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APRESENTACAO

O desenvolvimento da ciéncia e da tecnologia tem acarretado diversas
transformagbes na sociedade contemporanea, refletindo em mudangas nos niveis
econdémico, politico e social. E comum considerarmos ciéncia e tecnologia motores do
progresso que proporcionam ndo s6 desenvolvimento do saber humano, mas, também,
uma evolugéo real para o homem.

Sendo assim, precisamos de uma imagem de ciéncia e tecnologia que possa trazer
a tona a dimenséo social do desenvolvimento cientifico—tecnolégico, entendido como
produto resultante de fatores culturais, politicos e econdmicos. Seu contexto historico deve
ser analisado e considerado como uma realidade cultural que contribui de forma decisiva
para mudancgas sociais, cujas manifestacées se expressam na relacdo do homem consigo
mesmo e 0s outros.

Hoje, estamos vivendo um periodo, por conta do contexto da Pandemia provocada
pelo Novo Coronavirus, onde os olhares se voltam a Ciéncia e a Tecnologia. Antes de
tudo isso acontecer os conhecimentos produzidos em espagos académicos, centros de
pesquisa e laboratérios, por exemplo, tem buscado resposta para problemas cotidianos,
em busca de melhorar a vida da populacéo de uma forma geral.

E nesse interim que este livro, intitulado “Ciéncias Exatas e da Terra: Aprendizado,
Integracdo e Necessidades do Pais 2”, em seu segundo volume, reGne trabalhos de
pesquisa e experiéncias em diversos espacgos, com o intuito de promover um amplo debate
acerca das diversas areas que o compde.

Por fim, ao levar em consideragéo todos esses elementos, a importancia desta obra,
que aborda de forma interdisciplinar pesquisas, relatos de casos e/ou revisdes, reflete-se
nas evidéncias que emergem de suas paginas através de diversos temas evidenciando-se
ndo apenas bases tedricas, mas a aplicagcéo pratica dessas pesquisas.

Nesse sentido, desejamos uma boa leitura a todos e a todas.

Américo Junior Nunes da Silva
André Ricardo Lucas Vieira
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ABSTRACT: A comparison between extended
and sigma-point Kalman filters, for a real time
satellite orbit determination problem, using GPS
measurements is presented. Such comparison is
based on testing the filters stability for degraded
initial conditions. The fundamental subjects
for the comparison between the estimators
are convergence speed and computational
implementation complexity. Based on the analysis
of such criteria, the advantages and drawbacks
of each estimator are presented. Here, the focus
is to analyze each filter convergence behavior
in situations where the initial conditions are
inaccurate. Concomitantly, another purpose is
to understand how these inaccuracies affect the
performance of the estimators.
KEYWORDS: Sigma-Point

Kalman Filter,
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Extended Kalman Filter, Algorithm Stability, Orbit
Determination.

RESUMO: Uma comparacdo entre os filtros
de Kalman estendido e sigma-ponto, para o
problema de determinacdo de orbita e tempo
real utilizando medidas GPS, é apresentada. Tal
comparagéo € baseada em testar a estabilidades
dos filtros para condicdes iniciais degradadas. Os
elementos fundamentais da comparacéo entre os
estimadores séo velocidade de convergéncia e
complexidade da implementa¢do computacional.
Baseado na analise de tais critérios, as vantagens
e desvantagens de cada algoritmos seréao
apresentadas. Aqui, o enfoque estd em analisar
o comportamento de convergéncia de cada filtro
em situagbes em que as condi¢bes iniciais ndo
sé&o precisas. Ao mesmo tempo, outro objetivo
€ entender como essas incertezas afetam o
desempenho dos estimadores.

PALAVRAS - CHAVE: Filtro de Kalman Sigma-
Ponto, Filtro de Kalman Estendido, Estabilidade
de Algoritmo, Determinacéo de Orbita

11 INTRODUCTION
Here, the extended Kalman filter (EKF)

is compared with the nonlinear sigma-point
Kalman filter (SPKF) for a real time satellite
using GPS
measurements. The comparison is based on

orbit determination problem,
assessing the stability of the filters for purposely
degraded initial conditions. The main subjects
for the comparison between the estimators are

convergence speed, divergence occurrence,
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flaws and statistical shortcomings. Based on the analysis of such criteria, the advantages
and drawbacks of each estimator are presented.

