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APRESENTAÇÃO

Não há padrões de desempenho em engenharia elétrica e da computação que 
sejam duradouros. Desde que Gordon E. Moore fez a sua clássica profecia tecnológica, 
em meados dos anos 60, a qual o número de transistores em um chip dobraria a cada 18 
meses - padrão este válido até hoje – muita coisa mudou. Permanece porem a certeza de 
que não há tecnologia na neste campo do conhecimento que não possa ser substituída a 
qualquer momento por uma nova, oriunda de pesquisa científica nesta área. 

Produzir conhecimento em engenharia elétrica é, portanto, atuar em fronteiras de 
padrões e técnicas de engenharia. Também se trata de uma área de conhecimento com 
uma grande amplitude de sub áreas e especializações, algo desafiador para pesquisadores 
e engenheiros.

Neste livro temos uma diversidade de temas nas áreas níveis de profundidade 
e abordagens de pesquisa, envolvendo aspectos técnicos e científicos. Aos autores e 
editores, agradecemos pela confiança e espirito de parceria. 

Boa leitura

João Dallamuta
Henrique Ajuz Holzmann
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ABSTRACT: Numerical spurious oscillations are 
present in transient responses when overhead 
transmission lines (TL) are represented by the 
lumped parameter models (LPM) which can be 
composed of π, T or L branches in cascade. 
These spurious oscillations present erroneous 
peaks which can lead to incorrect interpretations 
in the protection devices and overestimation in the 
insulation level of equipment, such as insulation 
strings, pre-insertion resistor, circuit breakers. In 
the literature, modified π-circuit topologies are 
proposed with damping resistances inserted 
to reduce the magnitude of these spurious 
oscillations. However, the effects of the damping 

resistances in the T and L-circuit topologies are 
unknown. In this article, a transient analysis of 
each modified topology is carried out for different 
damping resistances. Simulations obtained with 
the modified T and L topologies are compared 
with those obtained with numerical inverse 
Laplace transform and with traditional LPM 
(without damping resistances). Results shown 
that a significant reduction of spurious oscillations 
are seen when the modified topologies are 
employed for the transient responses. In this way, 
the modified topologies can be an alternative to 
represent symmetrical and ideally transposed 
overhead three-phase TL and can be applied to 
study the electromagnetic transients in power 
systems.
KEYWORDS: Electromagnetic transients; 
transmission line; lumped parameter models; 
time domain, modified topologies.

ANÁLISE TRANSITÓRIA DOS MODELOS 
CLÁSSICOS E MODIFICADOS DE LINHAS 

DE TRANSMISSÃO A PARÂMETROS 
CONCENTRADOS EM SISTEMAS DE 

POTÊNCIA
RESUMO: As oscilações espúrias estão 
presentes nas respostas transitórias quando 
linhas de transmissão (LT) são representadas 
pelo modelo a parâmetros concentrados (MPC). 
O MPC é composto por circuitos π, T ou L 
conectados em cascata. Essas oscilações são 
caracterizadas por picos errôneos que podem 
levar às interpretações incorretas nos sistemas de 
proteção. Da literatura, são propostas topologias 
de circuitos π modificadas pela inserção de 
resistências de amortecimento que reduzem as 
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oscilações espúrias. Entretanto, nas topologias T e L, esses efeitos são desconhecidos. 
Neste artigo, uma análise das respostas transitórias de cada topologia é realizada para 
diferentes valores da resistência de amortecimento. Os resultados obtidos com as topologias 
T e L são comparadas com os obtidos pelo método da transformada numérica inversa de 
Laplace e pelo MPC clássico. Verifica-se uma redução expressiva das oscilações espúrias 
nas respostas transitórias quando as topologias modificadas são empregadas. Desse modo, 
essas topologias são modelos alternativos para representação de LT trifásicas simétricas e 
idealmente transpostas e podem ser aplicadas para estudar os transitórios eletromagnéticos.
PALAVRAS-CHAVE: Transitórios eletromagnético; linha de transmissão; modelos a 
parâmetros concentrados; domínio do tempo, topologias modificadas.

1 | 	INTRODUCTION
Several models are proposed to represent overhead transmission lines (TL) in 

the literature which they are developed in the frequency or time domain, presenting their 
own advantages and characteristic limitations. The TL models developed in the frequency 
domain are limited when non-linear loads are inserted in the TL or in the studies of faults 
in the electrical power systems. Additionally, transient responses are calculated by inverse 
Laplace or Fourier transforms implemented via numerical methods, which due to the 
complexity of this conversion, a high computational time and cost may be required [1]. Thus, 
TL models developed directly in the time domain are preferred in transient electromagnetic 
studies in power systems.

