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APRESENTAÇÃO

A Pandemia do novo coronavírus pegou todos de surpresa. De repente, ainda no 
início de 2020, tivemos que mudar as nossas rotinas de vida e profissional e nos adaptar a 
um “novo normal”, onde o distanciamento social foi posto enquanto a principal medida para 
barrar o contágio da doença. As escolas e universidades, por exemplo, na mão do que era 
posto pelas autoridades de saúde, precisaram repensar as suas atividades. 

Da lida diária, no que tange as questões educacionais, e das dificuldades de 
inclusão de todos nesse “novo normal”, é que contexto pandêmico começa a escancarar 
um cenário de destrato que já existia antes mesmo da pandemia. Esse período pandêmico 
só desvelou, por exemplo, o quanto a Educação no Brasil acaba, muitas vezes, sendo uma 
reprodutora de Desigualdades. 

O contexto social, político e cultural, como evidenciaram Silva, Nery e Nogueira 
(2020), tem demandado questões muito particulares para a escola e, sobretudo, para 
a formação, trabalho e prática docente. Isso, de certa forma, tem levado os gestores 
educacionais a olharem para os cursos de licenciatura e para a Educação Básica com 
outros olhos. A sociedade mudou, nesse cenário de inclusão, tecnologia e de um “novo 
normal”; com isso, é importante olhar mais atentamente para os espaços formativos, em 
um movimento dialógico e pendular de (re)pensar as diversas formas de se fazer ciências 
no país. A pesquisa, nesse interim, tem se constituído como um importante lugar de ampliar 
o olhar acerca das inúmeras problemáticas, sobretudo no que tange ao conhecimento 
matemático (SILVA; OLIVEIRA, 2020). 

É nessa sociedade complexa e plural que a Matemática subsidia as bases do 
raciocínio e as ferramentas para se trabalhar em outras áreas; é percebida enquanto parte 
de um movimento de construção humana e histórica e constitui-se importante e auxiliar 
na compreensão das diversas situações que nos cerca e das inúmeras problemáticas que 
se desencadeiam diuturnamente. É importante refletir sobre tudo isso e entender como 
acontece o ensino desta ciência e o movimento humanístico possibilitado pelo seu trabalho. 

Ensinar Matemática vai muito além de aplicar fórmulas e regras. Existe uma dinâmica 
em sua construção que precisa ser percebida. Importante, nos processos de ensino e 
aprendizagem da Matemática, priorizar e não perder de vista o prazer da descoberta, algo 
peculiar e importante no processo de matematizar. Isso, a que nos referimos anteriormente, 
configura-se como um dos principais desafios do educador matemático, como assevera 
D’Ambrósio (1993), e sobre isso, de uma forma muito particular, abordaremos nesta obra. 

É neste sentido, que o volume 2 do livro “Pesquisas de Vanguarda em Matemática 
e suas Aplicações” nasceu: como forma de permitir que as diferentes experiências do 
professor pesquisador que ensina Matemática e do pesquisador em Matemática aplicada 
sejam apresentadas e constituam-se enquanto canal de formação para educadores da 



Educação Básica e outros sujeitos. Reunimos aqui trabalhos de pesquisa e relatos de 
experiências de diferentes práticas que surgiram no interior da universidade e escola, por 
estudantes e professores pesquisadores de diferentes instituições do país. 

Esperamos que esta obra, da forma como a organizamos, desperte nos leitores 
provocações, inquietações, reflexões e o (re)pensar da própria prática docente, para 
quem já é docente, e das trajetórias de suas formações iniciais para quem encontra-se 
matriculado em algum curso de licenciatura. Que, após esta leitura, possamos olhar para a 
sala de aula e para o ensino de Matemática com outros olhos, contribuindo de forma mais 
significativa com todo o processo educativo. Desejamos, portanto, uma ótima leitura.

Américo Junior Nunes da Silva
André Ricardo Lucas Vieira
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ABSTRACT: Risers are cylindrical tubular 
structures used to produce/convey subsea oil 
and gas from wells located on the seafloor up 
to a floating production platform. The present 
work calculates the fundamental frequencies 
of a steel catenary riser with an incompressible 
internal fluid. The riser, object of this study, is 
seen as a plane extensible beam, which suffers 
large displacements but with small deformations. 
The internal fluid is consider like a bar of infinite 
flexibility travelling along of riser with constant 
velocity. The riser’s equations of motion are 
developed in Cartesian coordinates by using the 
principle of stationary potential energy. The finite 
element method (FEM) is used for the non-linear 
static and dynamic analysis of the riser. To solve 
the non-linear equation, the Newton-Raphson 
iterative method is used. The fundamental 
frequencies of a riser are determined for different 
velocity values of the internal fluid, and for 
different values of the elasticity modulus. The 

numerical results are in good agreement with 
those described in the literature. 
KEYWORDS: Steel catenary risers. Free 
vibration. Finite element method. Eigenvalue 
problem.

