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APRESENTAÇÃO
A Engenharia de Computação é a área que estuda as técnicas, métodos e ferramentas 

matemáticas, físicas e computacionais para o desenvolvimento de circuitos, dispositivos e 
sistemas. Esta área tem a matemática e a computação como seus principais pilares. O 
foco está no desenvolvimento de soluções que envolvam tanto aspectos relacionados ao 
software, quanto à elétrica/eletrônica. Os profissionais desta área são capazes de atuar 
principalmente na integração entre software e hardware, tais como: automação industrial 
e residencial, sistemas embarcados, sistemas paralelos e distribuídos, arquitetura de 
computadores, robótica, comunicação de dados e processamento digital de sinais.

Dentro deste contexto, esta obra aborda diversos aspectos tecnológicos 
computacionais, tais como: implementação e modificações numéricas a serem feitas no 
algorítmo de Anderson (2010) para simular o escoamento sobre uma asa finita submetida 
a ângulos de ataque próximos ao estol; modelo distribuído para analisar a influência da 
formação e do adensamento de geada sobre o desempenho de evaporadores do tipo 
tubo-aletado, comumente usados em refrigeradores frost-free; um algoritmo de Redes 
Neurais Convolucionais(CNN) que identifica se a pessoa está ou não utilizando a máscara; 
potencialidades do M-Learning e Virtual Reality no curso técnico em Agropecuária; avaliação 
da qualidade da energia elétrica em um sistema de geração de energia fotovoltaica; uma 
abordagem para a segmentação de imagens cerebrais, utilizando o método baseado em 
algoritmos genéticos pelo método de múltiplos limiares; estudo numérico de uma âncora 
torpedo sem aletas cravada em solo isotrópico puramente coesivo, utilizando um modelo 
axissimétrico não-linear em elementos finitos; estudo acerca da análise numérica de placas 
retangulares por meio do método das diferenças finitas, obtendo soluções aproximadas 
para o campo de deslocamentos transversais bem como os correspondentes momentos 
fletores, para problemas envolvendo uma série de condições de contorno, utilizando-se 
o software Matlab® para simulação; desenvolvimento e aplicação da Realidade Virtual 
(RV) como Tecnologia de Informação e Comunicação (TIC) para auxiliar no processo de 
ensino-aprendizado de disciplinas do Ensino Médio; avaliação dos resultados obtidos em 
campanhas de medição de qualidade da energia elétrica (QEE) na rede básica em 500 
kV; examinar o comportamento mecânico-estático de uma longarina compósita projetada 
para uma aeronave esportiva leve através de investigações numéricas, empreendidas em 
software (ANSYS Release 19.2) comercial de elementos finitos; construção de um sistema 
para monitoramento de ativos públicos; a relação da Sociedade 5.0 envolvida no contexto 
da Indústria 4.0 e a Transformação Digital; algoritmos de seleção e de classificação 
de atributos, identificando as vinte principais características que contribuem para o 
desempenho alto ou baixo dos estudantes; a Mask R-CNN, utilizada para a segmentação 
de produtos automotivos (parabrisas, faróis, lanternas, parachoques e retrovisores) em uma 
empresa do ramo de reposição automotiva; o nível de usabilidade do aplicativo protótipo 



para dispositivo móvel na área da saúde voltado ao auxílio do monitoramento móvel no uso 
de medicamentos em seres humanos. 

Sendo assim, está obra é significativa por ser composta por uma gama de trabalhos 
pertinentes, que permitem aos seus leitores, analisar e discutir diversos assuntos importantes 
desta área. Por fim, desejamos aos autores, nossos mais sinceros agradecimentos pelas 
significativas contribuições, e aos nossos leitores, desejamos uma proveitosa leitura, 
repleta de boas reflexões.

