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APRESENTAÇÃO
A Engenharia de Computação é a área que estuda as técnicas, métodos e ferramentas 

matemáticas, físicas e computacionais para o desenvolvimento de circuitos, dispositivos e 
sistemas. Esta área tem a matemática e a computação como seus principais pilares. O 
foco está no desenvolvimento de soluções que envolvam tanto aspectos relacionados ao 
software, quanto à elétrica/eletrônica. Os profissionais desta área são capazes de atuar 
principalmente na integração entre software e hardware, tais como: automação industrial 
e residencial, sistemas embarcados, sistemas paralelos e distribuídos, arquitetura de 
computadores, robótica, comunicação de dados e processamento digital de sinais.

Dentro deste contexto, esta obra aborda diversos aspectos tecnológicos 
computacionais, tais como: implementação e modificações numéricas a serem feitas no 
algorítmo de Anderson (2010) para simular o escoamento sobre uma asa finita submetida 
a ângulos de ataque próximos ao estol; modelo distribuído para analisar a influência da 
formação e do adensamento de geada sobre o desempenho de evaporadores do tipo 
tubo-aletado, comumente usados em refrigeradores frost-free; um algoritmo de Redes 
Neurais Convolucionais(CNN) que identifica se a pessoa está ou não utilizando a máscara; 
potencialidades do M-Learning e Virtual Reality no curso técnico em Agropecuária; avaliação 
da qualidade da energia elétrica em um sistema de geração de energia fotovoltaica; uma 
abordagem para a segmentação de imagens cerebrais, utilizando o método baseado em 
algoritmos genéticos pelo método de múltiplos limiares; estudo numérico de uma âncora 
torpedo sem aletas cravada em solo isotrópico puramente coesivo, utilizando um modelo 
axissimétrico não-linear em elementos finitos; estudo acerca da análise numérica de placas 
retangulares por meio do método das diferenças finitas, obtendo soluções aproximadas 
para o campo de deslocamentos transversais bem como os correspondentes momentos 
fletores, para problemas envolvendo uma série de condições de contorno, utilizando-se 
o software Matlab® para simulação; desenvolvimento e aplicação da Realidade Virtual 
(RV) como Tecnologia de Informação e Comunicação (TIC) para auxiliar no processo de 
ensino-aprendizado de disciplinas do Ensino Médio; avaliação dos resultados obtidos em 
campanhas de medição de qualidade da energia elétrica (QEE) na rede básica em 500 
kV; examinar o comportamento mecânico-estático de uma longarina compósita projetada 
para uma aeronave esportiva leve através de investigações numéricas, empreendidas em 
software (ANSYS Release 19.2) comercial de elementos finitos; construção de um sistema 
para monitoramento de ativos públicos; a relação da Sociedade 5.0 envolvida no contexto 
da Indústria 4.0 e a Transformação Digital; algoritmos de seleção e de classificação 
de atributos, identificando as vinte principais características que contribuem para o 
desempenho alto ou baixo dos estudantes; a Mask R-CNN, utilizada para a segmentação 
de produtos automotivos (parabrisas, faróis, lanternas, parachoques e retrovisores) em uma 
empresa do ramo de reposição automotiva; o nível de usabilidade do aplicativo protótipo 



para dispositivo móvel na área da saúde voltado ao auxílio do monitoramento móvel no uso 
de medicamentos em seres humanos. 

Sendo assim, está obra é significativa por ser composta por uma gama de trabalhos 
pertinentes, que permitem aos seus leitores, analisar e discutir diversos assuntos importantes 
desta área. Por fim, desejamos aos autores, nossos mais sinceros agradecimentos pelas 
significativas contribuições, e aos nossos leitores, desejamos uma proveitosa leitura, 
repleta de boas reflexões.

Ernane Rosa Martins
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ABSTRACT: The well-known Prandtl’s Lifting 
Line Theory, elaborated in 1918, was the first 
well-succeeded mathematical model capable 
of describing the flow along the span of a wing. 
Since then, some modifications implemented 
by Weissinger, Multhopp, Philips, and Anderson 
were presented. Compared with other potential 
flow-based methods, such as the Vortex Lattice 
and Panel Method, the Lifting Line has the 
advantage of the lowest computational cost and 
the most straightforward implementation, making 
it suitable for fast aerodynamic optimization 
codes. Furthermore, Anderson’s method has 
the convenience of incorporating both numerical 
and experimental, bi-dimensional viscous data. 
This paper will describe the implementation and 
numerical modifications made in the algorithm 
proposed by Anderson (2010) to simulate the 
flow over a finite wing under angles of attack near 
the stall.  A big concern of this work is to show, 
with enough detail, the effects of the boundary 

conditions and numerical strategies adopted 
over the results and accuracy. Various numerical 
differentiation, interpolation, and discretization 
schemes were tested to achieve values of 
circulation at the wing tip inside the iterative 
process. The results were compared with potential 
flow open source codes and experimental data, 
showing good agreement. 
KEYWORDS: Aerodynamics, Nonlinear Lifting 
Line, Numerical Methods. 