VIBRAÇÕES LIVRES DE RISERS EM 
CATENÁRIA COM ESCOAMENTO 

INTERNO
RESUMO: Risers são estruturas tubulares 
cilíndricas usadas para transferir petróleo e 
gás desde um poço de petróleo localizado no 
fundo do mar até uma plataforma flutuante 
de produção de petróleo. O presente trabalho 
calcula as frequências naturais de um riser de 
aço em catenária com um escoamento interno 
incompressível. O riser, objeto deste estudo, é 
visto como uma viga plana curva e extensível, 
a qual experimenta grandes deslocamentos 
porém pequenas deformações. O escoamento 
interno é visto como uma barra de flexibilidade 
infinita viajando ao longo do riser com velocidade 
constante. As equações do movimento do riser 
são desenvolvidas em coordenadas cartesianas 
via a abordagem variacional utilizando o princípio 
da energia potencial estacionária. O método de 
elementos finitos é utilizado para às análises 
estática e dinâmica não linear do riser. Para a 
solução das equações não lineares de equilíbrio 
estático, o método iterativo de Newton-Raphson 
é utilizado. As frequências naturais do riser são 
determinadas para diferentes velocidades do 
escoamento interno e para diferentes valores do 
módulo de elasticidade do riser. Os resultados 
obtidos são comparados satisfatoriamente com 

http://lattes.cnpq.br/0250709024202669
http://lattes.cnpq.br/7182689370592333


 
Pesquisas de vanguarda em matemática e suas aplicações 2 Capítulo 22 236

dados da literatura.  
PALAVRAS-CHAVE: Riser de aço em catenária. Vibrações livres. Método dos elementos 
finitos. Problema de autovalores.

 

1 |  INTRODUCTION
Fluid traveling through a steel catenary riser (SCR) is subjected to centrifugal and 

Coriolis acceleration due to angular movement of the catenary riser. The forces induced by 
these accelerations produce mechanical vibrations on the riser. The dynamic of the internal 
fluid affects the natural vibration characteristics of an SCR to the point of reduce your useful 
life in relation to the useful life without consider the internal fluid. 

The present work approaches numerically the free vibration’s problem of catenary 
risers with an internal fluid. Risers in catenary configuration are modelled like a flat beam 
with both ends hinged. A homogeneous internal fluid with constant speed is considered. The 
finite element method based on the principle of stationary potential energy is used for static 
analysis, whereas the Galerkin method is employed for dynamic analysis.

2 |  MATHEMATICAL FORMULATION 
The riser is fully immersed in seawater of density ρw, and has an initial arc length 

equal to S. The external and internal diameters are Deand Di, respectively, and the density of 
the riser material is ρr. The riser is connected to the platform and connected to the wellhead 
through hinged supports in both ends. The riser transports an incompressible single-phase 
fluid of density ρf with constant velocity U. The pressure of the transporting fluid is ρi. H is the 
ocean depth and XH is the horizontal displacement of the platform in relation to the axis y.

Three configurations are considered in the mathematical modelling of the riser, 
as shown in Figure 1. The configuration 1-1 is fictitious because it represents the riser 
submerged in seawater without any load applied. The configuration 2-2 is the static 
equilibrium configuration of the riser when subjected to static or time-independent loads. 
Finally, the configuration 3-3 represents the motion of the riser around the static equilibrium 
configuration due to the action of time-dependent loads.
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Figure 1: Risers configurations.

(X, Y), (x0, y0) and (x, y) are the position coordinates of a differential element of riser 
at the undeformed, equilibrium and displaced configurations, respectively. θ ̅, θ0 and θ are 
the inclinations at the lower end of the riser from the vertical axis y, in the undeformed, 
equilibrium and displaced configurations, respectively. S, s0 and s are the total arc length of 
the riser at the undeformed, equilibrium and displaced configurations, respectively. u and v 
are the horizontal and vertical displacements, respectively. 

The equations of motion of the riser, taking as the initial state the static equilibrium 
configuration, are obtained by using the principle of stationary potential energy that is 
expressed by

where δUɑ and δUb are the virtual strain energies due to axial stretching and 
bending, respectively; δWW, δWH and δWI are the virtual works done by the effective weight, 
hydrodynamic forces due to the transported internal fluid, and inertial forces due to the riser 
movement, respectively.  

