) ND(A%) x D(A) x D(A%) N D(A%). (27)

To show that both operators B, i = 1, 2 are generators of a C, semigroup we invoke
a result from Liu-Zheng’ book[12].

Theorem 1 (see Theorem 1.2.4in [12]) Let B, be a linear operator with domain D(B)
dense in a Hilbert space H. If B, is dissipative and 0 € p(B), the resolvent set of B, then B,
is the generator of a C- semigroup of contractions on H.

Next, we apply the Theorem 1 only for the first system, the proof of the second
system is completely similar. Let us see that the operator B, defined in (24) satisfies the
conditions of this theorem. Clearly, D(B,) is dense in H. Effecting the internal product of B,U
with U, lead to

. . o o 51 A2 £ .
Re(BiU,U) = — By | AT D — mypaf| AT W) - 224302, VU e DB, (28)
P3

that is, the operator B, is dissipative.
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To complete the conditions of the above theorem, it remains to show that 0 € p(B,).
Let F=(f", f2, f3, f*, f5, f®) € H, let us see that the stationary problem B, U = F has a solution
U= (¢, ¢, ¢, ¥, 6, ©). From the definition of the operator B, given in (24), this system can
be written as

¢ = fja H(@'%+"~').x' :.")lf2+f[1ATfl- (2())
= 3 DAY + (g + 1) = —paf* — p2 A7 f* = Bf7. (30)
0= f° SA) = —~5f3 — KASF — py fS. (31)

Therefore, it is not difficult to see that there exists only one solution ¢, ¢ and 6 of

the system
Kz +U)e = p1f* + AT f! € D(A"),
bAY + K(6y + ) = —paf* — A7 2 — Bf3 € D(AY),
GAO = —~f3 — KASf5 — py f© e D(AY). (32)
Therefore:
U3 < C||F |3,

which in particular implies that |B,"'F [|,, < C||F ||,, so we have that 0 belongs to
the resolvent set p(B,). Consequently, from Theorem 1 we have B, as the generator of a
contractions semigroup.

As a consequence of the above Theorem(1), it follows

Theorem 2 Given U, € H there exists a unique weak solution U to the problem (23)
satisfying

U e ([0, +00). H).

Futhermore, if U, € D(B¥), k € N, then the solution U of (23) satisfies

.
Ue ) C*7([0,+),D(B).

7=0

31 REGULARIZATION RESULTS

This section is divided into two subsections, in each of them, the Gevrey class and
analytics of the corresponding systems are studied. Using the characterization results
presented in [20] (adapted from [19], Theorem 4, p. 153]) it is shown that the corresponding
semigroups S({) = €% are of Gevrey class s> - for r=min {155 1% ¢} € (0, 1), with (T, 0,
€) € R.; = (0, 1]°. And for the study of analyticity the main tool used is the characterization
of analytical semigroups due to Liu and Zheng[12] (See the book by Liu-Zheng - Theorem
1.3.3). It has proved that S,(f) = €®"is analytic in the region R, :=[1/2, 1]° and S,(f) = €*'is
analytic in the region R,:={(1, 0, §) € [12, 1]3/T = &}.

In what follows: C, C; and C_ will denote positive constants that assume different

Ciéncias exatas e da terra: teorias e principios 2 Capitulo 1

8



values in different places.

3.1 Regularity of the first system

Next, two lemma are presented where two estimates are tested which are fundamental
for the determination of Gevrey class and the analytics of the associated semigroup S(f) =
eBH_

Lemma 3 Let S(f) = e®'" be a C,-semigroup on contractions on Hilbert space H=H,,
the solutions of the system (15)—(17) and (21)—(22) satisfy the inequality

limsup [|(iA — By) ™| gn) < 0. (33)

|A] =00
Proof: To show the (33) inequality, it suffices to show that, given & > 0 there exists
a constant C, > 0 such that the solutions of the system (15)—(17) and (21)—(22) for I\l > &
satisfy the inequality

U1

&P < Cs = ||U |l = |GAI — By) "' Fll3 < Cs]|F |- (34)

IfA€Rand F=(f", f2, 3, 4 f5, 6 & H then the solution U= (¢, ¢, Y, ¥, 6, O) €
D(B,) the resolvent equation (iAl - B,)U = F can be written in the form

ixo—® = f' in D(AZ), (35)
iAd — Db+ )e + A AT® = 2 in D(AY), (36)
Pl £1
iNU— T = f* in D(AZ), (37)
( y ,3 2
I+ A+ g+ )+ 20, + P2A70 = f1 in D(AY), (38)
P2 P2 P2 P2
iN—© = f° in D(AZ), (39)
. d Y K LR 0
iNO+ —Af+ —W, 4+ —A'0 = 5 in D(A"). (40)
P3 P3 P3

Using the fact that the operator B, is dissipative, result in

Brk?

== |ate)?
73

Bypi|| AT D) + rypo| AT U +
= Re((iA = B1)U,U) = Re(F,U) < |F||s||U]|. (41)

On the other hand, performing the duality product of (36) for Byp, ¢, and remembering
that the operators A for all v € R are self-adjoint, resulting in

By((6g + 1), 62) = Bypi|| |12 + Bypr (P, f1)
— M BY| AT | + By (AZ 1 AZ ) + Bypr (2. 6),

now performing the duality product of (38) for Byp,y, and remembering that the
operators A'for all v € R are self-adjoint, leading to
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Bry (S + 1), 1) + bBY|| AT |2 = Bypal|¥[|* + Bypa(W, £7)
+ 320, 4,) — iAByua||AZFU|? 4 Byua (AT 3, ATY) + Bype(FA, ).