Here, the orbit of an artificial satellite is determined using real data from the GPS
(Global Positioning System) receivers. In orbit determination of artificial satellites, both the
dynamic system and the measurements equations are of nonlinear nature. Therefore, one
handles a fully nonlinear problem in which the disturbing forces as well as the measurements
are not easily modeled. The essence of the orbit determination problem consists of
estimating values that completely specify the body trajectory in the space, processing a
set of pseudo-range measurements related to the satellite. The more accurate GPS data
(phase measurements) are not used here, because the aim is not the search for accuracy,
but a comparison of performance under different error levels of initial conditions. Further, the
carrier phase measurements demand an algorithm for solving the ambiguity, which could
eventually mask the results, misleading the conclusions.

A spaceborne GPS receiver is a powerful means to determine orbits of artificial Earth
satellites by providing many redundant measurements which ultimately yields high degree
of the observability to the problem. The TOPEX/Poseidon (T/P) satellite is a nice example
of using GPS for space positioning. Through an onboard GPS receiver, the pseudo-ranges
(error corrupted distance from satellite to each of the tracked GPS satellites) can be
measured and can be used to estimate the full orbital state.

The EKF is a widely used real time estimation algorithm for nonlinear systems [1]. It
is a nonlinear version of the Kalman filter that generates reference trajectories, updated at
each measurement processing, at the corresponding instant. However, the experience from
the estimation community has shown that the EKF is difficult to implement, requires some
skill to get tuned, depends very much on the closeness of the initial conditions to the truth
values, and is only reliable for systems that are nearly linear on the time scale of the filter
working updates. Many of these difficulties arise from the linearization needed by the EKF
method. Specifically, for the orbit estimation problem, under inaccurate initial conditions and
scattered measurements, the EKF implementation can lead to unstable or diverging solutions.
Therefore, there is a strong need for a more accurate method than linearization, but that
does not be liable to neither the implementation nor additional computational costs of other
higher order filtering schemes. To overcome this limitation, the unscented transformation
was developed as a technique to propagate mean and covariance information through
nonlinear transformations. The SPKF is a new estimator that claims to yield equivalent or
better performance than the EKF and elegantly extends to nonlinear systems, without the
linearization steps [2, 3, 4]. This algorithm is a new approach to generalize the Kalman filter
for nonlinear process and observation models.

In this orbit determination problem, the focus is to analyze each filter stability, in terms
of convergence behavior, in situations where the initial conditions are purposefully degraded,
introducing since small up to larger errors in the known initial orbit elements. Another aim is
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to characterize how such inaccuracies affect the performance of the estimators. Therefore,
the EKF (the most widely used estimation algorithm) as well as the SPKF (supposedly the
most appropriate estimation algorithm for nonlinear problems) performance evaluation in
the real time orbit determination problem is due and justified.

2| THE EXTENDED KALMAN FILTER EKF

The EKF is a nonlinear version of the Kalman filter that generates reference
trajectories which are updated at each measurement processing times [1, 5]. Due to the
complexity of accurately modeling the nonlinear satellite orbit, the EKF is generally used in
works of such nature. The algorithm always provides up to date reference trajectory around
the most current available estimate.

Exploiting the assumption that all transformations are quasi-linear, the EKF simply
linearizes all nonlinear transformations and to the first order replaces the Kalman filter
matrices by their counterpart Jacobian partial derivatives matrices. The EKF consists of
cycles of time and measurement updates. Firstly, state and covariance are propagated from
one previous instant to a later one, meaning that they are propagated between discrete
instants of the system dynamics model. In the sequel, state and covariance are corrected
for the later instant corresponding to the measurement time, through the observations
model. This method has recursive nature and does not need storage of the measurements
previously in large matrices, being therefore well suited for real time processing.