2.1 Virtual strain energy due to axial stretching
The strain energy stored at the riser due to the axial deformation is due to the axial 

tension acting on the riser and due to the axial stress resulting from enclosing external 
and internal hydrostatic pressures (see Sparks (1984)). The axial tension is defined by T 
and the axial stress due to the enclosing hydrostatic pressures is defined by σ= 2v (peAe 

- piAi)/Ar, where pe and pi are the external and internal pressures, respectively, Ar is the 
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cross-sectional area of the riser, Ae and Ai are the external and internal cross-sectional 
areas of the riser, respectively, and v is the Poisson’s ratio. The strain energy due to axial 
deformation is given by 

where E is the modulus of elasticity. The strain energy Uɑ is calculated by considering 
the length of the riser in the undeformed configuration S. By applying the first variation on 
Equation (2):

The axial strain ɛ and its first variation δɛ are defined as 

where s'0 is the derivative of s0 with respect to y0 and is determined as . 
By substituting Equation (4) and Equation (5) into Equation (3), the following expression is 
obtained

where Tɑ0= EArɛ0+σAr, is the apparent axial force at the static equilibrium configuration.

2.2 Virtual strain energy due to bending  
Considering that the initial configuration of the riser is a straight line, defined by 

linking both ends of riser, the virtual strain energy due to the bending moment  is by definition 

where M = EI [k(1+ɛ)-k ̅ ] (see Chucheepsakul et al. (2003)), I is the moment of 
inertia, k is the curvature of the riser at the displaced configuration, and k ̅ is the curvature of 
the riser at the undeformed configuration. The curvature k is given by k=(x"y'-x'y")/s'3. The 
following relationship is valid between the riser curvature k and the angle θ



 
Pesquisas de vanguarda em matemática e suas aplicações 2 Capítulo 22 239

Finally, δUb is obtained by substituting the first variation of Equation (8) into Equation 
(7), and using the following relationships: δx' = δu', δy' = δv'.

2.3 Virtual work done by the apparent weight
The apparent weight per unit length (we)is defined as we = (ρrAr + ρfAi - ρwAe)g (see 

Sparks (1984)). Then, the virtual work done by the apparent weight is expressed by

2.4 Virtual work done by the hydrodynamic forces
Figure 2 shows a riser element submerse in an oceanic current that follows the 

positive direction of the x axis. Vn and Vt are the current velocity in the normal and tangential 
directions respectively. 

Figure 2. Normal hydrodynamic force acting on inclined riser and the displacement components of a 
point of riser.

The hydrodynamic loads caused by the current acting on the riser can be determined 
by using the Morison equation. It is considered that only the velocities and accelerations 
normal to the riser axis generate forces: The force caused by the current per unit of length 
is expressed by (see Patel (1989))

where CD, CM and CA are the drag, inertia and added mass coefficients, respectively. 
V
�
n is the component of the acceleration of the seawater in the normal direction to the cylinder 

axis. u
�
n and ün are the components of velocity and acceleration of the riser in the normal 

direction to the riser axis, respectively. Then, the virtual work δWH is given by
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2.5 Virtual work done by the inertial forces
The riser is subject to two types of inertial forces: one is due to the rigid body 

dynamics and the other is due to the dynamics of the internal fluid. The virtual work done by 
the inertial forces is expressed by 

where  is the inertia total force and  is the virtual displacement vector, and are 
defined as

where  is the acceleration of the riser and  is the acceleration of the internal 
fluid. The acceleration of the riser in Cartesian coordinates is given by 

The internal fluid acceleration is expressed by the following expression, which is 
detailed in Huang (1993),

By substituting Equations (6), (7), (9), (11) and (12) into Equation (1) and integrating 
by parts, two equations of motion are obtained: one in the x-direction and another in the 
y-direction. Then, those two equations can be expressed in matrix form as: 

In this work, an analysis of free vibration of a riser was conducted considering the 
following forces: weight of the riser, buoyancy forces, forces due to the internal fluid, and 
the hydrodynamic force. For this analysis, it is considered that {F} is composed only by 
the forces due to the added masses, which is given by the third term on the right side of 
Equation (10). Then, the force vector {F} is expressed as
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Substituting Equation (18) into Equation (17), the equation of motion for free vibration 
is obtained:

3 |  NUMERICAL METHOD 
This section presents the procedure used to determine the riser’s linear natural 

frequencies with internal fluid. From Figure 1:

Substituting Equation (20) into Equation (19), the following equation of motion is 
obtained

The dynamic displacement of the riser in its bottom and top ends is constrained using 
hinged supports. In the dynamic analysis, the displacement field {u} is approximated by (see 
Cook (2002))

where {d} is the vector of nodal displacements of a riser element, [N] is the matrix 
of interpolation functions, where N1, N2, N3, N4, N5 and N6 are the interpolation functions of 
fifth degree.  