Adding the last 2 equations, result in

Brr|dx + |2 + b3V A2 0|2 = Bypu |82 + By ¥|* — iABy{p || AT ul?
+ u2||ATY[PY + Brp (@, F1) + Brpa (W, f*)
+ By (AT f1 AT G) + Bypa (AT f5, AT g)
+ Bypr(f%, 0) + Bypa(f*, ) + B2v(0,¢).  (42)
Taking real part, using norm | F||, and || U], and applying Cauchy-Schwarz and
Young Inequa- lities, for € >0 exists C, >0 which does not depend on A such that

Brv||6x + 9|12 + BB ATY(? < Bypr | @)1 + Bypal| W[ + e[| A2 || + Cc|O] + Co || F || U1 -

From estimative (41) and the fact 0 <%, 0<% and 0 < 5, the continuous embedding
D(A%) — D(A%), 6, >8,, lead to

Brylés +¥I* + 681420 < Cs|| Flla|| U]l (43)

On the other hand, performing the duality product of (40) for Bkp,8, and remembering
that the operators A" for all v € R are self-adjoint and from (39), result in

Brb||AZ0)|% = 685]O|% + Brpa (O, f5) + Bry (T, 0,)
— ikBKA|AS0)% + kBK (A% 5, A50) + Brps (5, 0)

Taking real part and by using the inequalities Cauchy-Schwarz and Young and norms
| Fll, and || U], from IAl > 1, for e >0 exists C, >0 which does not depend on A such that

g sl AL gl 5 £ r5 £ 5 e
prél|Azg* < c{lel* + Ielllfll + Az PIIAZ6] + (I fO161} + Ccll®|® + e]|A=z6].

Then, from estimative (41) and the fact 0 s% and0<3 < % the continuous embedding

D(A%) —D(A%), 8, >8,, lead to

BrIl A0 < Csl| Flls|U 1. (44)

Finally, from estimates (41), (43) and (44), the proof of this lemma is completed.
Lemma 4 Let d > 0. There exists a constant C, >0 such that the solutions of the
system (15)—(17) and (21)—(22) for I\l = d satisfy the inequalities

A

. / IXTE Lo ‘ 2 2 " 1
(@) [XBy[wlldz + [* + bl AZ %] < [A|B[or | ]* + o212 [1*] + Cs || Fll2]|U || - (45)

(i1) BROINAZO]* < Brps| O] + Cs|[Fll||U |- (46)

Proof: Item (i): Performing the duality product of (36) for Byp,A®, and remembering
that the operators A for all v € R are self-adjunct, result in

Ciéncias exatas e da terra: teorias e principios 2 Capitulo 1

10



BEyM(dz + 1), 82) = BypA|®[* + Bypr(A®, £1) — i By[| AT @2
—ip By (AT®, 1) + iByp1(f2, @) + iBypr (£, f1).

Now performing the duality product of (38) for Byp, Ay, and remembering that the
operators A'for all v € R are self-adjunct leads to

ABY[E((dr + 1), 1) + AT = Byp2 A1 + Bypa (A, £3) +iB29(0, 1)
i3y (O, f3Y — i By || AT W2 — ipa By (AT, £
+iBvpa(f*, W) + iBrpa(f*, f7).

Adding the last 2 equations, result in

ABY[Rlds + Y2 + b ATE|?] = ABr[pr[| 1% + p2 | ¥)|2] — ifr{pua ]| AT B2
+ || AW} + Bypy (AR, f1) + Brpa (AW, £2) — iBy{ui (AT @, 1)
+ p2 (A7, f)} +iBypr (2, @) + iBypa(f*,¥) + iBypr (%, f1)
T+ iBpa(fL, ¥ + B340, ) + %0, 1), (47)

On the other hand, from (36) and (38), result in

By{p1(A®, 1) + p2 (A, )} = iBy{k((dx + ), f2)
+ (TR, fY) = pr(F2 £+ B{AR G, AR ) 4 k(b + ), %)
= B0, f3) + 2 A7, f2) — po(f*, fF)}. (48)

Using the identity (48) in the (47) equation and simplifying, lead to

ABY [kl + CI* + b A2 0|7 = ABv[p1 | @1 + p2| 2]
— i [| AT @I + pal| AT} + iByk(0a, £2) + iBYR(Y, £2)
+ibBy (AT, AT F3YiByk{d,, £3) + iByr{t, £3)
+iByp (%, @) + iByp2 (f1, W) +iB75(0,¢.).  (49)

As for £ >0 exists C_>such that 1if?y ©, g1 < || A2 ||+ C,| ©|?, taking the real part,
and applying the Cauchy-Schwarz and Young inequalities, estimative (34) of Lemma(3) and
using the definitions of the Fand U norm in (49) the proof of item (i) this lemma is completed.

Onthe other hand, performing the duality product of (40) for Bkp,A8, and remembering
that the operators A® for all 8 € R are self-adjunct, result in

BrON|AZB)2 = Brps(AOLiAG) — Bry(i,. A0) + BrK(ASO.N) + Brpy(fS, A0). (50)
As
p3(AOLIAD) = paA|O]% + ps( A0, f7)
= paMO* +i8(A20, A% f7) — in (W, f2) +iK (A%, f7) —ips(f°, £%). (51)
(W, NO) = —iy (U, ©) — iy (U, [7). (52)
K(A'O, M) = —iK|A3O|2—iK(A%O, 5. (53)
p3(f0N0) = ips(f,0) +ips(f°, [°). (54)

Using (51)—(54) in (50), lead to
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BrOA|AZ0)? = BrpsA||©)2 + iBrd(A20, AT £2) — iBry (T, £2) — iBry (1., ©)
— iBry (U, f5) — iBRK | ATO|? + iBrps(f°.0). (55)

Taking real part of the equation (55) and using the inequalities Cauchy-Schwarz and
Young and norms || F||,, and || U]|,,, from IAl > 1, for € >0 exists C, >0 such that

Bra|N|AZ0]* < Brps|A|©2 + C{IAZ 0| A7 £2] + ||l £2]]

+lwal® + 1012 + [ lLF2] -+ 178111}

Then, from Lemma(3) and as ||y, ||2 = || A2 |2, the proof of item (ii) of this lemma is
finished. Q

3.1.1 Gevrey class of the first system

Definition 5 Let { = 0 be a real number. A strongly continuous semigroup S(1), defined
on a Banach space H, is of Gevrey class s >1 for t > t, if S() is infinitely differentiable for
t>1t, and for every compact set K c (t,,») and each y/ >0, there exists a constant C = C(u,
K) >0 such that

ST ()| 2y < Cu™(n!)*, forall t€ K,n=0,1,2.. (56)

Theorem 6 ([19]) Let S(f) be a strongly continuous and bounded semigroup on a
Hilbert space . Suppose that the infinitesimal generator of the semigroup S(t) satisfies the
following estimate, for some 0 <r<1:

lim sup [A]"||(iA] — B)ilHﬁ('H) < o0, (57)
| Al =00

Then S(t) is of Gevrey class s for t >0, for every s >%.