The EKF time update cycle is given by:

’_kk = f(ik—l)
B ) (D
P, = (pk,k—lPk—l(pz,k—l +Q,

where f is a nonlinear vector function modeling the orbit motion, X, and P, are
respectively the propagated state and the covariance for t,; @ is the state transition matrix

between t, , and t,; Q, is the dynamics noise matrix. It is required the Jacobian matrix

k
(ot /ox) for the transition matrix computation which can either be simplified or can be very

difficult to obtain.

The equations for the EKF measurement update cycle are:

K,=PH, (HPH, +R,)"’
X, =X, +K; [Yk _hk( Xy )]
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where h,_is a nonlinear vector function modeling the measurements; H is the
ch,
ox
vector and the covariance updated for the instant k.

corresponding partial derivative matrix ; K, is the Kalman gain; P and & are the state

There are some limitations for the EKF. For instance, the linearized transformations
are reliable only if the error propagation can be matched with good approximation by a linear
function; linearization can be applied only if the Jacobian matrix exists; and obtaining the
analytical Jacobian matrices can be a very difficult and error-prone process. Summarizing,
linearization, as applied in the EKF, is widely recognized to be inadequate, however other
alternatives incur substantial costs in terms of derivation and computational complexity.
The sigma-point algorithms via unscented transformation were developed in an attempt to

overcome these flaws and offer a feasible and reliable alternative.

31 THE SIGMA-POINT KALMAN FILTER SPKF

If the system dynamics and the observation model are linear, the conventional
Kalman filter (KF) is the optimal solution and must be used fearlessly. However, because
not rarely, the system dynamics and/or the measurement models are nonlinear, convenient
extensions of the KF like the EKF have been used.

The SPKF is a new estimator that allows similar performance than the KF for linear
systems and elegantly extends to nonlinear systems, without need of the linearization
procedures. This algorithm family is a new approach to generalize the KF for nonlinear
process and observation models [3, 4, 6]. A set of weighted samples, the sigma-points,
is used for computing mean and covariance of a probability distribution. Such algorithms
include the unscented Kalman filter (UKF), which is based on the unscented transformation
(UT), a nonlinear transformation for mean and covariance.

The SPKEF is a technique claimed to lead to a more accurate and easier to implement
filter than the EKF or a second order Gaussian filter. The SPKF approach is described, as
follows [2]

1. A set of weighted samples is deterministically calculated, based on mean and
covariance decomposition of a random variable.

2. The sigma-points are propagated through the real nonlinear function, using only
functional estimation, that is, analytical derivatives are not used to generate the a
posteriori set of sigma-points.

3. The later statistics are calculated using propagated sigma-points functions and
weights. In general, they assume the form of a simple weighted average of the mean
and the covariance.

Herein, the UT and the SPKEF, i.e., the filter steaming from this transformation, will
be described.
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3.1 The Unscented Transformation UT

Essentially this is a way of calculating the statistics of a random variable that passes
through a nonlinear transformation. The UT approach selects a suitable set of points (sigma-
points) so that their mean and covariance are x and P [3, 4]. The nonlinear function is
applied to each point of the set, in turn, to yield a cloud of transformed points. The statistics
of the transformed points (mean ¥ and covariance P,,) can then be calculated to form an
estimate of the non linearly transformed mean and covariance.

The sigma-points are carefully and deterministically chosen so that they exhibit
certain specific properties, that is, they are not drawn at random like common Monte Carlo
methods. Besides, they can be weighted in ways that are inconsistent with the distribution
interpretation of sample points like in a particle filter [2, 3].

