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APRESENTACAO

O contexto social, politico e cultural tem demandado questdes muito
particulares para a escola e, sobretudo, para a formacao, desenvolvimento
e préatica docente. Isso, de certa forma, tem levado os gestores a se aterem
aos cursos de licenciatura e Educagédo Béasica com atencéo. Importante olhar
mais atentamente para os espacos formativos, em um movimento dialdgico
e pendular de (re)pensar as diversas formas de se fazer ciéncias no pais,
sobretudo considerando as probleméaticas evidenciadas em um mundo de pos-
pandemia. A pesquisa, nesse interim, tem se constituido como um importante
lugar de ampliar o olhar acerca das problematicas reveladas, sobretudo no que
tange ao conhecimento matematico.

O fazer Matematica vai muito além de aplicar formulas e regras. Existe
uma dindmica em sua construcdo que precisa ser percebida. Importante, nos
processos de ensino e aprendizagem dessa ciéncia, priorizar e ndo perder
de vista o prazer da descoberta, algo peculiar e importante no processo de
matematizar. Isso, a que nos referimos anteriormente, configura-se como um
dos principais desafios do educador matematico; e sobre isso, de uma forma
muito particular, os autores e autoras abordaram nesta obra.

E neste sentido, que o livro “Trajetérias e perspectivas para a pesquisa
em matematica” nasceu, como forma de permitir que as diferentes experiéncias
do professor e professora pesquisadora que ensina Matematica sejam
apresentadas e constituam-se enquanto canal de formagéo para educadores/
as da Educacgéao Basica e outros sujeitos. Reunimos aqui trabalhos de pesquisa
e relatos de experiéncias de diferentes praticas que surgiram no interior da
universidade e escola, por estudantes e professores/as pesquisadores/as de
diferentes instituicoes do pais.

Esperamos que esta obra, da forma como a organizamos, desperte nos
leitores provocacgdes, inquietagtes, reflexdes e o (re)pensar da prépria pratica
docente, para quem ja € docente, e das trajetérias de suas formacgdes iniciais
para quem encontra-se matriculado em algum curso de licenciatura. Que, ap6s
esta leitura, possamos olhar para a sala de aula e para o ensino de Matematica
com outros olhos, contribuindo de forma mais significativa com todo o processo
educativo. Desejamos, portanto, uma 6tima leitura.

Américo Junior Nunes da Silva
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CAPITULO 5

ON THE WELLPOSEDNESS OF THE KDV-K-S
EQUATION IN PERIODIC SOBOLEV SPACES

Data de aceite: 01/12/2022

Yolanda Silvia Santiago Ayala globally well posed. We do this in an intuitive
Universidad Nacional Mayor de San way using Fourier theory and in a fine
Marcos version using Semigroups theory. Also, we
Lima, Peru study the corresponding nonhomogeneous
https://orcid.org/0000-0003-2516-0871 problem and prove it is locally well posed
and even more we obtain the continuous
dependence of the solution with respect to
2020 Mathematics Subject Classification: the initial data and the non homogeneity.
35G10, 35Q53, 35B40, 47D06. Finally, we prove the uniqueness solution of
the homogeneous KdV- K-S equation using
its dissipative property.
KEYWORDS: Semigroups theory, existence
of solution, KdV - Ku- ramoto - Sivashinski
equation, nonhomogeneous equation,
periodic Sobolev spaces, Fourier theory.

ABSTRACT: In this work we prove that the
Cauchy problem associated to the KdV-
Kuramoto-Sivashinky (KdV-K-S) equation is

11 INTRODUCTION
We will study the KdV-Kuramoto-Sivashinsky equation:

(P1) : up + Upgr + B(Ugpzs + Uze) = 0 in H;;l, with u(0) = ¢ € H;er,

considering B a positive constant, s a real number and denoting by HSpe, to the
periodic Sobolev space. For physical support to the model, we cite [15]. In this work we will
make a complete study of the existence, uniqueness and continuous dependence of the
solution of the KdV-K-S equation and its corresponding non-homogeneous problem, giving
more properties, improvement of results and additional proofs. Thus, this is a unified study
with improvements of [10] and [13].

We can cite [2] and [1] for this class of equations. We also cite some works about

Trajetorias e perspectivas para a pesquisa em matematica Capitulo 5

54



existence by semigroups [3], [4], [6], [7], [8] and take support in some results of [9].

Our article is organized as follows. In section 2 we state the preliminary results. In
section 3, we prove that problem (P,) is well posed and has regularity H*. Moreover, we
introduce a family of operators, known as semigroups of contraction of class C, to state
the result and prove it in a fine version. In section 4, we prove that the non homogeneous
problem has a unique local solution and it continuously depends respect to the initial data
and respect to the non homogeneity. In section 5, we study the uniqueness of the for
homogeneous case using another technique that involves the dissipative property of the
problem.

Finally, in section 6, we give the conclusions of our study.

21 METHODOLOGY

We use the references [2], [10], [11], [12], [14] and [5] for the Fourier theory in periodic
Sobolev spaces, and differential and integral calculus in Banach spaces.

31 PROBLEM (P,) IS WELL POSED

Theorem 3.1. Let s a fixed real number, B >0 and the problem

u e C([O +OC)7 H;er)

(P1) | O+ OPu+ B(O%u+ d2u) =0 € HS?

per

u(0) = ¢ € Hp,,
then (P,) is globally well posed, that is

3lu e C([0,00), Hy,) NCH([0,00), Hy )

per

satisfying equation (P,) so that the application: ¢ — u , which to every initial data ¢
assigns the solution u of the IVP (P,), is continuous. That is, for ¢ and @ initial data close
in K, , their corresponding solutions u and U respectively, are also close in the solution
space. Also,

lu(t) = @@« < llé — lls. V¢ >0,
and
sup [lu(t) = (1) < llo = ol
Moreover, solution u satisfies the regularity:
u(t) € H® |, ¥t >0

with |u(® ||, < C||¢|., VrER and t>0, where
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H>* = () Hj,,
reR

The application: ¢ — du, which for every initial data ¢ assigns the derivative of
solution u of the IVP (P,) is continuous. That is, for ¢ and ¢ initial data close in K., their
corresponding du and d,d, respectively, are also close in the solution space.

Also, the following inequalities are verified

0ru(t) — (1) ||s—a < (1 +28) ¢ — G5, VE >0, ,

sup || Ou(t) — 0yi(t)]ls—s < (1+28)] 6 — o
t>0

Proof. We prove it in the following way.