In this context, the lumped parameter transmission line models (LPM) has been used 
extensively in the literature to represent short overhead TL [2]–[4]. The LPM considers that a 
generic overhead TL can be represented by longitudinal and transversal branches of circuits 
in the form π, T or L connected in cascade, as further detailed. In these LPM, the currents 
and voltages along a certain overhead TL are represented by a system of state equations 
whose solutions are obtained by numerical integration methods [3]. The LPM allows the 
insertion of non-linear loads, such as rectifiers and surge arresters, the study of faults at any 
point of the line and the inclusion of the Corona effect in the electromagnetic simulations 
[4], [5]. However, numerical spurious oscillations resulting from the numerical methods 
employed to calculate the currents and voltages associated with lumped representation 
occur in the transient responses.

These oscillations are provoked due to the fact that the distributed electrical 
parameters are represented by lumped parameters in cascade. Such spurious oscillations 
are characterized by high-amplitude erroneous peaks that distort transient responses. These 
oscillations do not adequately represent the transient responses and can cause incorrect 
analyzes in the time domain, affect the operations of the protection equipment and oversize 
the electrical supportability in the chain of insulators, pre-insertion resistors and lightning 
arrestors. In order to mitigate oscillations some methods are proposed in the literature, such 
as: (i) the use of digital and analog filters [6], [7]; (ii) by adjusting the numerical methods 
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of integration [8] and (iii) by representing TL through a cascade of circuits π with modified 
lumped topologies [6], [9]. This last alternative inserts a damping resistor in parallel to the 
longitudinal branch or a damping resistor in series to the branch transverse to the classical 
π circuit in cascade. However, other topologies such as T and L, have not been studied with 
the insertion of the damping resistances in their structures in the literature.

In this article, the performance of two modified LPM topologies formed by the 
cascaded T and L circuits with damping resistances is investigated. These two topologies 
are employed to represent a symmetrical and ideally transposed overhead three-phase 
TL submitted to a energization maneuver and to mitigate spurious oscillations in the 
transient responses directly in time domain using modal decomposition technique. These 
transient responses are compared with those results obtained with distributed parameter 
model calculated by the numerical inverse Laplace transform and with those obtained with 
the classical LPM (without damping resistances). Results show a significant reduction in 
spurious oscillations in transient responses when modified topologies are employed to 
represent the three-phase TL. The proposed topologies are shown as effective alternative 
models to represent symmetrical and ideally transposed three-phase TL which can be 
applied to study the electromagnetic transients for this type of disturbance.

2 | 	LUMPED PARAMETER TRANSMISSION LINE MODEL
In this section, the classical LPM and the modified π, T, and L circuits in cascade are 

presented. The LPM represents a TL whose electrical parameters are distributed along its 
length, per-unit-length (p.u.l.), by lumped parameters connected in the branches of π, T, or 
L in cascade, as illustrated in Figs. 1, 2 and 3, respectively.

Figure  1:  Unit of the classical π-circuit.
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Figure  2: Unit of the classical T-circuit.

Figure  3: Unit of the classical L-circuit.

Each unit of lumped circuit is modeled by resistance R, inductance L, capacitance C 
and conductance G. These lumped parameters R, L, C and G are related to its respective 
distributed parameters, as follows [9]

where d is the line length and n is the number of cascaded lumped circuits. The terms 
R', L', C' and G' are the p.u.l. resistance, inductance, capacitance and conductance. Each 
circuit cascade unit has two state variables: transversal voltage vk(t) and longitudinal current 
ik (t). To assess all voltages and currents along the line length, it is necessary to employ a 
system of state equations, represented generically as follows [3]

In (2) and (3),  is the state variable vector for the continuous-time system, u is 
the input vector, y is the output vector, the state matrices A, B, C, D are matrices whose 
coefficients are related to lumped parameters and the matrix order depends on the number 
n. The solution of the state space equations is obtained by numerical integration methods 
such as Heun’s method [3].