The n-dimensional random variable x, with X mean and P, covariance, is

approximated by 2n + 1 weighted points, the so known sigma-points, given by:

in which kK€, (\/(n+f<)PxX ),. is either the i-th row or column of the square root
matrix of (n+x)P,, . The transformation occurs as follows:

1. Transform each point through the nonlinear function to yield the set of transformed
sigma-points:

v, =f£[x] @)

2. The observations mean is given by the weighted average of the transformed points:

2n
y=> W 5)

i=0
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3. The covariance is the weighted outer product of the transformed points:
2n T

P,=>WI[y-¥]y-¥] (®)
i=0

W, is the weight associated to the i-th point given by:

K
W —
" (n+x)
1
Wi=———.,i=1..., 7
I 2(n+fc) l " 2
1
W = L] ‘:11 3
o 2(n+fc)I "

3.2 The Unscented Sigma-point Kalman Filter

Using UT, the following steps are processed in the Kalman filter:
1. Predict the new state system and its associated covariance, taking into account
the effects of the gaussian white noise process.

2. Predict the expected observation and its residual innovation matrix considering the
effects of the observation noise.

3. Predict the cross-correlation matrix.
Figure 1 shows these 3 steps of the UT, changing the EKF, in order to lead to the new

filter: the SPKF. These steps are put in order in the EKF with the re-structuring of dynamics,

state vector and observations models.
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Figure 1. UT merged tothe EKF, leading to SPKF

4| THE ORBIT DETERMINATION

The instantaneous orbit determination using GPS satellites is basically a geometric
method. In this method, the observer knows the set of GPS satellites position in a reference
frame, obtaining its own position in the same reference frame. However sequential orbit
determination makes use of the orbit motion model to predict between measurement times
and measurement model to update the orbit by processing of GPS measurements. This
gives rise to recursive and real time Kalman filter estimator for the orbit determination [5].

4.1 The Filter Dynamic Model

In the case of orbit determination via GPS, the ordinary differential equations that
represent the dynamic model are in its simplest form given traditionally as follows:
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r=v

V=—,ui3+a+w_, (8)
r

with variables given in the inertial reference frame. In the equations above, r is the
vector of the position components vector (x, y, z); v is velocity vector; a represents the
modeled perturbing accelerations; and w is the white noise vector with covariance Q. The
GPS receiver clock offset was not taken into account, so as not to obscure the conclusions
drawn in this paper due to introduction of clock offset models in the filters. Indeed, the
receiver clock offset was beforehand obtained and used to correct the GPS measurements,
so that the measurements are free from the receiver clock offset error.

4.2 The Force Model

The main disturbing forces of gravitational nature that affect the orbit of an Earth’s
artificial satellite are: the non-uniform distribution of Earth’s mass; ocean and terrestrial
tides; and the gravitational attraction of the Sun and the Moon. There are also the non-
gravitational effects, such as: Earth atmospheric drag; direct and reflected solar radiation
pressure; electric drag; emissivity effects; relativistic effects; and meteorites impacts.

The disturbing effects are in general included according to the physical situation
presented and to the accuracy that is intended for the orbit determination. Here we include
only a minimum set of perturbations which enable us to assess the performance of both
filters, namely geopotential and third body point mass effect of Sun and Moon.

The Earth is not a perfect sphere with homogeneous mass distribution, and cannot
be considered as a material point. Such irregularities disturb the orbit of an artificial satellite
and the keplerian elements that describe the orbit do not behave ideally. The geopotential
function can be given by [8]:

o0

> i[%j P, (sin p)C,,, cosmi+S,, sinmi) )]

U(r.p. )=
T p=0m=0

where m is Earth gravitational constant; A, is mean Earth radius; r is the spacecraft
radial distance; f is the geocentric latitude; / is the longitude on Earth fixed coordinates
system; C_and S, are the harmonic spherical coefficients of degree n and order m; P,
are the associated Legendre functions. The constants m, R, and the coefficients C_, and
S, determine a particular gravitational potential model.

Another gravitational perturbation source is that due to the Sun and Moon attraction.