Ernane Rosa Martins
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RESUMO: Devido à falta de consenso entre 
os diversos modelos aplicados à avaliação de 
seus esforços, o projeto das lajes representa 
uma tarefa de complexidade razoável. A 
disponibilidade de softwares de alto desempenho 
permite a simulação de seu desempenho 
mecânico a partir do conceito de placa contínua. 
Apesar de sua grande aceitabilidade, os 
resultados obtidos a partir de tal procedimento 
estão longe da realidade, uma vez que o domínio 
do conhecimento do comportamento mecânico 
do concreto ainda não atingiu a plenitude. A 
validação dos softwares pode ser realizada 
utilizando procedimentos simplificados adotando-
se o cálculo manual ou pequenos algoritmos. 
Tais tipos de abordagens são úteis, inclusive, 

como recursos de projeto para unidades 
construtivas mais modestas, ou seja, edifícios 
residenciais ou pequenas estruturas comerciais 
e industriais. A Teoria das Placas Delgadas é 
aplicada a corpos sólidos compostos por material 
linear, elástico e homogêneo, cuja espessura é 
inferior às suas demais dimensões. Algumas 
soluções da Equação Diferencial derivada do 
referido modelo, foram propostas por Navier e 
por Levi. O objetivo deste trabalho é a análise 
do desempenho mecânico de lajes de concreto 
armado, apoiadas em grupo de vigas de alta 
rigidez, a partir da Teoria das Placas Delgadas, 
considerando as soluções propostas por Navier 
e por Levi. Os resultados obtidos revelaram 
que, mesmo para os casos envolvendo cargas e 
condições de bordo simétricas, o momento fletor 
máximo positivo na direção “y” ocorre em um 
ponto desviado do centro da placa.
PALAVRAS - CHAVE: Concreto Armado, Placas, 
Desempenho Mecânico, Análise.

MECHANICAL PERFORMANCE 
ANALYSIS OF PLATES FROM 

APPROXIMATED METHOD
ABSTRACT: Due to the lack of consensus among 
the several models applied to its internal forces 
assessment, the design of slabs represents a 
task of reasonable complexity. The availability of 
high-performance software allows its mechanical 
performance simulation from the continuous 
plate concept. Despite its great acceptability the 
results obtained from such procedure are far 
from the reality since the knowledge domain of 
the mechanical behavior of concrete yet did not 
reached fullness. The validation of software’s 
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can be performed by using simplified procedures adopting in hand calculation or small 
algorithms. Such kinds of approaches are useful, including, as design resources for more 
modest constructive units, namely, residential buildings or small commercial and industrial 
structures. The Thin Plates Theory is applied to solid bodies composed by linear, elastic and 
homogeneous material, whose thickness is inferior to its remaining dimensions. Some solutions 
of the Differential Equation, derived from the referring Model, were proposed by Navier and 
by Levi. The aim of this work is the analysis of mechanical performance of reinforced concrete 
slabs, layered upon a group of high stiffness beams, from the Thin Plates Theory considering 
the solutions proposed by Navier and by Levi. The obtained results have revealed that, even 
for that cases involving symmetrical loading and edge conditions, the maximum bend moment 
in the “y” direction occur at a point deviated from the center of the plate.
KEYWORDS: Reinforced concrete, Plates, Mechanical performance, Analysis.

1 |  INTRODUCTION
The Grid Method, The Marcus Method and the Thin Plate Theory represent models 

suitable to perform the analysis of displacements and internal Forces. Due to the lack of 
consensus of these models that has endured until nowadays, the reinforced concrete slabs 
design involves approach tasks of reasonable complexity.

The availability of high-performance computational codes allows the slabs mechanical 
performance simulation from plate elements and the assessment of the mechanical 
performance parameters from the consideration of their continuity. Nevertheless, the 
resolution carried out in this way is far from culminating into irrefutable results since the 
knowledge domain of the concrete behavioral response is yet to achieve fullness.

The validating operation of the obtained results referring to slabs analysis from 
automatic codes can be performed from the adoption of suitable simplified procedures for in 
hand calculation or small algorithms implementation.

Such kind of simplified approaches are useful, including, as design resources of 
projects of more modest constructive units, namely, buildings to support residences or 
commercial and industrial activities of low magnitude. 