The main result of this subsection is as follows:

Theorem 7 The semigroup S(t) = €' associated to the system (15)—17) and (21)—
(22) is of Gevrey class s for every s >% for r = min{i i e} € (0, 1), with (T, 0, §) €
R,.=(0, 1]*.

Proof: From the resolvent equation F = (iAl -B,)U for A € R, U = (iAl -B,)'F .
Furthermore, show (57) of theorem(6) it is enough to show, that for € >0 exists C, >0, such
that:

Al (iA = By)~'F
P 1E

|l

< Os < |A"|U

< Cs

Fly, FeH and C;>0.

Equivalent to

AU < Cs{llFllllU

x} for re(0,1). (58)

where r=min{1;,4g—ﬁ,§£}, 0<T<1, 0<o<1and0<E<1.
Next, |A|75 | @] + [A|7%7 ||| + |A| 7 |©] will be estimated.

Let’s start by estimating the term [\ |®]: It is assume that I\l > 1, some ideas
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could be borrowed from [13]. Set ¢ = ¢, + ¢,, where ¢, € D(A) and ¢, € D(A°), with

iAD, + AD, = f2, Iy = S Ap+ Sy, — P AT 4+ AD. (59)
71 £1 £1

Firstly, applying in the product duality the first equation in (59) by ¢,, then by A¢, and
recalling that the operator Ais self-adjoint, resulting in

NP2+ [[AZ@y]° = (2, @), (60)

taking first the imaginary part of (60) and in the sequence, the real part in addition to
applyingCauchy-Schwarz inequality, results in

Nl@1] < CIFl and A3y < C||F | (61)
Applying the A-: operator on the second equation of (59), result in

.,j)\A*%(I)Q = %A%qj + pi,{*%t;.l_ — %‘4T7%q) + A%(I:]_
1 1 1

then, as A by, |2 = (- A 3., A 3y) = (Abg, A 3y) = |¢)* and T~ 3 < §taking
into account the continuous embedding D(A%) — D(A®"), 8, > 8, and using (60), result in
INIA=2 8, < C{|AZ ]| + | ATD|| + |||} + A2 &, ), (62)
using (34), (41) and second estimative the equation (61), lead to

A7 02|12 < CINTH{I FllalU Nl + (| 113 (63)

On the other hand, from ¢,=¢ - ¢,, (41) and as 5 < 3 the inequality of (60), result in

[AZ @ < C{lAT®|* + A2y ?} < O

FllallUll + 1F1I3}- (64)
By Lions’ interpolations inequality 0 € [—% , 5 ], resultin

@22 < C(| A% @y|2) 7 (|| A% B5]|2) 7 (65)

Then, using (63) and (64) in (65), for INl > 1, result in

—2r } .
92 < CINTF I Flla|U 13 + 1F 133 (66)

Therefore, as || ¢||2=< || ¢, |2+ || #,]|2 from firstinequality of (61), (66) and [A|~* < A7
, result in

1—T1

AT (@ < Csl|Fllee <= [Al|@]* < Cs|A|T

Fl3,  for  0<7<1 (67)

On the other hand, let’s now estimate the missing term |\ ™7 [[¥[: It is assumed
that IAl >1. Set W =W, + W, where W, € D(A) and W, € D(A°), with

ANV + AV = f" and iAW, = —Aflt' — ioi — it-f" — —i@l _ k2

! =AW+ AW, (68)
P2 P2 P2 P2 P2

Firstly, applying the product duality the first equation in (68) by W,, and as the
operators A' forall v € R are self-adjoint, result in
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N[+ (| AT |2 = (f4, ). (69)

Taking first the imaginary part of (69) and in the sequence, the real part in addition to

applyingCauchy-Schwarz inequality, results in
N[ W1]] < C1F|» 142 W, | < O F . (70)

As follows from the second equation in (68) that

W T LA S E P S TN e N e
P2 p2 ' p2 P2 P2

then, as A 2¢,)? = (—A 3¢, A 20) = [|0]?, |A 20,]> = ||©]> and o — } < gtaking into
account the continuous embedding D(A%) — D(A%"), 8, > 8., lead to
A= @, < CLIAZ ]| + ¢l + O] + [|AF ¥} + (| A2 ¥, | (71)
Using estimative (34) and estimative (68), for IAl > 1, result in

[A72W2|2 < CINT2E U3 + 1 F 1153 (72)

On the other hand, fromW, =W - W, (41)and as 5 < 3 the inequality (70), result in

[ATW,* < C{IATE|? + AT U1} < C{IF|3]IU 5 + | FI5}- (73)
Now, by Lions’ interpolations inequality 0 € [- 5 , % ], lead to

o

2| < O A2 )57 (|| AT W) 5. (74)

Then, using (72) and (73) in (74), for INl > 1, result in

[92]* < CINT= {||F [l [|U |2 + [1F |3} (75)

20

Therefore, as |W|2 < [|[W]2 + ||W|? from inequality (70), (75) and INI® < IAl =5,

result in

AT < CslllFll <= MIRIP < NFFIFR,  for 0<o <1 (76)

Finally, let’s now estimate the missing term IA\ﬁ\l(—)\\: Now we assume IAl > 1.