1. First, we obtain the candidate to the solution. In order to get it we apply the Fourier
transform to the equation
du = —u— B+ 0%u)
and have
i = —(ik)3 0 — B((ik) i + (ik)*1)
= ikda — B(k'a — k)
= (ik* = Bk* = k)i
= (ik — B(K*> - 1)Ka,

which for every kis an ODE with initial data d(k, 0) = ¢(k). Thus, solving the IVP’s
i€ C([0,+), 2(2)
Q) | Ok, t) = (ik — Bk — 1))k?a(k, t)
ik, 0) = (k)

we obtain
(k1) = PR (1)

from which we get our candidate to the solution:

—+00

u(t) = Z ﬁ‘(kf)gbk

k=—00

—+00

= ¥ R B b(k) b (3.1)

k=—o00

here we are denoting ¢,(x) = e~ and F,:= ehe_1 )k’t. We remark that when k€ Zand
Ikk=1o0rk=0, F is1. When k€ Zand 0 # Ikl # 1, we have that (k> - 1)k* >0, and since 8
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>0 have F, — 0 when t — +w. Also 1e¥1 =1 .

2. Second, we prove:

u(t) € Hy., and |lu(t)|[s < ||@]s, vt € [0,00). (3.2)

In effect, let t >0, ¢ € HS .and remarking that g 2B~V 1, we have

. a2 2
iy, = 2 3o (R SR
k=—c0
— 97 Z 1+k2 iﬁ(kgfl)kzté(k)‘Z
k=—co
= 2« Z (L+ K| (k) e PP
k=—c

— 97 Z 1+k2 |¢)( )|2872,'3(k271)k2t (33)

Obviously it holds (3.2) for t=0

3. We will prove that u(-) is continuous in [ 0, +0).

Letf €[ 0, =),
2
[Ju(t) = w5,

— 9 Z 1+k2 1k3t€—ﬁ(k:2—1)k2t

k=—0c0

- d:‘%t’ flﬁ(szl)ks%’)(%(k)ﬁ

= 2 Z (1+ k2)%|d(k)|?|H (t) (3.4)
k=—c0
where H(1) := eli¥-pr-0&t _ glid-pié-1iéy’
We see that lim, , H(f) = 0. In order to interchange limits, we need the uniform

convergence of the series. For this, we take the k-th term of the series and bound it by a
convergent series, i.e.
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Lo = 2m(L4+ K |B(R)[2 el —A05 DR _ ook p -1ty |

< 8r(l+ k%) [o(k)[?,

there we have used the triangular inequality (property of the norm) and the inequality
e®<1for® =0.Thus,

Z Tee <4l < oo

k=—0c

and using the M-Test of Weierstrass Theorem, we have the series converges
uniformly. Now, we can interchange limits, that is

1 s lim I, =
lim [[u(t) — u(t) |y, RZ i T = 0
=—0

and then we conclude

hm lu(t) —u)||gs. =0.

per

4. We will prove

w (@ + B0 + 2)) ()‘ — 50 when h—0.
Hyo!
In effect,
t+h) —u(t) . , { 2
R = ue) 4 B@bul) + O2u(r)
1 H;e74
_271_2 1+k254‘¢ ‘
k=—00
6(11&75(&271)k2)(t+h.) _ e(@ki*fJS(kal)kQ)t
h
2
(iR)P R IR L g((ik)* o (i) el A= DR ]

Too ) D020 s e 2
=2m > (1R TGk [T )T (3.5)

[ olik2 =82 1)k )h 1y ) .
where M (1= { < - L (ik)° o BU(R) + (k)2 }.
Using L'Hospital we have M (h) — 0 when h — 0.
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Again, to interchange limits, we need the uniform convergence of the series. For this
we will bound the k-th term of the series. Previously, we observe for h > 0:
F(zk’ Bk2—1)k%)h _ 1
h

h 1 0 1.3~ 2 2
— - Y (¢k®—B(k*—1)k%)s d:
A hds {6 } ;

h
_ / % [lka o B(kZ o 1)](32} e(ik:‘—ﬁ(kz—l)kz)sds

0

and taking norm we have
P(ik‘*—ﬁ(kz—l)kQ)h 1
h

h L - -

1
{Ik\3 + BlE[* + Bk|? } h

= {|k|3+ﬁ\kl4+6\kl2}. (3.6)

Using the inequalities (3.6), we are going to bound IM (h)I? as follows:
: 3 2
M(WP < {2[IkP + BlkI" + BIk[?] }
2
< [Culk]"]
< G5 [k
< 5[+ k" (3.7)
Let us bound the k-th term of the series. Here we will use the estimation (3.7)
- 2
(1+ k2 k)| =270 =0 g ()2
N 2
< (1+ K24 B(k)| (M (R)?

~ 2
< (1K) 90| Cs(1+ (k)

— Os(1 4 K2)° k)}
+00 A
and, since 27 > (1 + k?)®|p(k )‘ ||c;5\|Hb < o< for ¢ € Hp,,,
k=—o0

using the M-Test of Weierstrass we get the series (3.5) converges uniformly and then it is
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possible to interchange limits and obtain

2

WD @ p@t )| 0 (38)
Hyo

when h — 0*.

Considering h <0, for the case t >0 we get
R 1.2 __ 2
oI =B(R2=1)k*)h _
h

04
- (ik3—B(k2=1)k?)s d
fh hds { } °

0

1 . ) .

— / E [ik‘} o 6(}1{: - 1)k :| (’Lk% d(kl—l)kz)sd!g’
h

taking norm, we have

elik3 =B~ 1)k)h _ 1

h
0 . . .
h
[) - -
ik 21)k2|f (AFDR s (3.9)
=Tl i

We know that the area under the graph of the function G(#):= e B-0%t from hto 0
is less than or equal to the area of the rectangle with base |Al and height e#-V¥1 that is

0
/ ¢~ Ak —1)k? “ds < |h|€ Bk*=Dk*h (3.10)
h

Using (3.10) in (3.9) we get
ik —=B(k2=1)k2h _

h

< {[K* + Blk|* + Blk[*pe AR -DER - (3.17)

Using (3.11) we have

I(R)] < {Ik[> + Ik + Blk[P e PE DR L1y (3.12)

Using (3.12) we get
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B 3__F 2 2 -
H(t,h) = 2m Y (1K) k)Pl =D ()2

k=—00

< AT i9k3 AR 1VE21 4
= 2m 3 (LR B(R) e el DR A ) 2

k=—0co

+oo N . L
= 27 Z (1+k2)574|¢(k)\2{\k|‘5+/3\kl4+5|k|2}i-

k=—o00 <max{1,5}2{|k[2}4

{eflg(khl)k%ﬁh) +6.3(k21)k2t}2 . (3.13)

Taking h <0 with |Al small enough such that 0 <t+ h <t, we have
Q12 _ 2
e—,d(k 1)k=(t+h) < 1. (314)

Thus using (3.14) in (3.13) and that ¢ € H* o WE obtain

H(t,h) < 2= Z 1+ k2)* 4 p(k)|? max{1, 8}2{1 + [k[>}*- 4

k=—oc
“+00
= (dmax{1,8)%) - 2r 3 (14 k%) o(k)
k=—0c

= (4max{1, 5})[|o]l} < oc.

