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APRESENTAÇÃO

A Engenharia de Computação tem como definição ser o ramo da engenharia que 
se caracteriza pelo projeto, desenvolvimento e implementação de sistemas, equipamentos 
e dispositivos computacionais, segundo uma visão integrada de hardware e software, 
apoiando-se em uma sólida base matemática e conhecimentos de fenômenos físicos. 
O objetivo é a aplicação das tecnologias de computação na solução de problemas de 
Engenharia.

Deste modo, este livro, aborda diversos aspectos tecnológicos computacionais, tais 
como: o desenvolvimento de um jogo de RPG acessível em LIBRAS; uma reflexão quanto 
à necessidade de aplicação de supressores de surto como proteção de transformadores 
devido a eventos transitórios em manobras de disjuntores; um algoritmo para geração de 
contorno 2D envolvendo regiões irregulares; avaliação da influência das tensões residuais 
e imperfeições geométricas iniciais em colunas de aço submetidas à flexão em torno do 
eixo de menor inércia; os esforços em estruturas laminares, de características de geometria 
e carregamentos diversos através da implementação computacional de um elemento finito 
sólido hexaédrico de 8 nós programado com uma linguagem computacional de alto nível; 
uma análise computacional realizada através do programa SAP2000; a estabilidade e as 
vibrações de anéis e tubulações apoiados em uma fundação elástica de Pasternak; um 
controlador neural para dois elos de um robô manipulador de três graus de liberdade (3 
GDL); uma ferramenta de autoria para livros relacionados a área da educação; um aplicativo 
com propósito de aumentar a taxa de reciclagem e minimizar os danos ambientais devido ao 
descarte incorreto de resíduos na natureza; a conscientização de crianças e adolescentes 
sobre as ocorrências de bullying; uma aplicação web interativa, de fácil utilização e interface 
amigável, por meio do pacote Shiny, destinada aos tópicos de intervalo de confiança e 
dimensionamento de amostra para o parâmetro proporção; segmentar e detectar, por meio 
de redes neurais convolutivas, as pás dos raspadores de escória em panelas de ferro gusa 
do Reator Kambara de uma siderúrgica; integrar a Biblioteca Digital de Artigos (IFPublica) 
e a Plataforma de Digital de Inscrição e Administração de Projetos (PDIAP), por meio de 
adaptações nos dois projetos, para impedir erros humanos e automatizar o processo de 
cadastro de artigos do PDIAP na base de dados do IFPublica.

Assim, espero que a presente obra venha a se tornar um guia aos estudantes e 
profissionais da área de Engenharia de Computação, auxiliando-os em diversos assuntos 
relevantes da área, fornecendo a estes novos conhecimentos para poderem atender as 
necessidades informacionais, computacionais e de automação das organizações de uma 
forma geral. Por fim, agradeço aos autores por suas contribuições na construção desta 
importante obra e desejo muito sucesso a todos os nossos leitores.

Ernane Rosa Martins
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CAPÍTULO 9
 

APPLICATION OF A MULTIOBJETIVE OPTIMIZATION 
PARETO APPROACH TO DESIGN THE SDRE 

CONTROLLER FOR A RIGID-FLEXIBLE SATELLITE 

Luiz Carlos Gadelha de Souza  
Federal University of ABC- Sao Bernardo do 

Campo – SP – Brasil
http://lattes.cnpq.br/5801699053436537

ABSTRACT: Complex space missions involving 
large angle maneuvers and rapid attitude control, 
require new non-linear control techniques to design 
the Satellite Control System (SCS) in order to 
have reliability and adequate performance. In that 
context, one investigates a new SCS technique 
based on the State Dependent Riccati Equation 
(SDRE) methodology which can be considered 
as an adaptive form of the Linear Quadratic 
Regulator (LQR) but which allows to deal with 
the non linearities of the system. A nonlinear 
mathematical model of a flexible rotatory beam 
is built through the Lagrangian formulation where 
the flexible displacement is modelled using the 
assumed modes theory and a structural damping 
is added applying the Rayleigh technique. The 
SDRE controller objectives are to control the hub 
angular position and simultaneously to damp 
the flexible displacements. A computational 
procedure is developed which allows drawing 
a performance map of the system showing all 
SDRE reachable performances. Using this control 
algorithm one can obtain the Pareto’s border 
representing the set of optimal performances. 
On the other hand, analyzing the influence of 
the weight matrixes terms, it is shown that it is 
possible to get the Pareto’s border performances 