The Kirchhoff’s model, which culminates in the Thin Plates Theory, is applied to those 
cases involving structural solids composed by linear elastic homogeneous and isotropic 
material, of thickness that is very inferior to its dimensions in plant, for which, including, the 
Bernoulli hypothesis is valid.

A partial differential equation, namely, the Differential Equation of the Plates, is 
associated to the Kirchhoff’s Model, whose solution, for some special cases, was proposed 
by Navier and by Levi.

The aim of this work is the analysis of the mechanical performance of reinforced 
concrete slabs from the Thin Plates Theory considering the solutions proposed by Navier 
and by Levi.
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Such analysis proceeding is applied to models consisting by laminar structures 
layered on a group of high stiffness beams that can be regarded as no displaceable supports.

The structural members defined according to this mode are diversified into a set of 
cases distinguished from each to another by geometric characteristics, taking into account, 
specially, the establishment of, at least, three different ratios between the span lengths, in 
the two principal coordinate directions.

2 |  MODELLING
According to the Classical Theory of the Elasticity, the bending stiffness of plates is 

written in the form:

for which the E and υ parameters represent, respectively, the modulus of elasticity 
and the Poisson’s ratio of the plate constituent material, while the h parameter is the plate 
thickness.

For the plate shown in Fig. 1.a, its deformed shape, Fig. 1.b, is described by the 
Lagrange Differential Equation, which stems from the Kirchhoff’s Thin Plates theory, and 
is of the form presented by Woinowsky-Krieger and Timoshenko [1], and by Szilard [2], 
expressed by:

since pz(x,y) is the load distribution function over the surface wide area of the plate.
According Szilard [2], the solution proposed by Navier for such differential equation, 

applied, solely, to plates that are simply supported along its all four edges, Figure 2.a, is 
expressed by a double trigonometric series, as presented in Eq.(3).

such that, the “Lx” and “Ly” parameters, are the span lengths over the “x” and “y” 
coordinate directions, respectively. Equation (3) is valid if it is possible to approximate the 
transverse load for the trigonometric and also double series:

According to the Fourier’s Middle Period Series concept, the “Pmn” parameter is the, 
so called, Fourier’s Coefficient and it is obtained from the Euler’s form:
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Once replacing Eq. (3) and Eq. (4) into Eq. (2) and promoting relevant algebraic 
transformations, it may result:

and,

If Eq (7) is considered in Eq. (3) this later equation assumes the form of the 
relationship:

If the load is uniformly distributed and p is its magnitude, then:

The bend moments, Fig. 1.c, are expressed, according to the Kirchhoff’s Theory from 
de mathematical sentences:

while the twisting moments are described according to the equation:

If Eq. 8 is replaced into Eq. 10 and Eq. 11, it may be obtained:



 
Coleção Desafios das Engenharias: Engenharia de Computação 2 Capítulo 6 71

and:

Figure 1. a) Slab; b) Deformed shape; c) Internal forces

As it was presented by Szilard [2], the solution of the Differential Equation of the 
Plates proposed by Levi, applied to slabs presenting the boundary conditions indicating in 
Fig. 2.a is of the form:

For which:
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Replacing Eq. (15) into Eq. (10) and Eq. (11), it may result:

and:

As it is described by Szilard [2], Eq. 15, 16, 17 and 18 may be applied, too, for the 
structural analysis of slabs presenting the boundary conditions indicating in Fig. 2.b, since 
it is considered that:

For slabs presenting the boundary conditions illustrated on Fig. 2.c, the solution of 
the Differential Equation of the Plates proposed by Levi is of the form:

since that, the “Am”, “Bm”, “Cm” and “Dm” parameters are obtained from the set of 
equations 21, 22, 23 and 24, solution.
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Figure 2. Plates boundary conditions

The bending and the twisting moments may be obtained by Eq. 10 and Eq. 11, 
respectively.

The tables prepared by Barés, presented by Araújo [3], exhibit dimensionless 
parameters in terms of displacement and internal forces and are determined from the 
theory of plates, which should be employed for the final displacements and internal forces 
calculations.