Set © = 0, + ©,, where O, € D(A) and ©, € D(A?), with

) o K
iANO) + AO; = f" and NGy = —— Al — —J\JJ‘,. o ASO + AOq. (77)
P3

P3 E
Firstly, applying the product duality the first equation in (77) by ©, and as the operators
A forall v € R are self-adjoint, lead to
N[O + (| 4264 = (%, 61). (78)
Taking first the imaginary part of (78) and in the sequence, the real part and applying

Cauchy-Schwarz inequality, result in
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IOl < ClIFlle  and  [[AZ64]| < C|[F . (79)
As follows from the second equation in (77) that

1 ) ~ K

INATEO, = — 2 ATg— LA, - D ASEe 4 AT,
P3 P3 P3

then, as ||Az W ||2= |W[2and -3 <0, £ -3 <  taking into account the continuous

embedding D(A®? ) — D(A®'), 8, >86,, result in
NI A=20,| < C{||AZ0] + [ A20] + [} + | 476 (80)

Using estimatites (34), (41) and second estimative of equation (79), for IAl > 1, lead
to

[A7202)2 < CINTH{IF U [l + | F1I3,}- (81)

[S7

On the other hand, from ©, = © - ©,, (41) and as
(79), result in

< 3 the second inequality of

£ , [ £ ‘ , . .
[4760,)> < C{|lAZ0|* + |A20,|*} < C{|IF||u|lU % + | F|I3}- (82)

Now, by Lions’ interpolations inequality 0 € [- . ], result in
10212 < C(I A~ 0,]|2) 7% (|| A% 0, ) <. (83)
Then, using (81) and (82) in (83), for IAl > 1, result in
0211 < CINTFTLNE lae|U lla¢ + |1 Flla¢}- (84)

Therefore, as || ©]2 < [|©]|2 + || ©]|2 from first inequality of (79), estimative (84) and

IN2 < INIT%, result in
NTE(O] < Csl|Flle <= 2 < CsFEFI},  for  0<e<. (85)
Using the estimates (67) and (76) in the inequality item (/) of Lemma(4), result in
Byrllge + I + BybATGIP < Cs{INTF + INFEHIFIG + ColA T IF Ul (86)
Furthermore using estimative (85) in estimate (46) item (ii) of the Lemma 4, we have
Br||AT0|? < Brps||OI> + ColAI M IF Ul < ColNTEF? + Col N7 |F wl|Ul - (87)
Finally summing the estimates (67),(76), (85),(86) and (87), we have

—a2¢

B 27 —20 ’ _ .
17113 < Cs{lf\l‘” + AT 4 AT }HFHig + Cs A THIF U 13,

as for (1, o, £) € [0, 13, we have -1 < 2 max{—ljr%,—lin.—ﬁ} = -2 min
o £

{15 155 i2e b then
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IUI3, < Cs|a2mimim= i med | Fly U1y + | F1IZ,
Equivalently

il S Uy < 5| Fllw for (7,0,6) € [0,1]%.

T a

As r=min{ = %, ﬁ} € (0, 1) for (1, 0, §) € (0, 1]° the proof of this theorem is
finished.

3.1.2 Analyticity of S(t) = €8" for (1, 0, §) € [3, 1°
Next, we announce the Liu-Zheng Book Theorem that will be applied in the proof of
the analyticity of S(f) = e®" for i =1, 2 in their respective regions.
Theorem 8 (see [12]) Let S(f) = e®' be C,-semigroup of contractions on a Hilbert
space H. Suppose that
p(B) 2 iA/A e R} =R (88)
Then S(t) is analytic if and only if

limsup [[AGAT — B) || gen) < o0 (89)

|A| =00
holds.

Before proving the main result of this section, the following two lemmas will be
proved.

Lemma 9 The C, —semigroup of contractions S(t) = €5 satisfies the condition
p(By) 2 {iA/A € R} = iR. (90)
Proof: Let’s prove /R c p(B,) by contradiction, it is supposed that iR ¢ p(B,). As 0 €
p(B,) and p(B,) is open, the highest positive number A is considered such that the interval
(=iAy, iA) € p(B,), then iA, or —iA is an element of the spectrum o(B,). It is supposed that iA;
€ o(B,) (if —iA, € o(B,) the proceeding is similar). Then, for 0 <v <A there exist a sequence
of real numbers (A ), with0 <v<A <A, A, — A, and a vector sequence U, = (¢, ¢, ¢,
W, 8,0, € D(B,) with unitary norms, such that
I(GAn = B1)Un||# = || Full% — 0,

as n— . From (43)forO<t<1and0=<o0 <1, resultin

L b Y
B pan + Vn H2 + b3v|| Az 'w‘f'-rtHz < GsllFallmllUnll%-
From (44), for0 < § <1, result in
B3| A2 0,2 < | Fullae|Unlle- (91)

In addition to the estimative (41),forO<t<1and 0 <o <1, resultin
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3hI\

2
n

HA OnHz < OOHFnHHHUnHH

Consequently, || U, |[|2— 0. Therefore, lead to || U,||,, — 0 but this is absurd, since
|U|l,=1foralln&N. Thus, iR c p(B,). This completes the proof.

Lemma 10 Let d >0. There exists a constant C, >0 such that the solutions of (18)—
(20) and (21)—(22) for I\l = & satisfy the inequality

. 1
() IR < Cal FlallUl  for S <7<l (92)
(i) WII? < CollFlhlUle— for 5 <o <1 (93)
. 1
(iii) [MIOI® < Cs|FlulUlw  for 5 <&<L (04)

Proof: Item (i): of this lemma will be initially shown, performing the duality product of
P1
(36) for ,;;, A" A@, and recalling that the operator A" is self-adjoint for all v € R, results in

A@I2= S(A—Ad+ ), ATB) + LL(f2 xA7d) — i L1 A2 A5 )2
Ha Hi H1
= (AR ALY AT i (0, 4 [ AT )
M1 H1

1 . _ -
+—<fz, IRAY T — kA Ty + i ® —ipr AT f2) — ip—l)\szl*?(IJ”z
H1 H1

=il AT i (A AT + ,’ioy,_,-rw_,.) - ii(fj?,/l”fl))
H1 H1
il ®) i (2, ANTO) i (A Tf2h>+r IIA“f2I|2

—iPLN2 a2,
M1

Noting that: a7, = (A7¢,, A 7¢,) = (-A7¢,,, A70) = |47 2%, taking real part and
considering that i=sT<1 using estimative (41) and using Cauchy-Schwarz and Young

inequalities, for € >0 exists C,, such that
All@l? < CllFlnllUll3 + el A7 @a* + Ce ¥,

As 0 < %, then from estimative (41) |W|> < C,||F||,,||U|l,. From the continuous
embedding for IAl = 1, the proof of item (i) of this lemma is finished.