using only a few terms of the SDRE weight 
matrixes. On the basis of this analysis, a control 
law enabling to get weight matrixes’ values as a 
function of a required performance is developed. 
Last of all, state dependent weight matrixes are 
used to show that they can improve the system 
performance. Based on the results, it turned out 
that the SDRE’s performance is better than the 
LQR’s one, not only because it can deal with non 
linearities, but also because its design is more 
flexible and permits to control the rigid-flexible 
satellite in the same time interval and spending 
less energy.
KEYWORDS: Nonlinear control law, rigid-flexible 
satellite, sdre method.

APLICAÇÃO DE UMA ABORDAGEM 
DE PARETO DE OTIMIZAÇÃO 

MULTIOBJETIVA PARA PROJETAR 
O CONTROLADOR SDRE PARA UM 

SATÉLITE RÍGIDO-FLEXÍVEL
RESUMO: Missões espaciais complexas 
envolvendo manobras de grande ângulo e 
rápido controle de atitude requerem novas 
técnicas de controle não linear para projetar 
o Sistema de Controle de Satélite (SCS) a fim 
de ter confiabilidade e desempenho adequado. 
Nesse contexto, investiga-se uma nova técnica 
SCS baseada na metodologia State Dependent 
Riccati Equation (SDRE) que pode ser 
considerada uma forma adaptativa do Regulador 
Linear Quadrático (LQR), mas que permite lidar 
com as não linearidades do sistema. Um modelo 
matemático não linear de uma viga rotatória 
flexível é construído através da formulação 
Lagrangiana onde o deslocamento flexível é 

http://lattes.cnpq.br/5801699053436537
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modelado usando a teoria dos modos assumidos e um amortecimento estrutural é adicionado 
aplicando a técnica de Rayleigh. Os objetivos do controlador SDRE são controlar a posição 
angular do cubo e, simultaneamente, amortecer os deslocamentos flexíveis. É desenvolvido 
um procedimento computacional que permite desenhar um mapa de desempenho do sistema 
mostrando todos os desempenhos alcançáveis ​​do SDRE. Usando este algoritmo de controle, 
pode-se obter a fronteira de Pareto que representa o conjunto de desempenhos ideais. Por 
outro lado, analisando a influência dos termos das matrizes de peso, mostra-se que é possível 
obter os desempenhos de fronteira de Pareto usando apenas alguns termos das matrizes de 
peso SDRE. Com base nesta análise, é desenvolvida uma lei de controle que permite obter 
os valores das matrizes de peso em função de um desempenho necessário. Por último, as 
matrizes de peso dependentes do estado são usadas para mostrar que podem melhorar o 
desempenho do sistema. Com base nos resultados, constatou-se que o desempenho do 
SDRE é melhor que o do LQR, não só porque pode lidar com não linearidades, mas também 
porque seu design é mais flexível e permite controlar o satélite rígido-flexível no mesmo 
intervalo de tempo e gastando menos energia.
PALAVRAS-CHAVE: Lei de controle não linear, satélite rígido-flexível, método sdre.

INTRODUCTION
The main interest of the SDRE method (Cloutier et al., 1996) is that it is a systematic 

approach that can deal with non-linear plant. A good state of the art about SDRE theory 
can be found in (Cimen, 2008).  The idea of SDRE is to linearize the plant around the 
instantaneous point of operation, producing a constant state-space model and then calculate 
the controller as in LQR control technique (Souza, 2006).  The process is repeated at each 
sampling periods producing and controlling several state dependent linear models out of 
a non-linear one. In other words, a SDRE controller is an adaptive LQR. Feasibility in real 
time could be a problem as the computation time for calculating the controller (solving the 
Algebraic Riccati Equation ARE) has to be inferior to the sampling time of the system. 
Therefore, several simulations have proven the computationally feasibility for real time 
implementation as in control of missiles (Menon, et al., 2002) and helicopter (Bogdanov 
and Wan, 2007). A different approach, also based on an optimization of weight matrix was 
applied by (Sales et al.,1913) and (Pinheiro and Souza, 2013) to design a control system of 
flexible satellites. As feasibility has no more to be proven, therefore, this study will focus on 
simulation and will show benefit of this new nonlinear sdre approach based on the weighting 
selection as a function of the state. 