Using the M-Test of Weierstrass, the series (3.5) is convergent absolutely and
uniformly. Then it is possible to interchange limits and obtain

w(t 4+ h) —u(t) 2

h

+ (92 + B0y + 02)) ul(t) — 0 (3.15)

s—4
HpeT

when h— 0-.
From (3.8) and (3.15) we have

u(t +h) — u(t)
h

2

+ (92 + B9y + 92)) u(t) —0

s—4
Hper

when h— 0, Vt>0.
This is also true for the case t = 0, there we use (3.6) only.

5. We will prove the continuous dependency of the solution with respect to the initial
data, that is, let ¢ and <;5 be close data in Hsper, then their corresponding solutions u

and u, respectively, are also close in the solution space. Let t =0,
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2
(1+ k%)

~

(Rt BUZ= DR (Bpy 31y

2
(1+k%)°

—~

+oc
=2m Y PEIRG) — G(k)

k=—o00

+oc
=21 > (1+ K |o(k) — olk)

k=—o0c

= [l¢ — &%=

per )

Taking supremum over ( 0, +©) we have

sup [lu(t) — @)y, < 6 — dlluy

. e (3. 16)
te(0,4+00) g i

Hence, we have: if p— ¢ then u—u.
6. Uniqueness of Solution. Inequality (3.16) will allow us to prove the solution is

unique. In effect, let € H°, and suppose there are u and & two solutions, then
using (3.16) we have,

per

lu(r) = @) s, < sup fut) — ()|,
te[0,00)
Vre [0, ), from where we conclude that u = a.
Thus, problem (P,) is well posed and its unique solution, which depends continuously
on the initial data, is
+oo

u(t) = Y MEPEIRG (k) gy

k=—x

7. Let t >0. From (3.3) we have for r > s:

a2 24 ¢
o B2 =1)k 2

+00
lu@? = 27 Y (1+k)[o(k)>

k=—oc
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+00
= 21 Y (1 + K% 6(k)[PF(k,t)

k=—0cc

+0o0
< Cham )y (LRSI < oo

k=—oc
= C*lgl3,

where F (k, 1) := e28*-D%t(14+k2)~s and satisfies | F (k, f)l = C*, YkE€ Z, t>0. Thus,

u(t) € Hy,, , Vr € (s,+0). (3.17)

The case r = s was already proven on the item 2.

8. Now, we consider the case r <s. Here we have H°, ¢ H’ _ and since the initial data
¢ € He,,, then ¢ € H_and satisfies

el < llolls- (3.18)

From (8.3) for rand using (3.18) we get

lu@)l? < ll6ll7 < [lgl2 < oc.

That is,
u(t) € Hpe,,Vr € (—00,5). (3.19)
Therefore, from (3.17), (3.2) and (3.19), we conclude for t >0
u(t) € H,., ¥r e R,

and there exists C:= max{1, VC*} such that || u(t)||,< C||¢| ., VrE R and Vt>0.

9. We will prove that du(-) is continuous in [0, ®). Let £, f € [0, ), using the inequality
[|om un] .., < [lud|,and continuity of u(-), we obtain

10ru(t) — Opu(t)] s

= || = BPu(t) — B@Lu(t) + Pu(t)) + Fu(t))
+B(ORut') + O2u(t) |54

= || = (@Fu(t) — OFu(t") — B(Ogu(t) — dfu('))
—B(03u(t) — Pu(t))s—a

= |2 (u(t) — u(t’))|s—a + BIOX(u(t) — u(t))||s—a
+B1103 (u(t) — u(t'))]|s—4
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< lu(t) = u®)|ls—1 + Bllult) = w(t)]ls + Bllu(t) — u(t’)|]s—2
= (1+28)|u(t) —uw()|s =0 (3.20)

when t— t. Thatis du € C([0, ), H,,**).
10.LetpE H°

per’

if we define

+00
W(t)e:= Y (K- Bk — DIl A =DR1 Gg

k=—00

then W (¢ € H, s*and | W (o]l =(1 +2B)||#|, Yt=0. Thatis, W (1) € L(H°,,,
H, = with [|W (9] = (1 +2B).
In effect, using 1K — B(k2 — 1)k212 < (1 + 2B)2(IK“)2 = (1 + 2B)*(IKI?)* = (1 + 2B)2(1 +

IkI?)*, Vke Zand e® <1, VB =0, we have

W (t)oll2-
RS ) 35 BIE2_1\E2]4
) Z (1 +k2)574|(k32— _ 5(k2 _ 1)k2)6[k‘zfﬁ(k -1k ]t¢(k)|2
k=—o0c
R 2 21,
— 97 Z 1+k‘2)5 4|k i — ( B2 1)}62 26[—25(,% -1k ]t\qf)(k)|2
k=—oc
; Foo PYIR- I 214~ .
< (1 +26)22ﬂ_ Z (1 + k?)se[*z;d(k‘ —1)k ]t|¢(k)‘2
k=—oc

+0o0
< (14282 Y (1+K7)[o(k) < oo

k=—oc
= (1+28)*ll3 -

1. From item 4 and 10, we have du(t) = W (1) ¢.
Next, we have the following result
Corollary 3.2. The unique solution of (P,) is

+00

u(t) = 30 ARGk gy,

k=—oc
where ¢,(x) := e for x € R.
Corollary 3.3. With the hypothesis of preceding Theorem, we obtain
1. u e C([0,00), Hy.,) N CH[0,00), H} 2, Vr <os.
2. Also,

Trajetorias e perspectivas para a pesquisa em matematica Capitulo 5

64



sup [u(t) —a(@)], < ¢ —¢ls, ¥r<s.
t>

lu(t) =@, < |l —dlls, VE>0, ¥r<s,

3. Moreover,

[0u(t) — Bi(@®)]lr—s < (1+28)||6—|ls, VE >0, ¥r<s,

51>1¥]) |0eu(t) — Ou(t)|lr—a < (14+28)|¢ — ;”S , Vr <s.

t=>
4. Ifr>sthen ||u®|, s VC| @], Vt>0, | dud|,, = (1 +2BVC| ¢|., Vi>0,
where C is such that|\G(k, )l < C, VkE Z, V>0, WIth G(k f):= 2808 <Dt (1 4 k2)r-s.
5. Finally, Vre R

[u(®)]l, < min{l,VC*}|¢|s, ¥t >0, (3.21)
[0su(t)|lr—a < (14 28) min{l,VC*}|o|s, ¥t >0, (3.22)

Proof. The inequality (3.21) follows of the Sobolev continuous imbedding. We will
use the Sobolev continuous Imbedding and item 10 for prove that if ¢ € H° then W (f)¢
€H,*and |[W(to|, =01 +2B)] e, Vt=0,Vr=s Thatis, W(t) € L(H,,,, H,,~) with
||W )| <(1+2B), Vr<s.

