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APRESENTAÇÃO
Diante do cenário em que se encontra a educação brasileira, é comum a resistência 

à escolha da docência enquanto profissão. Os baixos salários oferecidos, as péssimas 
condições de trabalho, a falta de materiais diversos, o desestímulo dos estudantes e a 
falta de apoio familiar são alguns dos motivos que inibem a escolha por essa profissão. 
Os reflexos dessa realidade são percebidos pela baixa procura por alguns cursos de 
licenciatura no país, como por exemplo, o curso de Matemática. 

Para além do que apontamos, a formação de professores que ensinam Matemática 
vem sofrendo, ao longo dos últimos anos, inúmeras críticas acerca das limitações 
apresentadas para a constituição de professores. A forma como muitos cursos se organizam 
curricularmente, se olharmos para algumas licenciaturas, impossibilita experiências de 
formação que aproximem o futuro professor das diversas e plurais realidades escolares.  
Somada a essas limitações está o descuido com a formação de professores reflexivos e 
pesquisadores.

O contexto social, político e cultural tem demandado questões muito particulares 
para a escola e, sobretudo, para a formação, trabalho e prática docente. Isso, de certa 
forma, tem levado os gestores educacionais a olharem para os cursos de licenciatura e 
para a Educação Básica com outros olhos. A sociedade mudou, nesse contexto de inclusão, 
tecnologia e de um “novo normal”; com isso, é importante olhar mais atentamente para os 
espaços formativos, em um movimento dialógico e pendular de (re)pensar as diversas 
formas de se fazer ciências no país. A pesquisa, nesse interim, tem se constituído como um 
importante lugar de ampliar o olhar acerca das inúmeras problemáticas, sobretudo no que 
tange ao conhecimento matemático.  

É nessa sociedade complexa e plural que a Matemática subsidia as bases do 
raciocínio e as ferramentas para se trabalhar em outras áreas; é percebida enquanto parte 
de um movimento de construção humana e histórica e constitui-se importante e auxiliar 
na compreensão das diversas situações que nos cerca e das inúmeras problemáticas que 
se desencadeiam diuturnamente. É importante refletir sobre tudo isso e entender como 
acontece o ensino desta ciência e o movimento humanístico possibilitado pelo seu trabalho. 

Ensinar Matemática vai muito além de aplicar fórmulas e regras. Existe uma dinâmica 
em sua construção que precisa ser percebida. Importante, nos processos de ensino e 
aprendizagem matemática, priorizar e não perder de vista o prazer da descoberta, algo 
peculiar e importante no processo de matematizar. Isso, a que nos referimos anteriormente, 
configura-se como um dos principais desafios do educador matemático e sobre isso, de 
uma forma muito particular, abordaremos nesta obra.  

É neste sentido, que o livro “Incompletudes e Contradições para os Avanços da 
Pesquisa em Matemática”, nasceu, como forma de permitir que as diferentes experiências 
do professor pesquisador que ensina Matemática sejam apresentadas e constituam-se 



enquanto canal de formação para professores da Educação Básica e outros sujeitos. 
Reunimos aqui trabalhos de pesquisa e relatos de experiências de diferentes práticas que 
surgiram no interior da universidade e escola, por estudantes e professores pesquisadores 
de diferentes instituições do país. 

Esperamos que esta obra, da forma como a organizamos, desperte nos leitores 
provocações, inquietações, reflexões e o (re)pensar da própria prática docente, para quem 
já é docente, e das trajetórias de suas formações iniciais para quem encontra-se matriculado 
em algum curso de licenciatura. Que, após esta leitura, possamos olhar para a sala de aula 
e para o ensino de Matemática com outros olhos, contribuindo de forma mais significativa 
com todo o processo educativo. Desejamos, portanto, uma ótima leitura a todos e a todas.