They are more meaningful at farther distance from Earth. As the orbital variations are of the
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same type, be the Sun or the Moon the attractive body, they are normally studied without
distinguishing the third body. The luni-solar gravitational attraction mainly acts on node and
perigee causing precession of the orbit and on the orbital plane. The general three-body
problem model is here simplified to the circular restricted three-body problem, where the
orbital motion of a third body (satellite), which mass can be neglected, around two other
massive bodies is studied. The motion equations that provide the third body accelerations

can be expressed as [9]:

r, =-Gm, 1'1_33 - Gm, a3 (10)

where I3 =F;—T;, I3 =F3;—T,, and r;,i=1,2,3 correspond to the ith body
distance vector to the system center of mass.

4.3 The Observations Model

The nonlinear equation of the observation model is:

where, at time tk, yk is the vector of m observations; hk(xk) is the nonlinear function
of state xk, with dimension m; and nk is the observation errors vector, with dimension m
and covariance Rk. For the present application, one only uses the ion-free pseudo-range
measurements from the T/P GPS receiver. Also, the receiver clock offset was computed
before and used to correct the pseudo-range measurements. Additionally, the nonlinear
pseudo-range measurement was modeled according to [7].

51 RESULTS

The tests and the analysis for the extended EKF and the sigma-point SPKF algorithms
are presented. To validate and to analyze the methods, real GPS data from the T/P satellite
are used. The filter estimated position and velocity are compared with T/P precise orbit
ephemeris (POE) from JPL/NASA. The test conditions consider real ion-free pseudo-range
data, collected by the GPS receiver onboard T/P, at 60s sampling rate, presenting on average
5 to 6 GPS satellites tracked. The GPS data were previously preprocessed to remove the
outliers so they cannot mislead the filters or mask different data rejection policies of each
filter. The tests have covered a long (almost a day) period of orbit determination.

The force model includes perturbations due to geopotential up to order and degree
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30, with harmonic coefficients from JGM-2 model, and the Sun-Moon gravitational attraction
[10, 11]. The pseudo-range measurements were corrected to the first order with respect to
ionosphere.

The obtained results are evaluated through error in position components, which
represents the difference between the POE reference and the estimated position
components, and are after translated to radial, normal, and along-track (RNT) components
of T/P orbit fixed system.

The specific interest is on speed convergence and divergence occurrence. In order to
analyze these subjects, the approach consists of introducing uncertainties in the accurately
known (from POE) initial position, and later, increasing these uncertainties gradually.

The introduced errors vary from 0.1 km to 1,000 km, in powers of 10, and convergence
and divergence are investigated. First, one generates for each filter (EKF or SPKF) a tunned
filter run with precise known initial conditions and use the results as reference solutions.
In this case both have similar performance and agree very well, i.e., error in position and
pseudo-range residuals statistics are equivalent, which means that if the initial conditions
are accurate, SPKF and EKF show similar convergence patterns as soon as the estimation
process starts. Therefore, either one could be used.

Thus, the analysis is based on comparing the errors in position (translated to the
orbital RNT components) and the difference in predicted pseudo-range residuals obtained
from SPKF and EKF algorithms with the respective reference solutions.

Table 1 shows the analysis for the predicted pseudo-range residuals convergence,
which is measured in terms of time span of data processed. The convergence is assumed
when the residuals achieve the same statistics of the reference solution residuals. When a
small 0.1 km error is introduced, convergence occurs instantaneously after the estimation
process starts, for both SPKF and EKF algorithms. For 1 and 10 km errors in initial
conditions, SPKF converges again immediately, and long before EKF for the two cases: 2
and 2.5 hours, for 1 and 10 km errors, respectively. For a 100 km error, SPKF needs 2 hours
of estimation to reach the convergence zone, and EKF, 12 hours. And, when the largest
error of 1,000 km is added, EKF is not able to converge at all, while SPKF still converges
after 8 hours.

Errors (km) | SPKF convergence time (h) | EKF convergence time (h)
0.1 0 0
1 0 2
10 0 2.5
100 2 12
‘1000 | s | o convergence observed

Table 1. Pseudo-range residual convergence speed
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Table 2 shows the convergence analysis for the position RNT components error,
which is again measured in terms of data time of processing. When a small 0.1 km initial
position error is introduced, convergence occurs instantaneously after the estimation
process starts, for both SPKF and EKF algorithms, in normal and transverse components,
and after 0.5 hours in the radial one. For the 1,10, and 100 km errors in initial conditions
cases, SPKF converges always before EKF for the three components, as can be checked in
Tab.2. And, when the largest error of 1,000 km is tried, EKF does not converge at all, while
SPKEF still converges although taking longer time (almost half a day).