In effect, using 1k% — B(k? — 1)K?12 = (1 + 2B)*(1 + |k?)* VkEe Zand e® <1, VB =0,
we have

W (t )¢>H2

S - Z 1+k2 r— 4\.’43 k _1)k2‘26[72@3@271)1@‘2]”&@‘2

k=—o0

< (1+28)%2r Z (1 + &) el =205 DR G 1y 2

k=—00

+oo

< (142820 > (14K [g(k)[?

k=—00

+o0
< (L+28)%2r > (14K p(k) < o

k=—00
= (1+26)[l9lI3 - (3.23)
Also, we will prove that if ¢ € H_*then W ()¢ € H,~* and |W (ho| . = (1 +
2BVC*|| ¢, Yt >0, Vr>s. Thatis, W (1) € L(H,5 H,,~) with | W (9] = (1 +2B)VC", vr

> S.

In effect, using |k — B(K2 — 1)K312 < (1 + 2B)2(1 + |kI?)*, Yk € Z and that IG(k, )l = C,
Vke Z Vt>0 with r >s, we have
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W ()2,

+oc
=2m Y (L KA TR BR? — 1)k el PR DR G 2
k=—oc0
™= 2 204
< (1+28)%2m 3 (1+ K2 el 2002 DRI G 2
k=—o0
T a2 211
= (1+28)%21 > (14 k)" (14 k27—l 2PF DR 412
oo Gt)=

—+o0
<(1+28)°C*2m Y (1+ K |o(k)P < oo
k=—o0

= (1+28)%C*|¢|%. (3.24)

From (3.23) and (3.24), we have (3.22).

Now, we will introduce a family of operators which verify the condition of being a
semigroup of contraction of class C,.

Theorem 3.4. Let 3 >0 and s € R. The application

S:[0,+00) —+ L(HS,)

t — S(t)

such that S(1) = e"(d2+B(d/*+d?2))!, that is, applies

S(t)p = [(e(iki*—s(ﬁ—k?))tqg(k))kez}v ., Vo € Hp,,

then {S(1)}_, is a semigroup of class C, of contraction on Hpef.
Moreover, the following assertions hold:
1. If¢ € H, 2 then S()¢p € C([0, =), H,°).

per
2. The application ¢ — S(*)¢ is continuous and verifies:
1S(E)yr — S(Eallry,, < w1 — tallmg,,. vt >0
and

sup [S(t)1 — S()a|lms,, < |1 — d2|lms
t>

per — per

with € H, > fori=1, 2.
3. If¢pEH, sthen IS € H, s and || 9S() o], , < (1 +2B)|| @], . thatis, 3S(t) €

per

L(H_$,H _$*%,Vt=0, where

per ’ " “per
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‘ ; o iR B(R2 1 2]y~ v 5
056 = | ((iK* = B = DRl ™ PEIRG)) e st
Vo € Hpe, .

4.1f @ € H, 2 then 9S()p € OO, ), H, =) .

5. The application: ¢ — 9 S(*)y is continuous and verifies:
1005 ()1 — O S(t)?//’zllsle < (L+28)[vn —¥ells, vt >0,
sup Hdt ()b = St Yalls—a < (L +28)[[vn — Yalls

with ¢, € Hpef fori=1, 2.

\% ~V
Proof. We first observe that S(0) ¢= [( (k ))kez] = M = V0 €H s, thus S(0) = .
From linearity of Fourier transformation and its inverse, we have that S(i) is linear. In effect,
letbeacC, ¢, y Hpef, we have

S(t)(ag + )
- [ ), )
&

[ (IR —BUR VR By z/j(k)])k,gz]v
[a e (k))kez N (ehkﬁ_ﬁ(kz_l)kz}t&(k)) keZ} V

g
e[ ), ()
=aS(t)p+ S(t)v

et

for t=0.
If ¢ € H,,°and t >0, we will prove that S(f)¢ € H,.*and [ S(H¢|, = [ ¢|, thatis
S| <1. In effect, similar to (3.3) we have

i —BE2—1)k2t 7 :
IS¢ )@’;”H;” = 27 Z 1+k2 kte B(k*=1)k t¢(k)‘z
k=—o00
—= 27 Z 1+ k2)%|d(k)|2e 28K~ 1k (3.25)
k=—00

< om Z (L+ 1) [o(k)* = [1@ll3,, < oo
k=—00
Then, S(h¢p € H,.*and || S(Ho|, = |||, Yt>0, thatis S(f) € L(H,,*) with || S(D ||
<1,Vt>O0.
Therefore,
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IS®ells < lells, vt =0, Yo € Hy, . (3.26)

That is,

S(t) € L(HS,,), with [S(t)] <1, V¢ >0. (3.27)

Now we will prove that S(t + r) = S(f) o S(r), Vi, r=0. In effect, let be f € Hpef and {,

re (0, «),
Sang = [(dsw e f) T
= [( [ik%—B(k>~1)E?]t ik =B (K> —1)k]r f(k))kez]v, (3.28)

We know that if f& H_*then f € I, that is

+oo
ST U+EINF R < . (3.29)
k=—00
We affirm that
[iE3—B(k2=1)k%]r 2 >
(¢ ), e vr=o. (3.30)

Indeed, when r = 0 it is evident that the statement is true. Thus, we will prove the
case r>0. For this, it is enough to observe that

+00
Z (1—}—;4!2) ‘ ik3r fd(kz Nk rf(k_”
k=—o0
+oo ) )
= (L+£7)° e )
k:z—:)o \2”1_’ <1
+oc
= > (U+EIF(R)P < oo,
k=—o00

since it worth (3.29).
Then, from (3.30) and taking the inverse Fourier transform, we have

{(e[u«“fﬁ(kzq)k?}rﬂk))

This motivates us to define

gr = {(e[ik‘li*@(szl)kz]rf(k))kez} Te Hipey -

€ Hpep, V1 >0,

kEZ}

That is,
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Also, taking the Fourier transform to g, we obtain

G = (6[1;;376(k2,1)k2].rf(k))kEZ ’

that is

Go(k) = e BE-DE fy vk e 7. (3.32)
Using (3.32) in (3.28) and from (3.31) we have

T [ Gl N
St)gr

SB[S(r)f]
[S(t) o S(r)]f, ¥t,r € (0,00).