IMPLEMENTAÇÃO E VALIDAÇÃO DO 
MÉTODO DE LINHA SUSTENTADORA 

NÃO LINEAR PARA ANÁLISE 
AERODINÂMICAS E DE ESTABILIDADE 

RESUMO: A célebre teoria da linha sustentadora 
de Prandtl, elaborada em 1908, foi o primeiro 
modelo matemático a conseguir descrever com 
sucesso o resultado do escoamento ao longo 
da envergadura de uma asa. Desde então, 
algumas modificações implementadas por 
Weissinger, Multhopp, Philips, e Anderson foram 
apresentadas. Comparada com outros métodos 
potenciais, como o método Vortex Lattice e o 
método dos painéis, a linha sustentadora tem a 
vantagem do menor custo computacional e da 
maior facilidade de implementação, tornando-a 
adequada para códigos de otimização 
aerodinâmica. Além disso, o método de 
Anderson tem a vantagem de permitir incorporar 
dados bidimensionais viscosos tanto de fontes 
numéricas como de fontes experimentais. Esse 
trabalho detalha a implementação e modificações 
numéricas a serem feitas no algorítmo de 
Anderson (2010) para simular o escoamento 
sobre uma asa finita submetida a ângulos de 

http://lattes.cnpq.br/7476570541028392
http://lattes.cnpq.br/7127964828220017
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ataque próximos ao estol. Uma grande preocupação desse trabalho é mostrar, com suficiente 
nível de detalhe, os efeitos de condições de contorno e estratégias numéricas adotadas, 
sobre os resultados e a acuracidade. Várias técnicas de derivação numérica, interpolação e 
esquemas de discretização são testados para alcançar os valores de circulação na região de 
ponta da asa dentro do processo iterativo. Os resultados foram comparados com códigos de 
fonte aberta baseados em métodos potenciais e com dados experimentais, mostrando boa 
concordância. 
PALAVRAS - CHAVE: Aerodinâmica, Linha Sutentadora Não-Linear, Métodos Numéricos. 

1 |  INTRODUCTION 
Fast numerical methods capable of evaluating many configurations during a design 

process are significant during the aerodynamic conceptual phase in the aeronautical 
industry. The first remarkable achievement was in 1918 when Prandtl developed the 
classical Lifting LineTheory (LLT). Later, other authors work to extend the method to the 
lift curve’s nonlinear region and accept wings with arbitrary shape, which is an excellent 
accomplishment in the area. The LLT method is still used today for preliminary calculations 
of finite wings because of its low computational cost. The method has a good agreement 
with the experimental results for predicting the stall characteristics of wings, a difficult task 
even when more advanced approaches, such as CFD, are applied. The present work shows 
in a detailed way the capabilities of the Nonlinear Lifting Line (NL-LLT) to predict the near 
stall characteristics of finite wings and stability parameters. 

2 |  METHODOLOGY

2.1 Theoretical Fundaments 

Circulation and Lift Generation
A fundamental definition in aerodynamics is the circulation (Γ) because it is how we 

can mathematically model the lift. It is expressed by Eq. (1), which says that the circulation 
about a curve C is equal to the vorticity integrated over any open surface bounded by C. In 
Eq. (1),  is the velocity vector.

The importance of the concept of circulation defined above is exposed by the Kutta-
Joukowski theorem (1902-1906), which relates the lift per unit span (L') on a lifting airfoil or 
cylinder to the circulation, as shown in Eq. (2).
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where  is the free stream density, and  is the free stream velocity. 

Prandtl Classical Lifting Line
The implementation of the classical lifting-line relies on the substitution of a finite 

wing by a large number of horseshoe vortices, where 40 is usually enough. This way, using 
the Kutta-Joukowski theorem and analyzing the local airfoil section of a wing, we can obtain 
the fundamental equation of Prandtl’s lifting line theory, given by Eq. (3). In this equation, 
c ( y0) is the local chord at an arbitrary station; y is the spanwise direction coordinate; b is 
the wingspan; and aL=0 is the angle of attack for which the lift of the airfoil section is equal 
to zero. 