Américo Junior Nunes da Silva
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ABSTRACT: In the problem of calibrating local 
volatility surface, the importance of considering 
the uncertainty ofasset prices in the local volatility 
was firstly proposed in the work of Albani, et al 
(2017). The authors generalizedthe local volatility 
model by assuming that the asset prices are 
not certain, but not far away from the mean of 
theprices of the day.  By applying a two-stage 
model, which is to calibrate the local volatility first 
with a given assetprice, then to correct the asset 
price with the estimated local volatility, and so on 
so forth, a better local volatilityand asset price can 
be obtained in the end of the algorithm.  In both 
stages, they used Tikhonov regularizationmodel.   
However,  in this work,  we propose an EnKF-
EnKF model to calibrate the local volatility model 
withuncertainty asset prices. The results can be 
compared with the Tikhonov type of models.
KEYWORDS: Local volatility. Asset price. 
Ensemble Kalman filter. Tikhonov regularization.

INTRODUCTION
In 1994, Dupire (1994) proposed the use 

of a local volatility model σ (t,St) that depends 
on time andthe spot priceSt, which are diffuses 
with risk-neutral drift μ tand local volatility σ (t,St)

according to the equation:

Then Dupire’s equation shows that the 
European vanilla option priceC (τ,K) at time 
twritten on thestock St, with maturity T=τ and 
strike K satisfies

with initial and boundary conditions (for 
calls) given by

The forward problem is to solve for the 
solution of this partial differential equation 
satisfying the initialand boundary conditions.   
However,  here we are interested in finding the 
volatility surface,  which is σ (τ,K), such that the 
solution of this equation is consistent with the 
market options prices. This kind of problem is 
usually called inverse problem.  For results of 
calibrating local volatility surface, see Eggerand 
Engl (2005) and references therein.

Note that,  if the parameter S0 is given,  
we then apply a standard transformation 
changing the in-dependent variable K to the so-
called log moneyness variabley = ln(K/S0).  This 
is followed by chan-ging the dependent variables 
of the forward and inverse problems tou (τ,y) = C 
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(τ,S0exp(y))/S0 and  (we denotea (τ,y) as local variance), respectively.  
We obtain the parabolic PDE with coefficients

subject to the side conditions

We can write the above problem as

with the project matrix P (we will explain later), linear differential operator U 
depending ona and withthe right hand side d = d (S0) as data we can observe.  Thus, the 
forward problem involves finding u satisfying this parabolic linear differential problem for a 
givenlocal variance surface a and priceS0.To find a numerical solution for Equation 4, we 
follow the same method of descritization of the partial differential equation (see Albani, et. 
al. (2017).

On the other hand, the uncertainty of the asset prices is also discussed in Albani, et.  
al.  (2017) and Albani, Ascher and Zubelli (2017).  In both of the works, after the estimation 
of the volatility surface,the asset prices shall be adjusted, and therefore, the estimated local 
volatility can be improved in the nextstep.

The ensemble Kalman filter (EnKF) approach (see Evensen(2003)) applies Monte 
Carlo approxima-tions in order to obtain cheap estimates for the error covariance matrices 
that appear in the Kalman filter.The distribution of the system state is represented using a 
collection of state vectors, called an ensemble,and covariance matrices are replaced by the 
sample covariance computed from the ensemble. In Iglesias,Law and Stuart (2013), it is 
suggested that EnKF can be applied to solve inverse problems of findingxgiven observations 
of the form

where G : X→Yis the forward operator mapping the unknownxto the observation 
space.  Here η isassumed to be a Gaussian noise.  In our context, the observations are the 
option prices d, the unknownsare the local variance (volatility) surface and G corresponds 
to PU. Note that in our circumstances, theforward operator PU is non-linear.  However, with 
the same idea as Iglesias, Law and Stuart (2013),we can take the advantage of the state 
augmentation approach to make the model to be linear. Once themodel is transformed to 
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be linear, a link can be built between the EnKF and the regularized least-squares problems. 
Moreover, with the help of Johns and Mandel (2008) and Hoel, Law and Tempone (2016), 
wepropose an EnKF-EnKF model to deal with the calibration of local volatility surface with 
uncertain asset prices.