Thus,
S(t+r)=5(t)oS(r), Vt,r € (0,00). (3.33)

If t=0 or r=0, then the equality of (3.33) is also true, with this we conclude the proof
of

S(t+r)=S(t)eS(r), Vt,r € [0,00). (3.34)
Now, we will prove the continuity of t — S(f) ¢
1St +h)o — S(t)¢|ns, — 0 when h — 0. (3.35)

In effect, using item 3 of the proof of the preceding theorem, we have

IS(t+h)d — S(t)el

per

+oo
= om Y (14 KRR B DR )

k=—o0

—eikgtef-a(szl)k%‘)gg(k’) |2

+o0
=2r > (L+ k)R PIH(E + h)? (3.36)
k=—o00
where H(t + h):= g¥*-8e-nR)th) _ glié-pc-1e
H(t+ h) =0.
Now, we again need the uniform convergence of the series in order to interchange

We observe that lim,

the limits. For this, we take the k-th term of the series and bound it with a convergent series,
that is
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Ik,t,h - 271_(1 + k2)5|¢;(]€)‘2 e(ikg—ﬁ(kz—l)k’z)(t-i-h) . e(ikg—ﬁ(kz—l)kz)t

< 8L+ k*)°|o(k) [,
where we have used the triangular inequality (property of the norm) and the inequality
e®=<1for6=0.

Thus,

Z Tein < 4H€15||Hs < 00, (3.37)
k=—o0
and using the M-Test Weierstrass Theorem we get the series in (3.37) converges

uniformly. Then, interchanging limits is allowed, that is
lim S(t+ h)p — S(t ¢\|H Z Jim [y, =0

and from here we conclude

lim [|S(¢ + h)g — S(t )9l 1

per

Remark 3.5. It verifies
i 1S(t)¢ — &llug,, =

Therefore, {S(8)},, is a semigroup of contraction of class C on H °. Let y, and y,
close datain H °, then we will prove that their corresponding S(-)y, and S(: )L|J2, respectively,
are also close. Slnce {8(1)},, is of contraction for t = 0, we have

1S@) 1 = Sy, = 19O = vo]llm,, < 1 — Y2y, -

Taking supremum over (0, +%) we have
sup [|S(t)yn — S(t)¢2llmy,, < I — V2 my,, - (3.38)
te(0,+00)
From here we have that if ¢, — @, then S( )y, — S("),.
We will prove: If ¢ € H sthen 9S(¢ € H,,>*and [|9S(H¢| ., <(1 +2B) | ¢| .
In effect, using 1K/ — B(K2 — 1)K212 < (1 + 2B)?(1k1%)2 = (1 + 2B)2(1k1?)* = (1 + 2B)*(1 +
Ik2)*, Vke Zand e® <1, VB =0, we have

[0S ()12

—+o0

— 9 Z (1 + k2)374‘(l€3i o 6(k2 o l)k2)e[ks’i*.@(kQ*l)kQ}tq’b\(k)|2
k=—00
oo . 2 2 —~
— o Z (1 + k2)374‘k32— _ 5(k2 _ 1)k2|2€[723(k -1k ]t|¢(k)|2
k=—00
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+o0

< (1+28)%2r Y (14 k%)%l 280 DRI G ) 2

k=—oc

+o0c
< (1428221 > (1+£) (k) < oc

k=—o00
= (1+28)°(l¢lI7 -
Thatis, || 9S()¢| ., < (1 +28)| ¢ .. From this inequality we obtain
10:S(t)p1 — OpS(t)palls—a < (1 +28)[lo1 — w2lls

with @, € Hpef fori=1, 2.

So, taking supremum over [0, «) we have

S[up ) 1005 ()1 — S () p2lls—a < (1+28)[|p1 — w2s -
te[0,00

Finally, if ¢ € Hpe,s we will prove the continuity of t — 9.5(f)¢. That is
[|0:S(t + h)p — 0;S(t)p|ls—a — 0 when h — 0.
In effect, as item 3 of the proof of the preceding theorem, we have

195 (¢ + h)¢ — BpS (¢

= 2r Z (14 k%)

k=—o0

(18— B0~ DR
=27 Z (1+ k%)=

Hs4

(eik-‘* (t+h) ea-S(k2 —1)E2(t+h) _ eik:*tefb’(szl)k%)_

(eik“(h)efﬁ(szl)kz(h) - 1)(eik3t676(k271)k2t)_

k=—o0c
. . o A 2
(ik? — B(k? — 1)1&)@;@’
+0o0
=21 3 (14 k2R -DR M) _ 2 —2B(R2-1k%
k=—00

\qz“s(k)f ik~ B2 DR

—an 3 (R — 9062 — DR R

k=—o0
(3.39)
where H(h) := eW-BIE-DR®" _ 1
We observe that lim, H(h) = 0.
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Now, we again need the uniform convergence of the series in order to interchange
the limits. For this, we take the k-th term of the series and bound it with a convergent series,
that is

L = 20(L+ K2 o(k) Plik — B — 1R Pe 2808 f (1)
(1+28)%8m (1 + k2)*|(k)|?

A

where we have used the triangular inequality (property of the norm) and the inequality
e®<1for06=0.
Thus,

oo
2 2
D Do <401+28%0)F,, < oo, (3.40)
k=—o
and using the M-Test Weierstrass Theorem we get the series in (3.40) converges

uniformly. Then, interchanging limits is allowed, that is

}llig})HE)tS( +h)o — 0S(t ¢”H‘- )= Z Lim Ty ¢ = 0
:—oc_.,_/

hence we conclude

limn 9t + 16 — S (1) s = 0

We will give some additional properties of {S(#)},_,.
Corollary 3.6. With the hypothesis of preceding Theorem, the following assertions
hold

1.1fo € H,* then S(tip € H,,'and || S(hel|, < ||¢]|, Yt=0, Vr=s. Thatis S(f) €
L(H s, H r) Vt=0,Vr=s.

per ’ " “per

2.Ifp € H,, *then S()p € C(0, ®), H, "), Vrss.