Engenharia Elétrica: Desenvolvimento e Inovação Tecnológica 2 Capítulo 8 95

2.1	 Classical LPM with π-circuits
Considering a overhead represented by the classical LPM with a cascaded π-circuits, 

each unit can be described as shown in Fig.1, where the currents and voltages at the both 
ends are shown. Applying Kirchhoff’s laws to the generic π-circuit in Fig.1, the longitudinal 
current ik and the transverse voltage vk data are obtained as follows

The matrices A and B and the state vector x are given by

where the sub-matrices A11, A12, A21 e A22 are written as follows

2.2	 Classical LPM with T-circuits
When an overhead TL is represented by classical LPM with cascade T-circuits, as 

shown in Fig. 2, applying Kirchhoff’s laws, the longitudinal currents and transversal voltages 
are given by

The matrices AT, BT and xT written as state variables for this topology is given by

where the matrices AT11, AT12, AT21 e AT22 are written as follows
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2.3	 Classical LPM with L-circuit
When a overhead TL is represented by classical cascaded T-circuits, as shown in 

Fig. 2, the state currents and voltages are given by

where the matrices AL, BL and xL are written as follows

and the sub-matrices are

2.4	 LPM with damping resistance
In order to mitigate numerical oscillations, a modified π-circuit is proposed in the 

literature [6], [10]. In this topology, a damping resistance RD is connected parallel to the 
longitudinal branch RL in the classical LPM. In this topology, the damping resistance RD is 
given by [6]
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where Kd is an adjustable factor that varies between 2 and 10 [6], [9]. The variable L 
is the longitudinal lumped inductance of the circuit and Δt is the step size employed in the 
simulations. This topology was employed to mitigate numerical oscillations and it consists 
of a simple method in the classical LPM. However, this damping resistance can be inserted 
in the modified topologies T and L, according to the following development.

2.5	 Representation of the modified cascaded T-circuit

Figure 4: Unit of the modified cascaded T-circuit with parallel damping resistance RD.

The modified cascaded T-circuit topology is proposed in order to reduce the spurious 
oscillations that occur in this type of topology, following the same idea as the modified π- 
circuit topology. For this, a damping resistance RD is added in parallel to the longitudinal 
branch RL of the classical LPM T-circuit topology as shown in Fig. 4. Applying the Kirchhoff’s 
laws in the modified cascade T-circuit topology, the state equations are written as follows

The variables α' and β' in (4) are defined as follows

Inserting the (4) in a state equation form, the state matrices are given by

where the sub-matrices A'T11, A'T22, A'T21 and A'T22 are written as follows
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2.6	 Representation of the modified cascaded L-circuit

Figure  5: Unit of the modified cascaded L-circuit with parallel damping resistance RD.

The second topology proposed to reduce spurious oscillations in the transient 
responses of the topology by L, is the modified L-circuit. This topology is represented by a 
damping resistance RD added parallel to the longitudinal branch RL of the classical LPM L 
as can be seen in Fig. 5. The equations resulting from the analysis of the modified L-circuit 
are written as

The variable α' and β' are computed as (34). The state equations for the modified 
cascaded L-circuit are given by

The sub-matrices A'L11
, A'L12

, A'L21
 and A'L22

 are defined as follows
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3 | 	MODIFIED LPM APPLIED IN THREE-PHASE LINES
The transient responses in a three-phase TL with a vertical symmetry plane and 

ideally transposed can be performed using the line decomposition. This line decomposition 
is carried out by Clarke’s transformation matrix where this modal transformation matrix 
is composed by real and constant elements. For vertical symmetry plane and ideally 
transposed transmission line, the decomposed line is decoupled into its propagation modes 
where each mode is represented by three independent single-phase lines. The Clarke’s 
matrix is given by [11]

The three-phase TL with a vertical symmetry plane and ideally transposed is 
represented by matrices of longitudinal impedances and transversal admittances which are 
given by

where the components of the main diagonal are (Zp) and outside the main diagonal 
are (Zm). The elements of the transverse admittance matrix Y have the same layout as the 
elements of the Z longitudinal impedance matrix. When the TL is ideally transposed, Clarke’s 
transformation matrix decouples the overhead line into its exact modes [11]. The equations 
that are used to decompose the ideally transposed three-phase TL into its propagation 
modes are expressed as

Inserting (52) in (53) and in (54), it yields in the following matrices
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In this technique, the modal transformation matrices separates an ideally transposed 
three-phase LT into three independent single-phase lines, so-called propagation modes, 
denominated in this work as: α, β and 0. A representation of the phase-domain to modal 
domain conversions are illustrated in Fig. 6.

Figure  6: Representation of the modal decoupling in the three single-phase TL.

4 | 	VALIDATION OF THE MODIFIED TOPOLOGY
The performance of the modified topologies to calculate the transient responses in 

an ideally transposed three-phase TL is performed in this section. The Th used has a length 
of 50 km whose geometric configuration is shown in Fig. 7 and the internal (rint) and external 
(rext) and the TL resistance (Rdc) are shown in Table 1.