The problem of finding a volatility surface that explains the data is often significantly 
under-constrainedin practice, as is discussed in Albani, et. al. (2017). Examples are 
presented to show that using only realdata to calibrate local volatilities is much more 
efficient and accurate.  Therefore, in the Equation 4, wehave a matrix P, which projects the 
data points from the regular mesh to the real data mesh. Here, we fol-low this method and 
will only use real data all the time. Data completion techniques are not considered here.

Outline of the work.In the next section, we propose an EnKF-EnKF model to 
deal with estimating S0, as well as the local volatility surface. In the section of numerical 
examples, we use the options pricesof Standard & Poor index to assess our model. Some 
remarks are presented in conclusion section.

AN ENKF-ENKF MODEL FOR THE UNCERTAINTY IN THE ASSET PRICE
For the completeness of this work, we briefly introduce the EnKF method here.  For 

the details ofusing EnKF model to estimate the local volatility surface and the model of 
estimating the uncertain asset price, see Albani, et.  al.  (2017).  Let a be the local variance 
surface.  We define the augmented statevector  â=Ψ(a)as a function of a given by

together with the artificial dynamics (or prediction)  â(n+1)=Ψ(a(n)).  Let H be a matrix 
given by H =(0I). So we have H â(n+1) = PU (a) =d(S0), where d is the vector of observations.
Let Lτ and Ly be the discrete derivative operators for a with respect to τ and y, respectively. 
For the state augmentation approach , we modify them as

For the initial state, we set

The Tikhonov type of calibration of local variance problem becomes
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where Γ,D,Dy and Dτ are positive definite matrix matrices. Since (6) is just an 
enlarged weighted least squares problem, it also corresponds to a Kalman smoother/filter 
process, and we subsequently build anapproximation for it as in Johns and Mandel (2008) 
by defining and solving a “three-stage” EnKF. 

Now we introduce the part of estimating the uncertain asset price. The data misfit 
part is unchanged (only multiply by S), which is given by

where Cis the original option prices and ΓS is a symmetric definite matrix. We specify 
regularization operator for S as well. Then the optimization problem becomes:

Note that this is a linear least squares problem since PU (a) is known, then the 
problem 8 is simplified as

We solve this problem by using EnKF model for only one iteration. Therefore,  we can 
omit the prediction step and only do analysis step. The algorithms are given below:

Note that, in Algorithm 3, the roles of K and N are to control the maximum steps of 
iterations. We can add some convergence test to end in less steps.

NUMERICAL RESULTS
In this section, we test our model using options prices of Standard & Poor (SPX) 

index.  The datawere collected on 19-Jun-2015 and contain prices for 9 different maturities 
ranging from 1 day to 2 years.The parameters are given in Table 1. Note that the optimal 
spot price in the table refers to the optimized spot price using the method described in the 
last section.
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Tabela 1:Parameters for the equity data examples
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Figura 1: Local volatility surface estimated from EnKF-EnKF algorithm

Figura 1: Local volatility surface 
estimated from EnKF-EnKF algorithm   

 Figura 2: The left figure is the 
estimated spot prices and the 

right figure is the residual of every 
iteration.

From Figure 2,  we can see that the spot prices converge to 2095.6 and the residual 
converges to0.0214. Both of them converge very fast.

CONCLUSIONS
In this work, we present an EnKF-EnKF algorithm for the calibration of local volatility 

surface withuncertain spot prices. In this model, we make use of multilevel EnKF algorithm 
and generalize the firstlevel of EnKF model into a ‘three-stage’ EnKF model.  From the 
numerical results, we can see that thealgorithm converges very fast and can achieve a 
small residual. The spot price is adjusted from 2109.99to 2095.6, which can improve the 
local volatility surface significantly.
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