In the other hand, in the Grid Method formulation, the plates are discretized in 
both directions from finite unitary width tracks “x” and “y”, and any interaction between 
two adjacent tracks is disregarded, highlighting the mechanical performance of two tracks 
each of them distributed along every coordinate direction and intersecting themselves at the 
center of the referring structural member. 
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The tracks so defined are treated as beams whose height is equal to the slab 
thickness and the continuity of the set of tracks is established, merely, from the condition 
that the vertical displacements at the center of their spans are equals to both beams that 
represent the perpendicular tracks intersecting at the referring point. The Mechanics of Solid 
Materials postulates are applied to derive the equations that must be used to determinate 
the displacements and internal forces. The twisting stiffness may be considered, in an 
approximate mode, from which the positive calculated moment magnitudes are reduced by 
the adoption of the coefficients proposed by Marcus, presented in Araújo [3].

3 |  COMPUTATIONAL SUPPORT
In order to fulfill the objective proposed in this work, computational software was 

developed in automatic language C++, drafted upon the formulation affects to the grid 
method and those one referring to the solutions that were proposed by Navier and by Lévi. 
A computational image generator, elaborated in Delph, called PROJECT 2, Madureira and 
Silva [5], including, was used.

4 |  COMPUTATIONAL PROGRAM VALIDATION
The C++ computational program, characterized on the number 3 section of this 

paper, will be validated, naturally, in the course of this text development since the relevant 
subject of this work is a comparative structural analysis, based on several approximated 
models. 

5 |  ANALYZED SPECIMENS
The analyzed specimens are laminar structural members cast by C 30 concrete, 

whose relevant physical parameters, namely, the Young’s modulus and the Poisson’s 
ratio, were, properly, evaluated in accordance to the NBR 6118/2014, Design of Structural 
Concrete – Procedure [6].

The analysis subject of this work will be performed upon slabs whose span length in 
the “x” coordinate direction is fixed as “Lx = 4,00 m”, considering a set of cases differentiated 
among themselves by the boundary conditions illustrated in Fig. 2 and by their span lengths 
in the “y” coordinate direction, “Ly”.

The analyzed specimens are submitted to uniformly distributed load normal to its 
middle plan. 

The works reported in this paper were carried out from the consideration of two 
distinct stages of analysis. At the first one, 11(eleven) different span lengths in the “y” 
coordinate direction are considered, in order to establish the different and gradual values 
for the ratio “λ = Ly/Lx”, namely: 1.0; 1.1; 1.2; 1.3; 1.4; 1.5; 1.6; 1.7; 1.8; 1.9 and 2.0. It 
was determined, therefore, the dimensionless parameters values for the bending moments 
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over both coordinate directions and for the transverse displacement, to allow the trend 
analysis. At the second stage of analysis, it was performed the works on slabs presenting, 
alternatively, three values for the span length in the “y” coordinate direction, namely: “Ly 
= 4.00 m”; “Ly = 5.00 m”; and, “Ly = 6.00 m”, and the relevant results comparison were 
established, and then the displacements and the moments variation fields along the whole 
area of the slabs were drafted.

6 |  RESULTS 
From the obtained results referring to the first stage of analysis, the folders of Fig. 

3, 4, 5 and 6 were drafted, and, from such figures it may be noted close agreement, for the 
number one case, between the Lévi solution and the Navier double trigonometric series. In 
addition, it may be observed that the dimensionless parameters extracted from the Barés 
tables, agree in a fine approach with its corresponding results obtained by the Lévi solution.

According to the curves of Fig. 3 and the Table 1, the transverse displacement 
magnitude on the slab center, obtained from the Thin Plates Theory, proved to be smaller 
than those ones determined from the Grids Method as already reported by Silva e Cashell 
[7] and by Madureira et al [8].

Figure 3. Transverse displacement dimensionless parameters
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On the other hand, the bending moments at the center of slabs, over both coordinate 
directions, calculated from the Grid-Marcus Method, have presented smaller magnitudes 
than those ones referred in the upper paragraph, Fig. 4 and 5, while the results obtained 
from Grids Method present the highest one, Tables 2 and 3.