Phase 
conductors rint [cm] rext [cm] Rdc [Ω/km] NB

1, 2 and 3 0 1.53 0.03842 4

Table  1: Parameters of the phase-conductors.

In this table, the NB is the number of the conductors in the bundle. The three-phase 
TL is located on a resistivity soil ρe of 1,000 Ω.m based on the geometric data of the TL, the 
resistance matrices (R'), inductance (L') and capacitance (C'), computed at the frequency 
ƒ of 60 Hz, considering the ground-return impedance, computed by the Carson’s approach, 
and the skin effect at this frequency. These matrices are given by
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Figure  7: Three-phase line with vertical symmetry and ideally transposed.

The p.u. longitudinal matrix and transversal admittance matrix are given by

where ω = 2 πƒ is the angular frequency, in rad/s. The three-phase TL is decomposed 
using the Clarke’s matrix and Eqs. (eq:3.3) and (54). Each propagation mode is represented 
by the classical LPM and the modified LPM in cascaded π, T and L-circuits with damping 
resistors. Once the transient responses are obtained for each independent mode, they are 
converted to the phase domain. In order to analyze the transient responses of the three-
phase TL at the receiving end Vm(t), the case illustrated in Fig. 8 is considered. The number 
of circuits employed in the modified T or L is 1 circuit/km and the time step Δt = 0.5 µs 
is used in the simulations. In this case, the TL has at the sending end (k) a DC voltage 
source of V(t) of 1 p.u. connected in phase 1, whereas the other phases are connected to 
ground. At t = 0, the TL is energized (switching maneuver) by this condition. At the receiving 
end (m), a three-phase resistive load of 2 kΩ per phase is considered and the voltages 
Vm(t) are obtained. In the simulations of this work, the electrical parameters of the TL were 
considered constant due to the energization with a DC source (step voltage) that contains 
a low-frequency content. The ground-return impedance is calculated using the classical 



Engenharia Elétrica: Desenvolvimento e Inovação Tecnológica 2 Capítulo 8 102

Carson’s approach.

Figure 8: Three-phase TL energized by a DC voltage and three-phase balanced load at the 
receiving end.

The transient responses Vm(t) are calculated using the classical LPM and the modified 
LPM for the topologies T and L-circuits. Several adjustment factors Kd are investigated in 
order to obtain the most significant reduction in spurious oscillations, as shown in Table 
2, chosen from the most significant reductions in spurious oscillations in each α, β and 0 
mode. The responses are compared with those obtained by the distributed parameter model 
that uses the numerical inverse Laplace transform (NLT) technique [12] considered the 
reference for the transient responses in this work.

T-circuit L -circuit
α β 0 α β 0

Kd1 10.0 10.0 8.00 10.0 10.0 8.00
Kd2 1.01 1.01 0.82 0.95 0.95 0.78
Kd3 0.10 0.10 0.08 0.10 0.10 0.08

Table 2: Values of Kd to the modified T and L-circuits employed in the simulations.

In Figs. 9 and 11 the transient voltages Vm(t) of phase 1 are shown using the circuits 
T and L, respectively. The transient tensions Vm(t) in phases 2 and 3 are shown Figs. 10 and 
12 which they are identical due to the symmetry of the TL, using the T and L-circuits. The 
propagation time tv is given by

where d is the line length and v is the speed of the traveling waves. Adopting that v ≈ 
c (speed of light c =  3e5 km/s) and a line length d of 50 km, the tv ≈ 0.165 ms.

When the three-phase TL is energized at t = 0, traveling waves propagate along the 
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TL causing the surge voltage to rise at various points in the circuit. At the receiving end, 
after a propagation time tv, the transient voltages at each phases is generated by the sum 
of the incident and reflected waves, which the amplitudes depend on the load impedance 
connected at receiving end, and on the inductive and capacitive couplings between overhead 
phase-conductors conductors. Thus, the induced voltages in phases 2 and 3 are produced 
during the switching maneuver of the TL. It can be noted from these figures that when there 
is a positive variation in the voltage of the phase 1 (Figs. 9 and 11), the induced voltages, in 
opposite polarity, are generated in adjacent phases 2 and 3 (Figs. 10 and 12), according to 
the Faraday’s law of induction. In the steady state, the voltage in phase 1 will reach 1 p.u. 
the same value of the DC voltage applied by the source at the sending end, whereas the 
voltages in phases 2 and 3 will be zero.