SDRE METHODOLOGY
The SDRE control approach is based on the LQR theory which controller u minimize 

a quadratic function cost given by
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where x ϵ�n is the state vector, u ϵ�m is the control signal, and, Q ϵ�nxn and R ϵ�mxm 
are the weight matrices semi defined positive and defined positive respectively.

The idea of this function is making a trade of between performances using the Q 
weight to regulate the “size” of the states x and energy saving using the R weight to regulate 
the control signal u. Therefore, the SDRE approach is an extension of the LQR controller 
with the difference that weights Q and R can be state dependent:

To solve this optimization problem, it is needed to define the specific problem in order 
to get constraints of the cost function. There are two kinds of constraints: the model and 
initial conditions. It can be written as: 

Applying a direct parameterization to transform the non-linear system of Eq. 3 into 
State Dependent Coefficients (SDC) representation (Souza and Gonzales, 2012), the 
dynamic equation of the system with control can be written in the form

The control law is given by

where P(x) is the solution of the State Dependent Algebraic Riccati Equation 
(SDARE).

 

EQUATIONS OF MOTIONS OF RIGID-FLEXIBLE SATELLITE
Figure 1 shows a representation of rigid-flexible satellite by a flexible rotatory beam; 

which consists of a beam fixed to the rotor motor at one end and free at the other one. Euler-
Bernoulli beam is used; this means that deformations are considered small. Parameters 
of the beam are the following: length L, linear density ρ, rigidity EIz and the rotor motor 
parameters are: angular position θ(t), which is a rotation along the X-axis so gravity has no 
influence, rotor and beam inertia Ieq, a characteristic constant of the motor Cm, the voltage 
Um and radius of the hub r. The beam displacement is y(x, t). To simplify notation, y is used 
without referring to its variables and its partial derivatives relative to the time t and the 
position x are respectively written ẏ and y'.
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Fig. 1 Representation of the rigid-flexible satellite model.

The assumed mode method supposes that the flexible displacement is a linear 
combination of products of a space function φ: x → φ (x) (also called form) with a time 
function q: t → q (t) that we will call mode.

Lagrange theory permits deriving non-linear motion equations. Full calculation can 
be found in (Bigot and Souza, 2014). 

It is a classical vibrating systems equation where M the mass matrix, N the damping 
matrix, K the rigidity matrix and F the external force vector.

ɑ and b are Rayleigh damping coefficients. It is a technic to model structural damping 
without having to know all materials properties (Wilson, 1998). Other matrix elements are 
defined in function of the form function as

One observes that Eq. 7 represent is nonlinear equation of motion of the rigid-flexible 
satellite and where the mass M and damping matrix N are not constants and depends on 
q, q̇ and θ ̇. 

To be able to apply the SDRE technique, this system has to be represented in the 
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SDC form, with the system states  x are the rigid mode θ and flexible modes q and their 
derivatives and control u are defined by 

Reorganizing Eq. 7, the equations of motions can be put  in the classic state space 
representation given by 

One observes that ɑ and b are Rayleigh damping coefficients without considering its 
division into static and dynamics and that M and N are clearly states dependent as well as 
the matrices A and B are state dependent too. 

SDRE SIMULATION STRATEGY 
As matrix A and B depends on the states their values must be determined on every 

step. So, for every iteration of the simulation, states vector x is measured, the solution P 
is obtained of  SDARE , the feedback control u is determined by  Eq. 5 and then, the new 
matrix A is obtained. This process is described in the Fig. 2.

Fig. 2 SDRE Algorithm.