3. The application: @ — S(*)¢ is continuous and verifies:

A

1S()pr — Szl < o1 —p2lls, >0, Vr <s,
sup [S(H)er — S(t)eallr < llor — palla. ¥r < s
>

with ¢, € Heffori= 1, 2.
4. Ifo € H 2 then 3S(hp € H,~* and || 9S(he]|,_, < (1 +2B)[| ¢ ||, Vt=0,Vr <s.

per

That is 8,8( ) €LH,> H,™), Vt=0, Vr=swhere

9,8t = [((?Jk& o B(kQ _ 1)]{‘2) [ik® —B(K2—1)k2)t gb(kj))kez}v H;cr4:

V‘P € H pcr
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5. Ifpe Hpef then 85(-)p € C([0, »), Hper’-“), Vr=<s.

6. The application: ¢ — 9,S(*)¢ is continuous and verifies:

10,5(t) 1 — S (B)pallr—a < (1 4+28)|le1 — w2lls, ¥E >0,

sup [|0:S(E) o1 — e S(E)pallr—a < (L+28)[l1 — p2]ls,

t>0
Vrss withg,€H sfori=1,2.
7. Ifr>sthen || S(he||, <VC*| ¢, and || 9S(De||,, < (1 + 2B)VC* || @], Vt>0, Vo
€ H,,*, where C is such that |G(k, ) < C, Vk € z Vt>0 with Gk, 1) := e 2B,
(1 + k)=
8. Finally,

A

IS ellr < min{l, VC*}|ells, ¥t >0, Vr e R,
105l < (1+28) min{1, VT g, ¥t >0, Vr e R.

Proof. lts proof is analogous to the proof of the second Corollary of The- orem 3.1,
where we use Sobolev imbedding.

Following, we state the Theorem 3.1 in function of the semigroup {S(#)},.

Theorem 3.7. Let B >0, s€ R and {S(1)}_, the semigroup of class C, from Theorem
3.4, then S() ¢ is the unique solution of

u e C([0,00), H,, ) N CL([0,00), H3p®)

per per

— ; s—4
w = Au in Hp,

( ) ¢ €H pET
in the sense that

S(t+h)p—S(t)o
h

lim

lim AS(t)gf)‘ (3.41)

s—
Hper

where A= -92 - B(d* + d?), and if p, ~ ¢, then S(-)p, ~ S(*) @,
Moreover, the following regularity is satisfied: If ¢ € H S then S()¢ € H*, Vi >0 and
there is a constant C >0 such that | S(¢|| H,,/ < C|| #| H,.., Vt> 0 andVreR.

Aiso, |[9S(h¢|l,<(1+2B)|¢|, Vt=0,VpEH, .
Proof. The proof of (3.41) is analogous to the item 4 of the proof of The- orem 3.1.

And the proof of the remaining statement is also similar to the proof of Theorem 3.1 and as

a consequence of Theorem 3.4.

4] THE NON HOMOGENEOUS PROBLEM IS LOCALLY WELL POSED

Using the Fourier transform, we will prove that the non homogeneous problem
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has a unique solution and it continuously depends respect to the initial data and the non
homogeneity in compact intervals.

Theorem 4.1. Let s € R, B >0, F € C([0, T], Hper), where T >0, {S(1)},, the
semigroup of class C, of homogeneous case (F = 0), introduced in the Theorem 3.4, and

up(t) = ﬁ S(t—7)F(r)dr

then u,e Cc(o, T], H pef) NncYo, T, H pef-“) and satisfies

Dpup + Dgup + B(Oqup + Ouy) = F(1) € Hye,! (4.1)
u(0) = 0 |
with the derivative given by
t+17
lim up(t+ 1) = up(t) + By + BOMuy, + O2uy) — F(t) =0. (4.2)
h—0 h s—4

Proof. We remark that S(t - T )F (T) € H sVreO, f)and Tt~ S(t-T1)F (1) is

i
continuous in [0, t] then EI/ St —r)F(r)dr € Hp,,.
0

up(t)i=
Now, we will prove u, € C([0, T], H,,°
Leth>0

), thatis, [|u(t+ h) - u (8] ,— 0 when h— 0.
t+h
up(t +h) —uy(t) = / S(t+h—7)F(1)dr — / S(t —71)F(r)dr
= /{SerhT S(t— 1) F(r)dr
t+h
+/ S(t+h—71)F(r)dr
t

taking the norm || - ||, we obtain

l[up(t + h) = up(t)]|s < IIA{S(I%’ZT)S(tf)}F(T)d‘fls

~

112:

t+h
+] S(t+h—71)F(1)dTt|s .
t

>

~

Ia:=

Using the M-Test of Weierstrass we get
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t
L < f [|S(t+h—7)F () — S(t —7)F(7)] sdT
0
€ t et el €
< — dr = — < — = —
= 97 OT = 2T 2

since 3 > 0 such that:
if Il <& then || S(t+h-T)F(T)-S(t-T)F(1)| <
Using the mean value Theorem in Hpef we obtain

€
57, VTE(0, 1)

1 t+h
hf S(t+h— 1) F(r)dr —s S(O)F(t) = F(1)

when h — 0. Then

t+h
/ St+h—1)F(r)dr=_h " Sit+h—71)F(r)dr — 0
t

when h — 0. So, we have
t+h
Igz“/ S(t+h—71)F(r)dr|s — 0
t

when h— 0. That is, |/, <§ whenever |hl <&'.
Therefore, ||u(t+ h) - u (], < I, + I, < e whenever Il <min{3, 5"} .
From definition of u () we have v (0) = 0.
Now, we will prove that 3du (1) in H,,**. In effect,
up(t + 1) = (1)
h

1 {Lﬁh S(t+h—7)F(T)dr — /Ut S(t— T)F(T)dr}

" h

1 t
= E[g {S({t+h—7)F(r) =St —7)F(r)}dr

t+h
+Ef S(t+h—T1)F(r)dr.
t

Using the mean value Theorem in H__* we obtain
1 t+h
. S(t+ h —7)F(t)dr — S(0)F(t) = F(t) (4.3)
t
when h — 0.