Figure 9: Voltage Vm(t) at the phase 1 computed by NLT, classical LPM and modified cascaded 
T-circuits.

Figure 10: Voltages Vm(t) at the phases 2 and 3 computed by NLT, LMP and modified cascaded 
T-circuits.
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Figure 11: Voltage Vm(t) at the phase 1 computed by NLT, classical LPM and modified cascaded 
L-circuits.

Figure 12: Voltages Vm(t) at the phases 2 and 3 computed by NLT, LMP and modified cascaded 
L-circuits.

As shown in Figs. 9 to 12, it can be noted that the classical models have higher 
spurious oscillations which significantly distortion in the transient voltages in comparison 
with those responses obtained by the NLT. The proposed modified topologies, denominated 
by LPM- T and LPM- L for the modified cascaded T and L-circuit topology, respectively, show 
a significant reduction in spurious oscillations in all transient responses. This reduction is 
more pronounced for the lower adjustment factor Kd. However, high distortion is observed 
when a certain value of Kd is used in the simulations, for example, if the rise time in the 
modified LPM with the modified T-topology is less than the propagation time tv = 0.33 ms, 
which occurs correctly in the classical LPM and NLT. These distortions in the rise time can 
lead to erroneous interpretations in the relay acquisition systems for protection against line 
faults using the traveling wave method [13].Regarding numerical spurious oscillations, if 
these erroneous peaks are taken as a reference, the electrical insulation of the equipment 
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can be overestimated and also it may affect the coordination of the insulation of an electrical 
system.

In order to measure the magnitude of these erroneous peaks, the transient responses 
obtained by the modified classical LPM, NLT and LPM with the modified T and L-circuit 
models are shown in Figs. 13 and 14 in detail. In this case, the voltages obtained for LPM 
modified T - kd2 and LPM modified L - kd2 present the higher reductions with the lower 
distortion in transient responses. The peak values of the transient voltages obtained in the 
phases 1 and 2, as well as the errors (E) in % obtained in relation to those computed with 
the NLT technique are shown in Table 3. As seen from this table, the voltage peaks obtained 
by the classical LPM present higher deviations in comparison with obtained for the modified 
topologies. The highest error occurs for the voltage peaks computed for the phases 2 and 3. 
However, the modified topologies T and L present an excellent precision in comparison with 
the transient responses with the NLT technique.

Figure 13: Voltage Vm(t) for phase 1 employing modified cascaded T and L-circuits with kd2.

Figure 14: Voltages Vm(t) for the phases 2 and 3, employing cascaded modified T and L-circuits 
with kd2.
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Model Phase E(%) Phase E (%)

NLT 1.707 - -0.59 -

LPM 1.925 12.78 -0.74 20.27

LPM-T 1.709 0.12 -0.59 0.10

LPM- 1.710 0.18 -0.59 0.13

* computed at  = 0.471 ms; ** computed at  = 0.366 ms

Table  3: Transient voltages (p.u.) and error E(%) for the LPM models.

The main advantage of the modified LPM model is the direct application to represent 
three-phase TL and the direct reduction of numerical spurious oscillations without the need 
for analog or digital filters, or the frequency-domain transmission line representation that 
requires the use frequency-to-time domain conversion methods such as the Laplace or 
Fourier transforms.

5 | 	CONCLUSIONS
This article has presented the state space equations for the currents and voltages 

for the LPM with the classical cascaded π, T and L-circuits, and the modified cascaded 
T and L-circuits to represent overhead TL. These classical and modified topologies were 
employed to calculate the transient responses in a three-phase overhead TL submitted 
to an energization maneuver directly in time domain. The modified topologies with the 
cascaded circuits with a parallel damping resistor RD has shown a good performance in 
the reduction of the numerical spurious oscillations in all the transient responses. In the 
modified topologies with cascaded T and L, the variation of the adjustment factor Kd has 
provided a significant mitigation of numerical spurious oscillations. Results have shown a 
significant attenuation between the classical LPM topologies, the NLT (reference model) 
and the modified LPM topologies employing the best Kd in all the simulations. In these 
time-domain transient responses, there is an excellent reduction in the peaks of transient 
voltages computed at the receiving end combining the lowest distortion in the rise time 
of the transient responses. Based on these results, the proposed modified topologies are 
efficient and can be used as models in the representation of a symmetrical and ideally 
transposed three-phase transmission lines, without frequency-domain transmission line 
modeling and the application of frequency-to-time domain methods required for the Laplace 
or Fourier transforms.
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