Implementation of this algorithm has been done using the MATLAB-Simulink. The 
solution of the Algebraic Riccati Equation (ARE) has been found via a S-function [9]. The 
maximum voltage supply for the motor is ±15V. Referring to performance objectives, those 
are temporal requirements since the model is non-linear and frequency analysis is not 
possible. The beam angular position θ has to stabilize in the region ±5% of the command θc 
in a minimum setting time: Tr 5%. The flexible deflection at beams extremity yL has to be as 
smaller as possible and can’t be higher than ±1.5[cm]. 

Table 1 shows the values used for the simulation. It has been used 2 flexible modes. 
All results of simulation are obtained with the weight R = 1. The command signal used for 
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all this study is θc = 90º.

Beam Values Motor Values

L 41.9 cm beq 0.146 kg m2 s-1

EIz 0.0913 N m Jeq 0.00753 kg m2

P 0 Cm 0.1282 N V-1

Table 1: model parameters values.

From the cost function represented by Eq. 2 it can be noted that weight Q is linked 
with the states x. Q weight is responsible for performance of the system. Q is a (n+1) x 
(n+1) matrix where n is the number of flexible modes. In order to influence each state 
independently Q has to be chosen a diagonal matrix, like : diag {Qθ, Qq, Qθ, Qq}. Increase 
Q results in faster regulation of the associated state. This insight comes from the analysis 
of the function cost Eq.(2). Let x be a state of this system and Qx  its associated weight. 
Increasing the state x coefficient Qx results in an increasing value of xTQxx. To minimize this 
quantity, x has to reach the equilibrium value faster than other states. Weight terms can be 
seen as states penalties. 

INFLUENCE OF THE EACH TERMS OF MATRIX Q
Figure 3 shows the influence of each terms of Q independently. One observes that 

increasing Qθ leads to a faster system because θ state has to reach the equilibrium faster. 
Qq and Qq penalize flexible modes so one can see that the displacement is smaller when the 
weights increase. Finally Qθ penalize the angular speed, that’s why the system ta

kes a longer time to set up.

Fig. 3 Analyse of Q terms influence.

To investigate the influence of flexible states one keeps the values of Qθ = 10 and 
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Qθ = 1 constants. Results have been represented in Figure 4. The best trade off found is 
the black response with Qq = 105 and Qq = 104. The settling time is the same as the cyan 
response and the deflection is smaller. When looking at the green response and comparing 
to the black one, ones can see that the settling time is worse and the deflection gain in 
dropping the deflection is not so better. Note that values of Qq and Qq are high because 
values of q and q̇ are small, remembering that what is to be minimized is qTQqq  and  q̇TQqq̇.

Fig. 4. Varying Qq and Qq ̇ for Qθ = 10 and Qθ ̇= 1.

The next step is to find good Qθ and Qθ ̇. Other terms have been picked as the “best” 
value s of the previous analysis: Qq = 105 and Qq = 104. As it is not an issue the way of 
getting the desired angular position (smoothly or not), Qθ ̇  can be relax. One relieves the 
constraint over θ ̇, it means that there is no matter of θ ̇ be high. Figure 5 shows that relaxing 
this constraint permits a better performance: green response is faster than blue response 
and displacement is almost the same. It has been verified that decrease Qθ ̇  more than 0.1 
has no effective effect on the system.
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Fig. 5. Varying Qθ and Qθ ̇ for Qq = 105 and Qq ̇ = 104.

On Figure 5 it is evident than increasing Qθ improve the settling time but increase 
flexible deflections. Then designer has to choose in function of its most important requirement. 

SDRE CONTROL LAW BASED ON MATRIX QΘ

One observes that to get a fast response, a high Qθ is desired. The idea is to produce 
a variable Qθ in function of the motion: small at the beginning of the motion and high at the 
end of the motion. The simpler function is a linear function of θ:

Both Qθ0
 and KQθ

 are scalar parameters of the linear function to adjust the law to get 
the desired performance. ϵ is a small number (typically 10-4) to avoid singularity when θc = 
θ0. When t = 0, θ(0) = θ0 then, Qθ(t0)=Qθ0

. At the contrary, when t = t∞, θ(∞) = θc then, Qθ(∞) 
≅Qθ0

 + KQθ
. So, it can be conclude that this function is increasing with the time, starting 

from Qθ0
 and getting to Qθ0 

+ KQθ
. Note that this function is not a linear function of the time 

because θ(t) is not a linear function of time. To prove benefits of having such adaptive 
weight, the response for different weights Q(θ) has been calculated. The response is 
analyzed according two parameters: the setting time Tr 5% and the maximum displacement 
at the beam extremity yLmax

. 