The differences among the displacement magnitudes reported above are as smaller 
as greater the ratio between the span lengths along the two coordinate directions, because, 
for the case number one, it was reduced from 37%, for λ = 1.0, to 17% for λ = 2.0, Table 1.

Table 1. Displacements dimensionless parameters

Figure 4. Dimensionless positive bending moments along the “x” direction
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The differences involving the magnitudes of the positive bending moments in the “x” 
direction showed similar trend, ranging from 17% to 5%, if the results from the Theory of 
Plates and those ones from Grid-Marcus Method are compared, and, ranging from 29% to 
15%, if the results from the Theory of Plates and that ones from Grid Method are compared, 
Table 2.

Table 2. Positive bending moment in “x” coordinate direction dimensionless parameters

Figure 5. Dimensionless positive bending moments along the “y” direction
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The differences referring to the positive bending moments over the “y” coordinate 
direction, seem have presented the same trendy reported above in this paragraph, if the 
results from the Theory of Plates and that ones from the Grid Method are compared, 
decreasing from 29% to 15%. However, it may be observed that, at first, it occurs reduction 
in such difference if the ratio between the span lengths increases from λ = 1.0 up to λ = 1.6 
and, after that, the difference tends to increase. On the other hand, if the, if the results from 
the Theory of Plates and that ones from Grid/Marcus Method are compared, that difference 
presented diverse behavior, therefore, they increased from 24% up to 36%, since the “λ” 
values ranged from 1.0 up to 2.0, Table 3.

Table 3. Positive bending moment in “y” coordinate direction dimensionless parameters

For the cases 02 and 03 the behavioral trend was the same of that one related above 
in this text and was differentiated from the former, solely by the recorded values, Tables 1, 
2 and 3. Nevertheless, it is worthwhile to highlight that the differences among the obtained 
values from Marcus-Grid Method and those ones calculated from the Theory of Plates, have 
resulted, significantly, smaller, and such differences was as smaller as greater was the slab 
bending stiffness as it may be seen in Figures 4, 5 and 6, and, in Tables 1, 2 and 3.

The acquired results reveal a satisfactory agreement among all the adopted data 
sources for the magnitude of the negative bending moments “Mxe”, as it may be note in Fig. 
6.

The results corresponding to the second stage of analysis, for the slabs whose 
boundary conditions are illustrated in Fig. 2.a, obtained from the Navier solution, exhibit 
a good agreement with those ones calculated from the Lévi’s trigonometric series. Such a 
numeric results are showed in Tables 4 and 5. 

For the case number one, according to the results corresponding to the span length 
over the “y” coordinate direction “Ly = 6,00 m”, specially, once the equilibrium configuration 
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referring to the loading having been reached, the field of the displacements, of the bending 
moments and of the twisting moments have established themselves as the feature shown in 
Fig. 7. For the remaining cases such parameters have presented magnitude distribution in 
a similar way, differentiated, however, among themselves by their numerical values.

Figure 6. Dimensionless negative bending moments

Table 4. Bending moments at “x” direction and transverse displacements – number 1 case

Table 5. Bending Moments at “y” Direction and Twisting Moments – number 1 case
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It may be observed that, in a general way, the fields object of this paper, Fig. 7 
and Fig. 8, present shapes according to the traditional knowledge state about the theme 
approached.

Figure 7. Displacements and Internal Forces Fields – Number one case – 4.00 m x 6.00 m Plate

The examination of the field of displacements of the Fig. 8 may induce the wrong idea 
that on the little width track near the clamped edge of the slab, namely, the track colored 
by grey chromatic nuance, the transverse displacements would be null. Nevertheless, that 
fact occurs because of the adopted precision by the algorithm results that was used in the 
numerical mapping to the image generation of the referring field. 
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Figure 8. Displacements Fields: a. number 2 case; b. number 3 case

It may be noted that, the Barés tables data, refer themselves to the “My” bending 
moment, correspond to that point of the slab placed at the middle span over the “y” coordinate 
direction, points C and C’ in Fig. 9. However, for the cases involving clamped slabs, if the 
ratio between the span lengths assumes the highest values, the maximum bending moment 
over the “y” coordinate direction occurs at points D and D’ deviated from that ones, Fig. 9. 