Iltem (ii): Again similarly, performing the duality product of (38) for % A°AUW, using
(37), and recalling the self-adjointness of A*, v € R, leads to

. b : ’ 9 o
AMTI2 = = (AN, A7) — (N + 0), AW) + L2 xAew) — i P22 A Sy
12 12 p2 s
b b . C c
= i—|| i (AR ARTOW) i AR, W) i (f), A7)
H2 H2 H2 H2
: s o P N _ K, .
Fi AR i (AT — i (AT ) — i (1 A,
H2 K2 P2 H2
K o, B s ) P2 e i e
*’T<f*-A L-‘>*"T.,<f4~4 <~>>f:<f4.\1!>+v-”7fjllA il *F%X“HA %
Noting that: [AZ7®)2 = |A7®,|2 taking real part, considering 3 < o < 1, using
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Cauchy-Schwarz and Young inequalities, for € >0 exists C_ such that

1—

70| + ||

NI < CollFll|Ul + C-|| A

As -2 <0« | <o <1. Considering I\l = 1, using estimative (34), norms |F
|, and || U]l ., the proof of item (ii) of this lemma is finished.

Item (iii): Finally, let’s prove the (iii) item of this lemma, performing the duality product
of (40) for %’ A-\O, using (37), and recalling the self-adjointness of A, v € R, result in

b 9 _£ . 6 . .
MOJ? = —ixa-Sel 4 it AT ol +

9

K

LI, R ate,) — i (8 AE,) — i(f8,0) + P AE O,
K K K

VIA

Taking the real part, applying Cauchy-Schwarz and Young inequalities, for € >0

1= 1 ) )
ASf5 AS€@) — i (f5, AV Ep
(A= f )il )

exists C. >0 such that

AllOI? < C{llA'F 8| + A% 5] AF <o)
+FOA S0 + 7AW} + CoANE ] + <A A0, ]% (95)

Considering % == % = 0, and remembering the identities
A=W, )% = A=), |A¢0, )% = [[A"Z°6|1? in addition to using the item (i) of this
lemma the proof of the item (iii) of this lemma is finished.

The main result of this subsection is the following theorem

Theorem 11 The semigroup S(t) = eB'! associated to the system (15)—(17) and (21)—

(22) is analytic when the three parameters T, 0 and € vary in the interval | . 1].

L ,4‘::::"?'4.:_‘;-;“
7 O [ RS b M
i S a__‘_‘/:_‘_\_‘:r"' “-“_57_7 T
1 ‘1;" L 1
- 0 ¢

FIG. 01: Region R,, of Analyticity de S(f) = e®"

Proof: We will prove this theorem will be proved using the Theorem 8, so the two
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conditions (88)and (89) must be proved. From Lemma 9, the condition (88) is verified, it
remains to verify the condition (89), note that proving this condition is equivalent to: let &
> 0 there exists a constant C, > 0 such that the solutions of (15)—(21) for IAl = & satisfy the
inequality

INIUNZ, < CollFlla[U]l- (96)

It is not difficult to see that this inequality (96) arises from the inequalities of the
Lemmas 4 and10, so the proof of this theorem is finished.

3.2 Regularity of the second system

Next, two fundamental Lemmas for the determination of the Gevrey class and the
proof of the analyticity of the semigroup S(#) = e®? are presented.
Lemma 12 Let S(f) = € be a C,-semigroup on contractions on Hilbert space H=H,,
the solutions of the system (18)—(22) satisfy the inequality
limsup [|(iA] — Ba2) | £e3) < 0. (97)

| A| =00

Proof: To show the (33) inequality, it suffices to show that, given & > 0 there exists
a constant C; > 0 such that the solutions of the system (18)—(22) for I\l > & satisfy the
inequality

Ul e : 1 : y .
T < Co s U1, = GAT = B2) ™ FI < CollFlwlU (99)

If F=(f", f2 f3, f* f® f° € H then the solution U = (¢, ¢, ¢, W, 6, ©) € D(B,) the
resolvent equation (iA/ - B,)U = F can be written in the form

iXd—® = f' in D(AZ), (99)
X — Z(py + )+ 0, + AT = f2 i D(AY), (100)

P1 1 1
iNp—U = fY in D(AZ), (101)

b ¢ ]

I Ay gy - Lo+ B2a70 = 1 i DAY, (102)

P2 2] P2 P2
iN—© = f° in D(A?), (103)

N 5 .

N+ A0+ @, 40+ Late = f5 in D(AY). (104)

23 P3 3

Using the fact that the operator is dissipative B,, result in
|| AZD|2 + pal| AT E|2 4+ 4| AT0|2 = Re((iX — Bo)U,U) = Re(F,U) < ||Fllx|Ulx. (105)

On the other hand, performing the duality product of (100) for p,¢, and as the
operators A" for all v € R are self-adjoint, lead to

5{(0x + ), 6) = pr|[ @) + p1(@, 1) —idpa | AZ 6|1 + (A% f1LAZ )+ pr (f2, ) + (O, ),
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now performing the duality product of (99) for p,y, and as the operators A" for all v
€ R are self-adjoint, result in

k(s + ©), 0) + bl AT G| = po| W) + po (W, f%)
+ {0,y — i/\ﬂ'QHA% q“,'H2 -+ 'UQ(A%f:s. A% ) + [)2<f1. ).
Adding the last 2 equations, result in

Kl g + VI + b A2 912 = p1 | D] + pal| W2 — iA{pua ]| A7 u|® + pral| A4}
+ (@, 1) + (W, ) + (A2 f1 A ) + pa (AT f5, A% )
+pr(fR 00 + pa(f1 ) + (O, by + ). (106)