SPKF convergence time (h) EKF convergence time (h)

errors (km) R N T R T
............. 0.5 L0 0 |
................... 1 I 2]

35 1 2
............. 35 w2 8 ] B C

5 1 l 7 no convergence no convergence no convergence
observed observed observed

Table 2. Error in position convergence speed

Another statistical check is done, in order to confirm that the algorithms effectively
reached convergence. The reference pseudo-range residuals statistics are available in the
first line of Tab. 3. They are used as the reference values for SPKF and EKF test cases,
which statistics are only computed after convergence time. From Tab. 3 it becomes evident
that the estimators really reached convergence, since their statistical values remain nearly
the same the reference ones.

SPKF pseudo-range EKF pseudo-range
Errors (km) mean + std dev (m) mean + std dev (m)
O (reference) | -1.248+25638 _-1.238+25.614

oo 1037426870 | -1.604£25.721
10 -1.218+ 27410 -0.985 +25.779
1000 -1.133 + 29.220 no convergence observed

Table 3. Pseudo-range residuals mean and standard deviation
In order to depict such findings, Fig. 2 illustrates the reference residuals (accurate

initial conditions) behavior, and the 1,000 km error case behavior for both the EKF and the
SPKF estimators. It clearly indicates clues of EKF divergence for such a very bad initial
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condition.
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Figure 2. Pseudo-range residuals convergence and divergence behaviors
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Proceeding the investigation, Tab. 4 shows RMS position error, where the reference
values are again listed in the first row (yellowed). Again, SPKF and EKF resulting RMS
errors are only computed after assumed convergence time. For Tab. 4 it is also clear that

the estimators really reached convergence, since their RMS values remain nearly close to

the reference ones.

errors (km) SPKF error (m) EKF error (m)
‘‘‘‘‘ 0 (reference) 21835 21.628
0.1 21.656 21.090
‘‘‘‘‘ B T 21376 _19.520
10 18.941 20.264
100 18708 20074
1000 22.279 no convergence observed

Table 4. Total RMS error in position after convergence

Figure 3 shows the errors in the RNT components for the SPKF and EKF reference
cases (accurate initial conditions, left side) and the larger 1,000 km error case results for
the EKF and the SPKF estimators (1,000km initial error, right side). It indicates signs of the
EKF divergence for such a very bad initial condition while SPKF reaches the convergence
zone, although much later than the left side results.
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Figure 3. Errors in RNT position components convergence and divergence behaviors

61 CONCLUSIONS

The algorithm stability to erroneous initial conditions of two nonlinear estimators,
namely the EKF (Extended Kalman Filter) and SPKF (Sigma-point Kalman Filter) was
assessed for a real time satellite orbit determination problem using real GPS measurements.
Almost one day of GPS receiver measurements of TOPEX/Poseidon satellite at 60s sampling
rate were processed. The emphasis was to characterize each filter convergence behavior
in situations where the initial conditions are inaccurate, poor, and degraded, by introducing
different levels of errors in the initial position.

Results showed that when small errors in the initial orbit estimates are present, SPKF
and EKF yield similar performance compared to the reference solution behavior, with no errors
in the initial conditions. As expected, increasing errors decreases the filters performance.
As larger is the initial error more difficult is for EKF and SPKF to reach convergence. When
SPKF is compared with EKF, in all cases of larger initial errors, the SPKF always attains
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convergence first. The rupture threshold for this application in particular was at 1,000 km
error case, where the EKF could not converge but SPKF still achieved convergence after
a while. Therefore, it is to be said that SPKF is more robust than EKF for degraded initial
errors, in this orbit determination application.
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