Thereby, if “Ly = 6.00 m”, the bending moment magnitude for the number 2 case, 
in the point C vicinity, is “My = 1.38 kNm/m”, while its maximum value is about “My = 1.78 
kNm/m”, corresponding to a difference by approximately 29%. For the number 3 case, in the 
other hand, the bending moment magnitude close to the point C’, is “My = 2.40 kNm/m” while 
“My = 2.61 kNm/m” is its maximum value, corresponding to a difference by the order of 9%.
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Figure 9. My Bending Moment Fields: a. number 2 case; b. number 3 case

7 |  CONCLUSIONS
The mechanical performance comparative analysis of slabs from the Kirchhoff’s 

Theory, from the Grids Method, from the Marcus Method and from the Barés Table is carried 
out in this paper.

The analysis was performed upon three different types of slabs according its 
boundary conditions, namely, simple supported along its all four edge, clamped along one 
edge and simple supported in the remain ones, and, clamped along two opposite edges and 
simple supported along the others ones. 

At first, it was considered 11 (eleven) different values for the ratio involving the span 
lengths along the two coordinate directions, namely, 1.0; 1.1; 1.2; 1.3; 1.4; 1.5; 1.6; 1.7; 1.8; 
1.9 and 2.0, and then the dimensionless parameters referring to displacements and internal 
forces were calculated.

On a second stage of this work, for the same boundary condition already characterized 
above in these conclusions, the analysis from the consideration of three different span 
lengths in the “y” direction, namely: “Ly = 4.00 m”; “Ly = 5.00 m”; and “Ly = 6.00 m” was 
performed.

At the first stage of the analysis, it was found from the obtained results a close 
agreement between the Barés tables data and those results determined from the Kirchhoff’s 
Theory.

The referring results also revealed that the displacement magnitudes and the positive 
bending moments calculated from the Grids Method have presented values greater than 
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those one determined from the Kirchhoff’s Theory, because the Grids Method neglects the 
shear stiffness. 

The differences between the displacement magnitudes reported above are as smaller 
as greater the ratio between the span lengths along the two coordinate directions and are 
too considerable if one paying attention to the reality that the displacement magnitudes by 
time, according to the Brazilian technical standard NBR 6118/2014 recommendation, are, 
already overrated.

In addition, it was observed that, the positive bending moments determined from 
the Grid-Marcus Method have presented the smallest values among those results obtained 
from all models that are being considered in this paper.

The differences referring in the last two paragraphs were as smaller as greater was 
the ratio between the span lengths and were as greater as smaller the slab flexure stiffness.

Due to the bending moment magnitude reduction in the “x” direction promoted by the 
plastic fitting process, the difference in their magnitude must be decreased, and then, the 
Marcus’s Method may be considered suitable for their values determination. 

On the other hand, the bending moment magnitude increase in the “y” direction, 
caused by the same process referred in the last paragraph, makes the difference mentioned 
above in this text higher, revealing, consequently, the needing for the Marcus’s adjuster 
coefficients evaluation improvement.

The acquired results reveal a satisfactory agreement among all the adopted data 
sources on regard to the negative bending moments.

From the fields images, whose generation were the subject of the second stage of 
the analysis carried out in this paper, it may be observed a good agreement between the 
Navier’s solution and the results obtained by the Lévi’s series.

In addition, it may be observed that, the Barés table present the value of the bending 
moment in the “y” direction for a point placed on the center of the slab while for the number 
02 and number 03 cases, the maximum values of such internal force, according to Lévi’s 
solution, occurs at a deviate region apart from that point. 

The resulting difference between the bending moment magnitude in the “y” direction 
obtained by Barés table and its corresponding maximum values calculated from Lévi’s 
solution, may reach up to 29%, so that, if the design engineer uses the Barés tables data to 
perform design of slabs, such a procedure may promote the material failure risk.
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