Taking real part, applying Cauchy-Schwarz and Young inequalities, for € > 0 exists
C. >0 such that

AZY|* < pr|[ @1 + p2|[ W + elloz + )| + Ce||O]* + Csl| Fll|U |-

il|de + 0|2 + b

T [2)
’

From estimative (102) and the fact 0 <3, 0<5 and 0 < %the continuous embedding
D(A%) — D(A®"), 8,>8,, resultin
Kllée + V12 +BIAZ Y < Col| Flla|U - (107)

On the other hand, performing the duality product of (101) for p,6, and remembering
that the operators A" for all v € R are self-adjoint and from (100), lead to

31| AZ0)2 = p3]| O + p3(©, %) + p(®, 0,) — u(W,0) — iNy||AZ0)% + (A3 £2, A30) + pa(f°,0).

Taking the real part, using the inequalities Cauchy-Schwarz and Young, for € >0
exists C_> 0 which does not depend on A such that

3lAz0]2 < C{ll®)1 + 18l + A fol A% el + |LFo1leN
+ C A2 + W)} + <{)16]° + [ A%6]*}.

Then, from estimative (102) and the fact 0 < 5, 0 < % and 0 < % < 3 the continuous
embedding D(A®?) — D(A®"), 8, >6,, result in
B8 A20]| < Cs||F| U] - (108)

Finally, from estimates (102), (104) and (105), the proof of this lemma is finished.
Lemma 13 Letd >0. There exists a constant C, >0 such that the solutions of (18)—
(22) for INl = d satisfy the inequalities

(i) [A|[K]| ¢z + 9| + bl| A2 ||?]
(i) S|A|[| A% 6|

lpslI®l? + pal [ ¥]* + ClOI*] + Cs || Flls|Ul2.  (109)

<
< ORISR+ 12]1*} + CsllFll U 4 (110)

Proof: Item (i): Performing the duality product of (100) for p,A¢, and remembering
that the operators A for all v € R are self-adjunct, lead to
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f (b + 1) b)) = pA|@]F + (AR, 1) — i | AZ |
—ipn Sy (AT, f1) +ipr (f2, @) +ip1 (F2, 1) + p(©, Agy).
Now performing the duality product of (99) for p,Ag, and remembering that the
operators A" for all v € R are self-adjunct, resulting in

AR (60 + ) 0) + BI A2 = o2 + po (AW, £3) — ipia| AT W2 — ipia (A7, £
Fipa (W) +ipa(f*, %) + u(®, Av).

Adding the last 2 equations, result in

AlKl|6s + ¢ + bl AZ¢[2] = Alpr[| @2 + pal | T[J?] — i{p [|AF @||
+ 2| ATV} 4 pr (AR, 1) + po (AW, f3) — i{y (AT D, f1)
+ p2(AT, Y ip (2, @) +ipa(f*,®) +ipy (%, 1)

Fipalfh 1) 4 VIO, e (60 + ). (111)

VIAl

On the other hand, from (100) and (102), result in

pLAD, 1) + p2 (A, £3) = i{w((ds + ), f1) — (O, fL)
+ AT, 1) — pr (2 FY) + DA, AT ) + w{(6n +¥), )
— (O, fHY 4 pa (AT Y — pa (Y F ) (112)

Using the identity (112) in the (111) equation and simplifying, leads to

Al + 0|2 + b AT0)2) = Npr | @)% + po | 0]2] = i{pu | AT @[ + pea] AT (2} + iips, £1) (113)
+ir(, f1) — ip(O, f1) + (A%, AT ) 4 inlde, f7) + iy, )
—ip(0, f*) +ip (2, @) +ip2(f1,0) + p(V/N O, VIV (62 + ).

As for € >0, exists C_ >0, such that

A ‘ L
(VI8 (62 + ¥ < CLIAIBIR + A6z + w12,
| VIAl
taking the real part of the equation (113), applying the Cauchy-Schwarz and Young
inequalities and estimative (98) of Lemma 12, the proof of item (i) this lemma is completed.
On the other hand, performing the duality product of (104) for p,A8, and remembering

that the operators A" for all v € R are self-adjunct, result in

S A26]2 = psA||©12 + ip(®, ©,) — iv||ATO|% + ips (£°,©) — in(W, O). (114)
As
in(®,0,) = ip(®, i, — f7) = p{\/|\®, \/%9,,.) —ip{®, f2). (115)

Then, using (115) in (114) and taking real part, lead to
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Lf},,.) — i P, f2) + ipa(f°,0) — ip(V,0), (116)

VIAI

applying Cauchy-Schwarz and Young inequalities, for € > 0 exists C_ >0, such that

JNAT0)2 = paAO)® + u(y/[A[@,

SIAIIAZ0]* < ps|A[[O + e|Al|A26] + Co Al @]1* + C{l|@[[[|A= £2]| + [[£° [0l + @] + |6/}

Then, from Lemma 12, the proof of item (ii) of this lemma is finished.

3.2.1 Gevrey class of the second system

Theorem 14 The semigroup S(1) = €®?' associated to system (18)—(22) is of Gevrey
class v for every s > % for r= min{ﬁ- HL(, 1_5;5}6 (0, 1), with (1, 0, §) €€ R,;= (0, 1%

Proof: From the resolvent equation F = (iAIB,)U for A€R, result in U = (iAl-B)'F .
Furthermore to show (57) this is theorem(6) it is enough to show:

N"NU3, < Cs{||F||3||U

wt for re(0,1). (117)

where r=min{1+r ) 0<t<1,0<os<1and0<Es<1.