Since

S(t+h—1)F(r)—=S({t—71)F(1)
h

converges uniformly to d{S(t -t )F (1)} in Hpef-“ VT €0, 1], we obtain that
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/t St+h—1)F (1) — S(th)F(T)dT
0 h

converges to [ ' d{S(t - T )F (1 )}drwhen h — 0.
Now, we remark that {S(t - T)F (1)} = (=92 - B(d,' + 93))S(t - T)F (T) in H .
Since (=92 - B(d! + d7?)) is a closed operator, then

/ﬁ(iﬁﬁﬁﬁ+@3%9@ﬂFTﬂdT—-(éﬁ6&ﬁ+8b)/¢SﬁTﬂWTMT-
0

0

Therefore,

tat{su — 7)F(r)}dT = (=02 — B(8L + 0?)) t S(t —7)F(r)dr .
0 0

~~

up(t):=
That is,
/Ot S(t—}—h—T)F(Ti)L— SC=DFE) g (Cab_ 50+ 2 )u)
(4.4)
when h — 0.
Finally, in H >, using (4.3) and (4.4) we get
53 im0 (08 4020, 1) + ().
Frup(t)=
Using that | 3f ||, =< [If ||, . YmeE Z:, VfE H, 2, we obtain
Hatup(t + h) — Opup ()] s—4
= (- (()4+02))up(t+h) (f+h)
{( — B0 + F))up(t) + F(D)}s—s
< [l +h) Et)]ls-4
+[|(=a — B(Or + 02)) {up(t + 1) — up(t) H|s—1
< (4 h) = F(t)lls—a + || = 93{up(t + h) — up(t)}||s—a
H = B {up(t + h) — up(D)}Hs-a
H = B {up(t +h) — up(D)}Hs-a
S NF@E+h) = F)lls—a + [lup(t +h) — up(t)]s1
Fullup(t +h) —up(t)l]s + Bllup(t + h) — up(t)||s—2 -
Since u(f) € H,,*c H >'c H *?*then
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[ Orup(t + h) — Oy ()] 54
< [F(t+h) = F(t)][s—a + (14 28) Jup(t + h) — up(t)]]s .

Now, since F: [0, T] — Hpef-“ and uy [0, T]— Hpef are continuous, then olup: [0, T]
— Hpef*“ is continuous for t € [0, T, that is, a,upe C([o, T, Hpef*“).
Therefore, u, € C([0, T1, H,,°) N C'([0, T], H,,*).

per per

Theorem 4.2. Let p € Hpef, seR, >0, Fe C([0, T], Hpef), where T >0, and {S(f)}
wo the semigroup of class C, of contraction in H,,° as in Theorem 4.1, then

1. The function:

t

ut (1) :== Sty + | St —7)F(r)dr,t€0,T] (4.5)
0

~

~

up(t)=
belongs to C([0, T1, Hpef) n c'(o, 7], Hpef*“) and

2. uF (t) is the unique solution of

T TTTT rr) — F(t) e Hse_;l
(PF) Ut + Upar + O(u + Ugy) (1) . (4.6)
u(0) = ¢

with the derivative given by

lim U(t + h) — u(t) + Ugrx + ﬁ(u:ma::c + u:ca:) o F(t)
h—+0 h

=0.
s—4
(4.7)

3. Let S Hpef, ﬁ e C(o, T], Hpef), j=1,2. The map Y — u is continuous in the

following sense. Let u, and u, the corresponding solutions to initial data @, and g, and with
non homogeneity F, and F, respectively. Then

[[ur (1) = u2(8)][s

S ||7=D1 711[)2HS+THF17F2HOC,SS te [O'T] (48)
sup |[lug () — ua(t)|ls
te[0,7]

~

Huru.;i\oc,s;:
< |11 — 2lls + T||F1 — Fallso.s (4.9)
|Opuy (t) — Opua(t)||s—a
< (L4 28)[Jur(t) — ua(@)lls + [|1F1 = Falloc,s—a, £ € (0,77,
< (1T +28)|lug — uslloos + | Fy — FQHOO,S
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< (L4 28) ||t — alls + [(1+ 28)T + 1|1 — F2locs
(4.10)

where we have used the notation:

illocr = sup BB, k€ C(0,T], Hy,,). (4.11)
te[0,T]

Proof. We work the following steps.
1. Let u(t) := uf () = S(t)p + up(t), we will prove that

we C([0,7], H:, )N CY[0,T], H3.Y).

per pcr

In effect, as S(-)¢ € C([0, T], Hper
(o, T, H, 9.
Moreover, as S(-)¢ € C'([0, +»), Hpef-“) and up(-) e c'([o, T], Hpef-“), then u() = S(*)
p+u()eC(0, Tl H, ).

2. We will prove that u is the solution of (P,7). In effect, we know that 39.5(f)¢ and
Adu,(f) in H, > then

Ou(t) = 0 S(t)o+uy(t)
——

)and u () € C([0, T], H,,°) then u() = S(")@ + u (")

= —Fun(t) — B(Oyun(t) + Frun(t))
—0Fuy(t) — B(Orup(t) + Fruy(t)) + F(t)
= —Hup(t) +up(t)} - B (d {up(t) + up(t)}
+O{un(t) + up(t)}) + F(¢)
= —dfu(t) — B (9gult) + Bru(t)) + F(t)
in Hpef*“, where u,(-) is solution of the homogeneous equation (P,).

3. Also, u(0)=u(0)+u()—¢+0—¢
4. LetLpeH SandFEC([O T1, H s forj=1,2, then

per

uj(t) = S(t)y; + A S(t —7)F;(T)dr

is solution of (P,”) with initial data u(0) = S(0)y, =y, for j=1, 2.
Then

w(t) — uslt) = S {wn — pa} + [ S(t — T){Fi(r) — Fy(r)}dr

From where we obtain, for t < T:
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llur (8) — ua(B)]]s

t
SWWWr%Mm+AHﬂ%¢HHM*HWWMT
t
SWrM%+AHHW—BUMW

t
SWrwm+SwHEM*&UMde
T€[0,T) 0

< —wolls + T+ sup [[Fi(7) = F2(7)]s -
7€(0,T]

Therefore,
sup [|u1(t) — wa(t)|[s < [[¢n —2|ls +T - sup [[Fi(7) — Fa(7)]]s -
te[0,7) T€[0,7]

5. On the other hand, in Hpef-“ we have
Ohuj(t) = Opun(t) + Orup ;(t)
= [0} = B(07 + 02w (1) + [0} — B + O)up,3 (1)
+15()
= [-07 - B(3; + 9Dy + Fy(1)
forj=1, 2. So,
Orur (1) = yua(t) = (=07 — B +02) {un (t) —ua ()} +{ Fr (t) = Fa(1) }.
Taking norm, we obtain
19yt () — By (1)
= (=05 = B(93 + ) {ur (t) — w2 ()} + {F1(t) = Fa(t)} s
< [0z {ur(t) — w2 ()} ls—a + BllO{ur(t) — wa(t)}|s—a
+B105 {ua (t) — ua(t)Hls—a + [|F2(t) — Fa(t)[ls—a-
Using [| 9w, = @l for m=1,2,8and H,sc H _*' c H, 2 we get

([Oru (t) — Orua(t)|s-a

< ua(t) — ug(8)]ls—1 + Bllur (£) — uz(t) s
+Bl[ur(t) — uz(t)|ls—2 + [[F1L(t) — F2(t)[|s-a
(1+28)[lur(t) — ua(D)ls + |F1(t) — Fa ()]s

<
< (L4 28)ur(t) —ua(®)lls + sup [[F1(t) — Fo(t)]|s—a
te(0,7)

< (1+28)[Jur — uzllco,s + [[1F1 — Falloo,s
< (1428) 01 — ells + [(1 + 28)T + 1] Fy — Falloos -

Remark 4.3. Inequality (4.8) says that the solution of the non homoge- neous
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problem (P,f) continuously depends on the initial data and the non homogeneity F, in
compact intervals.
Corollary 4.4. The problem (P,F) has a unique solution.
Proof. This follows by applying inequality (4.8) with ¢, = ¢,= ¢ and F, = F,=F.
Corollary 4.5. The unique solution of (P,F) is

+o0

WFt) = 3 e UG g,

k=—o0

¢t +oo
b [3D e RO B
0

k=—00

where ¢,(x) := e~ for x € R.