Equation (3) states that the local geometric angle of attack (a( y0)) is the sum of the 
effective angle of attack (aeff) plus the induced angle of attack (ai).

2.2 Numerical Methods
According to the numerical NL-LLT methodology presented by (Anderson, 2010), 

to solve the Eq.  (3), we should first divide the wing into k+1 spanwise stations.  Then, we 
assume a preliminary elliptical distribution of Γ at all the stations. Now, using the Simpson’s 
rule to evaluate the integral, the second term in the RHS of Eq. (3) becomes: 

In Eq. (4), yn is an arbitrary station, and ∆y is the distance between stations. A second-
order central difference scheme may be used to perform the derivatives. In Eq. (4), when yn= 
yj-1-1, yj- or yj+1, a singularity occurs. It can be avoided replacing the term of the sum in which 
the singularity occurs by the average value of the same term in the two adjacent sections. 
As an example, if yn= yj-1, then the first term will be given by:

Once ai is obtained for each station, and assumed that the geometrical angle of 
attack is known, we can isolate aeff (first term in the RHS of the Eq. (3)), obtaining the Eq.(6). 
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With the distribution of aeff calculated, we should obtain the bidimensional lift 
coefficient (cl), at each station. These data can be obtained from experimental polars or 
bi-dimensional codes such as Xfoil (Drela, 1989). Eventually, the value off aeff obtained for 
some stations can be outside the range of bi-dimensional data. In such cases, the airfoil 
data should be extrapolated. 

To ensure the boundary condition, we should set the local lift coefficient as zero at 
the tip stations. We also use a unidimensional third order interpolation scheme at the station 
adjacent to the tip to smooth numerical instabilities associated with the numerical derivative. 
Figure 1 shows the difference in cl distribution for a given wing, and how the interpolation of 
the penultimate station leads to stabilization over the tip region. 

Figure 1: Comparison between cl distributions (a = 5°) according to the use of interpolation in the station 
adjacent to the tip station.

Next, from Eq. (2) and the definition of lift coefficient, we can calculate a new 
circulation, given by Eq. (7). 

In Eq. (7) cn is the chord length at each station. The new distribution of Γ is compared 
with that assumed previously, starting an iterative process given by the Eq. (8), where Γold 

is the circulation calculated in the previous iteration; Γnew is the circulation obtained by Eq. 
(7);  Γinput  is the circulation used as input to Eq. (4) in the next iteration, and D is a damping 
factor, with typical values of 0.05. The iterative process is repeated sufficiently until Γnew and 
Γold agree within acceptable residue.
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When performing CL calculations for various values of a, it is possible to accelerate 
the convergence by utilizing previous values of converged Γ. The present authors propose to 
substitute the initial elliptical guess in Anderson’s methodology (except in the first simulation) 
by Eq. (9), where Γa+∆ a is the initial input to be used in the following CL(a) simulation; Γa is 
the current converged distribution of circulation; ∆ a is the a step between two simulations;   
c is the vector of local chords.

Equation (9) is valid only for the linear region, so if it is necessary to simulate high 
angles of attack, the initial guess can be weighted linearly so that, for the second angle of 
attack in the linear region, the initial assumption is given only by Eq. (9). In contrast, for the 
final AoA, the initial assumption becomes Anderson’s method. Figure 2 compares, for a 
given wing, the number of iterations performed to converge the solutions and the values of   
CL obtained, using the proposed methodology and the original approach.

Figure 2: Comparison of results of CL and number of iterations, according to the use of the acceleration 
of convergence.

After the end of the iterative process, the global force and moments coefficients can 
be calculated. Lift (CL), induced drag (CDi), and parasite drag (CD0) coefficients are expressed 
by the equations Eq. (10) to Eq. (12), respectively. In these equations, S is the wing area; c 
is the local chord; and Cd,0 is the local airfoil drag, obtained by bi-dimensional computations.
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Besides these coefficients, (Sivells et al., 1947a) also provide the equations Eq. 
(13) to Eq.(16) to calculate proper coefficients for stability analysis, respectively: pitching-
moment (Cm), rolling-moment ,(Cl induced-yawing-moment (Cni) and profile-yawing-moment 
coefficients (Cn,0). In these equations, c' is the mean aerodynamic chord, and cm is the local 
bi-dimensional pitching-moment.

To evaluate equations Eq. (13) to Eq. (16) with command deflections, the cl values 
over the control surface stations, , can be refreshed according to Eq. (17), where  

 is the original cl over those stations, without considering the control surface;  
 is the derivative of cl with respect to the surface deflection, and  is the desired 

angle of deflection. An equivalent equation shall be used for bi-dimensional pitching moment 
and drag coefficients. Another possibility to take into account the effects of the deflection 
is to substitute the airfoil polars over the command surface stations with the polars of the 
deflected airfoils.