Next, AT (@[, [A] 757 | %] and |A| 7% |@]|will be estimated.
Let’s start by estimating the term |A| 77 || ®[|; It is assumed that I\l > 1. Set ¢ =
¢, + ¢,, where ¢, € D(A) and ¢, € D(A°), with

iy + Ady = f iy = A+ oy — Lo, - Bare 4 A0, (118)
P1 P1 P1 P1

Firstly, applying the product duality the first equation in (118) by ¢,, then by A¢,, and
recalling that the operator Ais self-adjoint, resulting in

IN@2 + [|AZ @, |2 = (£2, ®y). (119)

Taking first the imaginary part of (119) and in the sequence, the real part and applying
Cauchy-Schwarz inequality, results in

|1l < ClIF 13 |AZ@4]| < CIIF |3 (120)
Applying the A- 3 operator on the second equation of (118), lead to

M D, = — D atg Bady, - Eate, Hlamie 4 Ate,,
P1 1 1 1

then, as ||A=24,]|2 = ||¢||> and T—35<% taking into account the continuous
embedding D(A%) —D(A®"), 8, >6,, result in

IAPIAT2 @2 < Ol AZ 8|12 + AT DI + [[¢]|* + [|O]*} + || A% @4 |2 (121)
Using (98) and second estimative of equation (120), result in

1472 @ < CIIT2 LI PNl U 13 + IF I3} (122)
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On the other hand, from ¢, = ¢ - ¢,, (105) and as 5 < % the inequality (120), result in

FllallUllw + 1113} (123)

|A% @2 < CaFe|? + AT, |} < Cf

Now, by Lions’ interpolations inequality 0 € [ 3. 3], result in

1922 < C(I| A7 ®,]|?) T (|| AT by ) 755 . (124)
Then, using (122) and (123) in (124), result in
[®2]1* < CINTFT{[[F[l3|U |3 + [|F15}- (125)

=27

Therefore, as || ¢||2 < || @||>+] ¢||? from inequality (120), (125) and INI2 <Al 2z,

we have

N (@ < CslIFlle <= AlI@)* < CsIN T {IF Ul +IIF[15} for 0<r <1 (126)

On the other hand, let’s now estimate the missing term I\l 775 || W||: Set W = W,
+W,, where W, € D(A) and W, € D(A?), with
K K je

b . , .
iAl, + Ay = f* Iy = —— A — g, — Sy Lo - F2 47y 4 A (127)
P2 P2 p2 P2 p2

Firstly, applying the product duality on the first equation in (127) by W,, the by AW,
and recalling that the operator Ais self-adjoint, resulting in

AWy |2+ (| A7 W |2 = (f2, ), (128)

Taking first the imaginary part of (128) and in the sequence, the real part and applying
Cauchy-Schwarz inequality, lead to

A[[W1]| < ClIF|ly and  [|AZ, ]| < C||F |y (129)

It arises from the second equation in (127) that

1 ( 1 v 1 A 1 L 1 ¢ 1
IMNA B, = Aty — DAt - Datip Bate - B2aciw Aty
P2 P2 P2 P2 P2

then,as A2 ¢, [2=[¢l2 [|Az ©2=|©]2and o~ 3 <% taking into account
the continuous embedding D(A®?) — D(A°'), 8, > 8, result in
APIAT2 T |” < C{GI” + | AZ¢” + [|ATZ O + [ ATE|P} + A2 T, | (130)

Using estimative (98) of Lemma 12 and estimative (129), yields

1472 o < CIN T2 F | U 13 + || F e} (131)

On the other hand, from W, =W - W_, (105) and as 0 s% <3, the inequality (129),
result in

[AFCl* < C{IATE? + |ATE|*} < CUF Ul + IFI3,)- (132)
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Now using interpolation inequality 0 € [- 3, %]. Since

1 a a
0211(75) +(1771)§._ for n= 7o
using (131) and (132) we get that
[Wa]* < C(||A73 W) (| AT W2 *)' 7 < (AT Fal|U | + ([ F 3} (133)

Also, as ||[W]|2 < C{||W ||2 + ||W ||2} from inequality (129), estimative (133) and as

IN-2 <IN 752, result in

2

N[ ¥)| < Csl|Flla = NP < CsINT= {||F||x|Ull + [ I3} for 0<o<1. (134)

£

Finally, let's now estimate the missing term I\l 7z || ©||. Set © = ©, +©,, where
©, € D(A) and ©, € D(A%), with

) 5 o
iNO, + A0, = f° iNgy, = —240 — Lo, - Ly - a0 4 A0, (135)
P3 P3 £3 03

Firstly, applying the product duality the first equation in (135) by ©,, and as the
operators A' for all v € R are self-adjoint, result in

iA|©1]2 + (|42 = (f°,01). (136)

Taking first the imaginary part of (136) and in the sequence, the real part and applying
Cauchy-Schwarz inequality, lead to

A[1€1] < ClIFlly  and  [A26,] < C|F|l. (137)

It arises from the second equation in (135) that

1 [5 1 1 1 Y 1 1
iz e, = —Latg - L ate, - Lot Latig 4 Ate,,
P3 P3 P3 P3

then, as | A% @ [|2= [ ¢]% -3 <0and & -} < § taking into account the continuous
embedding D(A®? ) —D(A®' ), 8, > 8, and using estimative (98) and second estimative of
equation (137), lead to

IA=20,2 < CINH{|IF [ |lU I3 + | Fllag}- (138)
On the other hand, from ©,=0 - ©,, (105) and as %s% the inequality (137), result in
1A50,)2 < C{|AT0)2 + |AZ0.1%} < C{IF x U ]lx + |FI1Z)- (139)

Now we are going to use an interpolation inequality 0 € [- . %]. Since

1
OZJ}(*E)*F(I*T])'. for ”:lf—i{

using (138) and (139) we get that

(SR a,t
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10212 < Cs(|A30a]2)7( AR 0a[2)1= < INTEL|F s |U | + |1 F13:} (140)
Also as, ||©]]2 = c(]|e,]?+ ||©,]|% from first inequality of (137), (140) and as I\
<IN T2, result in

£

TE|el < CsllFlln = IO < CoANT{FllallU ]2+ IFlI3)} for 0<€<1. (141)

[A

Finally, using the estimates (126), (134) and (141) in the inequality item (i) of Lemma
13, resultin