51 DISSIPATIVE PROPERTY OF THE HOMOGENEOUS PROBLEM

We will study the uniqueness of the solution for homogeneous case using another
technique that involves the dissipative property of the prob- lem.
Let B >0, s € R and the homogeneous problem

w € C([0,00), Hye,) N CH([0,00), Hpopt)
(P1) dw + Bw + B2 + Pw) =0 € H3!

w(0) = ¢ € H,, . "
Theorem 5.1. Let w the solution of (P,) with initial data ¢ € H__¢, then we obtain the
following results:
1. 9wt ||?,_= -2B < 32w(t) + I *w(t), w(t) >_, <O.
2wt .= llell..<lel. t=o0.
Proof. As Hpef c Hpef"’ then the following expressions are well defined: < dw, w >__

4
and <w, dw >_,.

So, we have
Alw®)|? , = & <wt),wt) >y
= < ow(t),w(t) >s—1 + < w(t),Opw(t) >5-4
= 2Re < dw(t),w(t) >s_4 . (5.1)
For the other hand,
+oo
<Pw+dtww>y = 21 > (L+k)Hohw + dpw} (k)w(k)
k=—00
+oo _
= 27 ) (L+K) R (K - 1) @(k)D(k)
— yn o
1(k):=
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“+oo
= 27 > (L+E) T M (k@) (5.2)
k=—0o0
We remark that the series in (5.2) is convergent since M (k) < k* < (K?)* < (1 + k®)*, Yk
€ Zand w(f) € Hpef.
Moreover, as

Mk = 0 if ke {-1,0,1}
Ol KB2(R2=1)>0 ifkeZ—{-1,0.1},

and M (k) =12, Vke Z-{-1, 0, 1}, then the convergent series (5.2) is not negative.
That is,

< (ﬁw + (‘)iw,w >e4 > 0.

So, we have
— < Qw+dw,w >, 4 < 0. (5.3)
Also, we obtain
+oo o
<Oww >y = 20 Y (L+E) TBw(k) - ©(k)
k=—00
+OO G —
= 21 Y (14 k) ik)Sw (k) - @(k)
k=—o
+oo ‘ ‘
= —i2r > (L+ K)ok (5.4)
k=—oc
bie

Now, we will prove that the series of the equality (5.4) is convergent. In effect, using
the inequality: 1kl® < |kl = (1kI%)* < (1 + K?)* and w(t) € Hpef we have

“+oo
S (LR R (k) P
k=—oc
+oo
< Y (A RATRP k)
k=—0c0
+oo
< Y R+ ) ak)?
k=—c0
“+o00 ) ) 1
= > (+E) k)P = ﬂllw(t)\\? <00,

k=—0o0
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Then the series (5.4) is convergent, that is,
< PBw,w >, 4= —ib, withbe R. (5.5)

From (5.1), using dw = -B(d2w + d‘w) — d3w, B >0, the inequality (5.3) and the
equality (5.5) we get

Allw®)|?_, 2Re < Oyw(t), w(t) >s_4
= 2Re < —B(d%w(t) + dtw(t)) — dPw(t), w(t) >y
= 2BRe{— < dFw(t) + dqw(t), w(t) >s_a}
<0
—2 ﬁe < PPw(t), wt) >4

=0
= 28 < Pwt) + Pwt), w(t) >q < 0.

Therefore, || w(f)[|2,, is not increasing. Then, |[w(f)||2,, < [|w(0)|?,._,, Vt=0.

As ([wd ] .o = IwO) [ ) wi ] + | wO)] ) <O, we have
|t < MO, < [wo)],, ¥t=0.

Thatis, [w(d |, < ¢l..<lel. vi=0.

Corollary 5.2 (Continuous dependence of the solution of (P,)). Let u and v solutions

of (P,) with initial data , and g, in H,_¢, respectively.
Then the following assertions hold
Orllu(t) — ()3 4
= 28 < 2{u(t) —v()} + IHu(t) —v(t)}, ult) — v(t) >4

<0

and

Ju(t) = v(E)]ls—a < o1 — talls—a < 1 = 2fls. =0, (5.6)

Proof. Define w := u — vthen w satisfies:

Opw + O3w + B{O%w + dtw} =0
w(0) = v1 — 1.

We conclude using the Theorem 5.1.

Corollary 5.3 (Uniqueness of solution of (P,)). The problem (P,) has a unique
solution.

Proof. In effect, let u and v solutions of (P,) with the same initial data, that is @, =y,

From (5.6) we obtain || u(f)-v(?)||
v(f), Vt=0, thatisu=v.

< ||o|l,=0. Then, ||u(h-v(H| .., = 0. So, u(t) =

s-4 s
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61 CONCLUSIONS

From our study of the KdV-K-S equation in periodic Sobolev spaces, for the
homogeneous (P,) and non homogeneous (P,") case we have obtained the following results:
1. By Fourier theory, we proved in detail the existence and uniqueness of solution to

the model (P,), as well as the continuous dependency of the solution respect to the
initial data. Here we proved the regularity of the solution.

2. We introduced the semigroup theory to rewrite the solution of prob- lem (P,) by this
theory, making it much more fine.

3. In Theorem 4.2, using the Fourier transform, we proved that the non homogeneous
problem (P,f) is locally well posed in compacts, obtaining continuous dependence
with respect to the initial data and the non homogeneity.

4. We showed the dissipative property of the homogeneous problem, where an
estimate for the norm of global solution was obtained, which allowed us to deduce
the continuous dependence (with respect to the initial data) and uniqueness solution
of (P,).

5. In this paper we have obtained results that can be applied to the KdV-K-S
models with two parameters, and these promote the anal- ysis of the corresponding
convergence.
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