Using the Galerkin finite element method on the Equation (21), the equation of 
motion for a riser element is obtained, and then, by assembling the matrices of all the finite 
elements, the global equation of motion is given by
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Where {D}, {D
�
} and { } are the vectors of nodal displacements, nodal velocities 

and nodal accelerations of the riser, respectively, [M] is the global mass matrix, [G] is the 
gyroscopic matrix and [K] is the global stiffness matrix.

3.1 Linear Free Vibration
For the study of linear free vibration, the non-linear terms of the stiffness matrix [K] 

are neglected. The non-linear terms are those that containing the variables u and v in their 
formulation. Then, Equation (25) takes the following form:

Where [KL] represents the linear stiffness matrix. Equation (26) has harmonic solution 
for complex eigenvalues λi = αi±iωi, in the form {D} = {D ̅}eλt. The real part of the complex 
eigenvalues Re(λi) must be taken negative values, and this is because the solution must be 
stable. If Re(λi)≥0, the displacements {D} will exponentially increase and the solution will be 
unstable. Then, by substituting {D} into Equation (26), the linear frequencies of a SCR are 
obtained by solving the quadratic eigenvalue problem given by Equation (27)

To solve Equation (27), the quadratic polynomial Q(λ) must be transformed into a 
linear polynomial.

 

4 |  RESULTS 
The riser properties and other parameters used in the simulations are De=0.26m, 

Di=0.20m, H=300m, ρr=7850kg/m3, ρr=1025kg/m3, ρf=998kg/m3, E=2.07x1011N/m2, v=0.3, 
normal drag coefficient (CDn) and added mass coefficient (CA) are 0.7 and 1.0, respectively. 
The axial force applied at the top is TH=476.20kN. 

Table 1 shows the linear fundamental frequencies of the vertical riser obtained for 
different internal flow speed with current velocity equal to 0m/s. The results obtained in this 
study are compared with the results obtained by Moe et al. (1988) and Chucheepsakul et al. 
(1999). The results are in good agreement.



 
Pesquisas de vanguarda em matemática e suas aplicações 2 Capítulo 22 243

U (m/s)
Moe, et al., (1988) Chucheepsakul, et al., (1999) This study
Analytical solution 20-finite elements 20-finite elements

0 0.2878 0.2891 0.2982
5 - 0.2881 0.2974
10 0.2838 0.2853 0.2950
15 - 0.2804 0.2906
20 0.2706 0.2731 0.2842
25 - 0.2627 0.2753

Table 1: Fundamental frequencies of the vertical riser, ω (rad/s).

In addition, it was studied the effect of the gyroscopic matrix on the values of linear 
natural frequencies. The quadratic eigenvalue problem expressed by Equation (23) has 
been solved with and without the gyroscopic matrix. Table 2 present the results obtained.

U (m/s)
With gyroscopic matrix Without gyroscopic matrix

% error
[G]≠[0] [G] = [0]

0 0.2982 0.2982 0.00
5 0.2974 0.2975 0.03
10 0.2949 0.2953 0.14
15 0.2906 0.2915 0.32
20 0.2842 0.2860 0.62
25 0.2753 0.2783 1.10

Table 2: Effect of the gyroscopic matrix on the fundamental frequencies, ω (rad/s).

Following, a SCR has been simulated in order to study the effects of the bending 
stiffness on the linear natural frequencies. The characteristics of the simulated riser are 
the same used in the previous simulations with the unique addition of that the horizontal 
displacement of platform is70m. Table 3 shows the effects of the elasticity modulus E and 
internal flow velocity on the linear fundamental frequencies of SCR.

E(kN/m2)
U (m/s)

0 10 20
2.07 x 109 0.317 0.315 0.307
2.07 x 108 0.304 0.293 0.270
2.07 x 107 0.287 0.284 0.274
2.07 x 106 0.273 0.268 0.248
8.28 x 105 0.269 0.264 0.243
4.14 x 105 0.265 0.259 0.238

Table 3: Fundamental frequencies of a catenary riser, ω (rad/s).
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5 |  CONCLUSIONS 
The present work deals with the problem of free vibration of catenary risers with 

internal flow. Results are in good agreement with results obtained by another works.
1. In the analysis of free linear vibration of catenary risers, with a fixed value for the 
axial force at the top and without current, it is concluded that the natural frequencies 
decreases with increasing the velocity of the internal fluid. Simulations were also 
conducted to study the effects of the modulus of elasticity over the natural frequencies 
of catenary risers, concluding that for a constant velocity of the internal fluid, the 
natural frequency increases with the modulus of elasticity E.

2. Simulations were conducted in linear vibrations without considering the effect 
of the gyroscopic matrix. By comparing the natural frequencies obtained with and 
without the gyroscopic matrix, we can conclude that for low values of internal fluid 
velocity, the effects of the gyroscopic matrix are negligible.
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