PERFORMANCE MAP
The performance map shows the system’s performance goals, where each point  is 

obtained by simulating the system with a different SDRE controller configuration, different 
values of the weights of the Q and R matrices. Figure 6 represents the performance map for 
the objectives Tr 5% and yLmax

 associated with various values of the matrices weights R = Ru 
R̵̿ and Q = diag (Qθ, Qq I2, Qq I2) Q̅.
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Fig. 6 - Performance map of the SDRE controlled for several different weights Q and R.

From Fig. 6, it can be seen the system performances map of SDRE controller. The 
division of these points is not uniform; some sets of points appear in the left Pareto border 
which represents the best attainable performances. In this area the density of points is very 
high; this means that there are many different combinations of weights that allow optimum 
performance. In between of the Pareto area also has a high dot density. These points 
represent the overshoot performances in the response θ. Typically, when attempting to 
increase the speed of the system, a time arrives where the value of θ to be reached (θc) is 
exceeded, this causes the stabilization time of the system Tr 5% to increase abruptly, creating 
a zone of relatively low point density between the left and right sets of points.

COMPARISON OF THE LQR AND SDRE CONTROLLERS PERFORMANCE 
Figure 7 shows the Pareto boundaries of SDRE and LQR in red and green respectively. 

It is noticed that the SDRE controller achieves better performances than the LQR controller 
because the red curve is below the green curve. The gain in performance is not very large, 
probably because the modeled system does not have very large nonlinearities. It is believed 
that this gain would be greater for a system with higher nonlinearities.
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Fig. 7 - Comparison of performance map and Pareto frontier of SDRE and LQR controllers.

Figure 8 shows the time domain responses of the three points identified in Figure 
7. In addition to improving the stabilization time of the system having a maximum flexible 
displacement equal Lmax = 3cm, the SDRE consumes less energy to perform the maneuver. 

Fig. 8 Time domain responses of the three points identified in Figure 7.

In addition, it is noted that when using SDRE with a state-dependent weight matrix, 
the second peak of the flexible displacement is larger and reaches almost the same level 
as the first (3cm). This phenomenon can be considered as positive because it allows the 
deformation of the beam during the maneuvers to be symmetrical on both sides and thus 
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decreases the possibility of the beam presenting a residual deformation (due to material 
hysteresis) in one direction when the maneuver is performed.

SUMMARY
In this paper the SDRE controller was studied applying it to a non-linear model 

of a rigid-flexible rotating robotic arm formed by a flexible rod coupled to a servomotor. 
The elaborated model considers an Euler-Bernoulli type beam, uses the assumed modes 
method with two modes of vibration, considers first order nonlinearities and has a Rayleigh 
type structural damping. This model can be adapted to allow the simulation of satellites with 
flexible appendices such as antennas or solar panels. The mathematical model was validated 
by comparing the open-loop results with the real system results. The dynamics equations 
were parameterized to arrive at the SDC form for the implementation of the SDRE controller. 
The adjustment of the SDRE controller by means of the Q and R matrices was studied in 
detail: a normalization technique was applied in order to be able to perform simulations to 
measure the influence of each term of the matrices weight on the performance of the system. 
Afterwards, we tried to obtain the best possible performance in terms of system stabilization 
time and vibration minimization. For this, the performance map of the SDRE-controlled 
system was created to find the Pareto frontier; Set of optimal performance points. Based 
on the points of the Pareto frontier, a law was successfully created that allows to obtain the 
values ​​of the matrices weight as a function of the value of a parameter of performance. The 
developed law has a limitation; It only works for a certain range of performance. Finally, a 
weight-dependent matrix of a state was used to show that, in this way, the performance of 
the SDRE can be improved. The study was concluded showing that the SDRE controller 
allows obtaining a better performance than the regulator LQR. 
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