3 |  RESULTS
Aiming to compare the results provided by the implemented method with experimental 

data and other potential flow-based codes, the wing studied by (Sivells, 1947b) was chosen. 
The case was a straight wing with NACA 64-210 airfoil, aspect ratio 9, taper ratio 0.5, chord 
root 0: 7257m, 2° washout, and 3° dihedral, at Mach 0.17 and Reynolds number 4.4 · 106. 
Although Anderson’s method does not consider dihedral effects (Barbosa,2015), 3° is small 
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enough to be negligible in lift calculations. It is worth noting that the dihedral was considered 
in the other codes.

The other codes used to compare were: a) classical Prandtl’s lifting line code; b) 
Machup (Hunsaker, 2011), a modern lifting line code; c) XFLR5 6.38 (Deperrois, 2017), a 
code that allows panel method as well as extended lifting line solution using 2D data from 
Xfoil; and d) AVL 3.35 (Drela et. al, 2017), a vortex lattice code. The bi-dimensional airfoil 
data used in lifting line based methods (except XFLR5) were extracted from (Abbott, 1959).

Figure 3 shows the curve CLvs with an angle increment of 0.1° near the stall for 
the nonlinear methods (the points that did not converge were not considered). Table 1 
points the results of CL for a = 5°, the lift slope at the linear region (CLa ), and the angles of 
stall. As can be seen, all potential methods presented nearly the same deviation from the 
experimental results. However, the present work method has given the closest value for the 
stall angle compared to the experiment. It is also important to note that even XFLR5 using 
bi-dimensional data from Xfoil, its results were close to the present work using experimental 
bi-dimensional data.

Figure 3: CL vs a comparison between the Nonlinear Lifting Line, potential codes, experimental data, and 
2-D section experimental data.
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Table 1:  and angle of stall comparison between methods.

The cl distributions for a = 5°, are shown in Figure 4. The deviation at the tip for the 
present method can be explained by the linear discretization proposed by Anderson (2010). 
Other methods use cosine clustering, which allows a better resolution near root and tips. As 
Philips (2000) suggests, this distribution is given by Eq. (18), where n is the desired number 
of horseshoes on each semi-span, and si is an arbitrary station position.

Figure 4: Comparison between cl distribution over midspan provided by potential methods for a = 5°.
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In order to evaluate results provided by the equations Eq. (13) to Eq. (17), we 
implemented a 20° asymmetric right deflection of a trailing edge control surface positioned 
between , with chord length of 20% of the local chord. The results 
were compared with the XFLR5 panel method. Figure 5 compares distributions of cl and cd 
between the methods, and Table 2 compares its global force and moment coefficients.

Figure 5: Comparison between cl and cd distributions for 20° right deflection of a 0.20 cn trailing edge 
control surface.

Although there are numerical instabilities near the inboard section of the control 
surface for the present work, the global force and moment coefficients agree with XFLR5, 
while lifting line calculation time was quite faster. It is worth to note that these results should 
be used carefully, since surface deflections generate high three-dimensional flow, eventually 
exceeding capabilities of potential flow codes.

Table 2: Comparison between force and moment coefficients for 20° right deflection of a 0.02cn trailing 
edge control surface.

4 |  CONCLUSIONS 
We numerically investigated the capabilities of the modified classical NL-LLT for 

predicting the aerodynamic coefficients in low and near stall angles of attack, where a wing 
of aspectratio 9 was simulated.

The use of third order interpolations at the tip stations, and the right boundary 
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conditions, allowed us to obtain smoother lift distribution along the wing span for high angles 
of attack, and showed to be a reasonable approach to reduce the instabilities at this region. 
An even better result could be achieved by changing the spacial discretization strategy.

For the case analyzed, the NL-LLT implemented was capable to provide the best 
prediction for the angle of stall compared with the experimental data from (Sivells, 1947b), 
with less than 1% error. The method also presented concordance with panel method when 
simulating effects of deflected surfaces in force and moment coefficients, as well as in 
lift distribution. In conclusion, this work confirms that the NL-LLT is a useful approach for 
predicting the aerodynamic coefficients in small and near stall angles of attack, making 
it suitable for the conceptual design phase of small subsonic airplanes, when detailed 
information of the flow field is not required, and low computational cost is needed. However, 
it is important to pay attention to the limitation of the method in simulating wings with high 
sweep or dihedral, and low aspect ratio, because of the existence of highly three-dimensional 
flows in such cases. 
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