—2

Brlkllde + 1% + BILAZB]?] < C{INTF + AT +|A

T2 H|F || Ul
+ Cs AT F | Ul (142)

And, using the estimates (126) and (141) in the inequality item (ii) of Lemma 13,

result in

8| A20)2 < C{INTT + AT M| F|a|U ]l + Cs|A 7Y

I3

#l|U 2 (143)

T s

As for (T, 0, §) € [0, 1°, we have -1 =2 max{— 5, 1%, ¢} = -2 max{.wm-f?}
, for IN > 1.
Finally, summing the the estimates (126), (134), (141), (142) and (143), we obtain

U3 < Csl A28 e || Flla |U e + [1F 3] -
Equivalently:

|/\|min{ ;—,,ﬁﬁ}

|Flla  for  (1.0.€) € 0,1

|(j||?1'. S th

As r = min{15: 155 ﬁ—f} € (0, 1) for (1, 0, E) € (0, 1] the proof of this theorem is
finished.
3.2.2 Analyticity of S(t) = €82 for (1, 0, §) [ 1, 1]° such that T = E. Fig. 02

Before proving the main result of this section, the following lemma will be proved.
Lemma 15 Let d >0. There exists a constant C, >0 such that the solutions of (18)—
(22) for INl = © satisfy the inequality

(@) IIe)® +1e)%] < CslIFll#llU]lw  for

B =

<r=¢

IA

1. (144)

(@) (M) < Csl|Fllal|Ulz  for <o

IA

L. (145)

b =

P
Proof: Item (/): Realizing the duality product of (100) with TJI A A@ and using the

property that the operator A is self-adjoint for all v € R and using the equation (99), result in
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M)\H(DHQ = ;(A(—Aqﬁ—}—trr).A*’@H—¥<f2.AA*T®)—-i'?—l,\2HA*5(I>||2—%((—)I.AA*WI))
Y Y Y /

= PS((AD+ AFY)ATR) — i (W, 4 [ ATD) - i’j—‘A?HA*%q:HZ

-\‘—%(fz,'!:h',Al_TO—.ﬁh?,'—l_fl'_r-f-’i:,tilq) im AT fa) + (() AATT D).

Then

ELye)? = :7||A T’ it <4 7, A5‘7<D)+ig{\IJ.A"tI’_,‘)7ifi(,ﬁj?.A"«I>)
7 1
fz<f2. ) t*(f? AT o) + 55<A’“f2- ve) +i2 | A7E £2)2 (146)

/\ |A— 2|2+ £ (() AATTD,).

On the other hand, now performing the duality product of (104) for % AFAO, using

(101), and as the operators A" for all v € R are self-adjoint, result in

e O onwhnﬁou i (Af Ab-ge) i (0, at<g) — i (55 A-ca,)

Y

ﬂ%(f”.. Ekll)fz(f"‘(—))vtz?\\;l zf"\\h;(m P, 0). (147)
: ‘

Imposing the condition T = § and since Re {€0, AA™™ ¢ €-AAT™ ¢,, ©OE}= 0, adding the
equations (146) and (147) and then taking the real part, result in

A{"—lwmﬁ + HG)IIQ] = SR AT TR 4 (U AT, — i (f3 ATTR) — (2, @)
7 v g H

v v G [5 1 e 1
i (2 AYT) 1 (AT [P ) i (A [0 AR S0
, ‘

/ |

4?(,#‘. AVEg) — s Aty — B Aty — it e)
! ! i

From [i%(W AW < C{W|? + A" @) ang 5 <7 =& <1 applying Cauchy-
Schwarz and Young inequalities, norms || F ||,,and | U ||,,, the proof of item (i) of this lemma

is finished.
P2
Item (ii): Similarly, performing the duality product of (102) for ﬂ:A-" AW, using (101),

and recalling the self-adjointness of AY, v € R, lead to

i b P abp, 45*0\1:)7;7(@ A7,)

A2 = )2 a5
M2
+fi<f;,,‘4*"\p)+,;i||;rw\|2+,—<f~,14 )
H2 H2 H2
L INO, A w) i gt Aty i g A,
12 VAl ft2 I

. K . L . . P .
—i— (Y ATY) i (L AT) — (W) + i B
M2 M2 H2

Noting that: For 3 <o <1leadto '3° <%, 3 —o0<0and " <0, on the other
hand as [|[A~W ||2= ||A 1=2= W||2, taking real part and considering that 3 <o <1 and using

Cauchy-Schwarz and Young inequalities, norms ||F||,, and ||U], for € > 0, exists C_> 0
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independent of A such that

AEI? < CollFllaUll + CLIRI + [1]17} + Co |18 + ||| 2.

Using estimative (98) and estimate (i) of this lemma, the proof of item (ii) of this
lemma is finished.

The main result of this subsection is the following theorem

Theorem 16 The semigroup S(t) = e®*' associated to the system (18)—(22) is analytic
when the three parameters T, 0 and § vary in the interval [% , 1l witht =E&;

FIG. 02: Region R,, of Analyticity de S(f) = e®*'

Proof: This theorem will be proved again using now the Theorem 8, so the two
conditions (88) and (89) must be proved.

Here the condition’s test (88) will be omitted because it is completely similar to the
test already conducted for the first the first system.

Next, the condition (89) is proved, note that proving this condition is equivalent to
show, let & >0. There exists a constant C, >0 such that the solutions of (18)—(20) and (21)-
(22) for INl= d satisfy the inequality

IAU3 < Cs||F

1| U]l (148)

It is not difficult to see that this inequality (96) follows from the inequalities of the
Lemmas 13 and 15, so the proof of this theorem is finished.

Remark 17 (Asymptotic Behavior) It is emphasized that thanks to the Lemmas
3 and 9 the exponential decay of the first system is obtained when the 3 parameters
take values in the closed interval [0, 1], also for the second system using the Lemmas
12 and proving in a completely similar way to the proof of Lemma 9 which iR cp( B,) the
corresponding semigroup S(f) = €®, will be exponentially stable when the 3 parameters
take values in the closed interval [0, 1].
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