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reutilizagdo dos residuos.
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tematicas e metodologias diversificadas, em situagdes reais.
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RESUMO: O estudo dos problemas de fluxo de
calor & de extrema importancia na engenharia,
havendo necessidade de se conhecer as
temperaturas impostas e geradas, quando
apropriado, nas partes estruturais para poder
avaliar as tensdes que podem surgir devido
as variacdes térmicas. Essas tensbes surgem
devido a restricbes impostas, ou seja, 0s
corpos nao podem se mover livremente e,
conseqientemente, podem surgir fissuras
indesejaveis quando as tensbes sdo maiores
do que a capacidade de resisténcia das partes
tensionadas. A andlise desses problemas pode
ser feita de forma analitica ou numérica, com
a utilizacdo de métodos de calculo, como o
Método das Diferencas Finitas (FDM) e o Método
dos Elementos Finitos (FEM), com auxilio de
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programas computacionais como MATLAB,
PYTHON e ANSYS, como usado neste trabalho.
Os resultados aqui apresentados mostram
casos simples de variagdo térmica transitéria e
acoplamento termomecéanico por dois métodos
de analise, visando a validagdo dos métodos
numéricos e softwares utilizados. As solucdes
foram satisfatérias, as temperaturas e tensdes
coincidentes para os diferentes métodos,
possibilitando comecar a estudar problemas
mais complexos com confianga no coédigo
implementado.

PALAVRAS-CHAVE:Problemas Termomecanicos,
Método das Diferengas Finitas, Método dos
Elementos Finitos, Tensdes Térmicas, Temperatura.

ANALISE COMPARATIVA DO FLUXO
DE CALOR EM REGIME TRANSIENTE
E TENSOES TEMICAS POR METODOS

ANALITICOS E NUMERICOS

ABSTRACT: The study of heat flow problems is
of extreme importance in engineering, there is
a need to know the temperatures imposed and
generated, when appropriate, in the structural
parts to be able to evaluate the stresses that
can arise due to the thermal variations. These
stresses arise due to imposed constraints, ie
bodies can not move freely and consequently
undesirable cracks may arise when the stresses
are greater than the resistive capacity of the
stressed parts. The analysis of these problems
can be done in both analytical or numerical way,
with the use of calculation methods, such as the
Finite Difference Method (FDM) and the Finite
Element Method (FEM), with aid of computational
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programs such as MATLAB, PYTHON and ANSYS, as used in this work. The results
presented here show simple cases of transient thermal variation and thermomechanical
coupling by two methods of analysis, aiming at the validation of the numerical methods
and softwares used. The solutions were satisfactory, the temperatures and stresses
were coincident for different methods, making possible to start studying more complex
problems with confidence in the implemented code.

KEYWORDS: Thermomechanical Problems, Finite Difference Method, Finite Element
Method, Thermal Stresses, Temperature.

11 INTRODUCTION

Heat flow is a common phenomenon in engineering. The temperature variation
may be responsible for problems in structural parts due to the appearance of thermal
stresses that may exceed the design resistive capacity and, consequently, give rise
to fissures.

The study of heat equations is necessary so that it is possible to analyze the
behavior of the involved materials in any project. The imposed conditions, initial and
boundary conditions have direct influence on the equation results.

One of the main objectives of heat conduction analysis is to know
the temperature distribution, ie, how the temperature varies with the
position in the domain. Conductive heat flow at any point in the middle
or surface of a body can be determined by the Fourier law, represented
by Partial Differential Equations (PDEs) INCOPRERA (1990).

Among the various mechanisms for solving heat transfer problems, there
are the Finite Differences Method (FDM), easy to interpret and manipulate, the
Finite Element Method (FEM), widely used in engineering, as well as the Analytical
Methods, responsible for Mathematical solutions.

The MDF is a numerical procedure that solves PDEs by discretizing a
continuous physical domain into a finite discrete mesh, approaching each partial
derivative in the EDP by approximations of finite algebraic differences (HOFFMANN,
2001). The finite difference equation must represent the exact solution of the PDE at
each point of the discretized region in which the problem solution is to be obtained
(CORREA, 2011).

The FEM provides a general and systematic technique for the construction
of base functions, which are necessary to model solutions of approximate boundary
problems using, for example, the Galerkin method. According to (BECKER, 1981), it
is possible to construct approximate solutions for differential equations provided with
a boundary condition, by dividing the domain of the solution into a finite number of
subdomains.

Thermomechanical coupling is an alternative to problem solving using the
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methods mentioned. First, results of thermal analyzes are obtained. With the thermal
distribution associated with the mechanical boundary conditions found, it is possible
to find the stresses arising from the heat flux.

Therefore, this work intends to present analysis of heat flow and
thermomechanical stresses for simple problems with the objective of accomplishing
a preliminary and necessary step for studying the coupled problem in question. Thus,
in this work will be presented comparisons between the Finite Element and the Finite
Differences Methods for numerical solutions of the General Two-dimensional Heat
Conduction Equation in Transient Regime and the coupled case of a plate submitted
to a thermal variation.

21 THEORETICAL FUNDAMENTS

Analytical solutions to thermal problems, depending on the geometry and
imposed initial and boundary conditions can be very complex or even impossible to
determine. Numerical methods allow an easier and faster solution to these problems
with the aid of computational tools. Therefore, in this work, the analytical methods,
the FDM and the FEM were used, as will be presented in the sequence.

2.1 General heat conduction equation

Heat conduction can be quantified in terms of differential equations. The
mathematical model that describes the general heat conduction equation in
rectangular coordinates, defined by (CENGEL e. all, 2006) is given by:

o ot aE) T @)

9*T 0*T 9°T ) aT
at

In which q is the heat generation in respect to time (W/m3), k is the termal

conductivity (W/m°C), c is the specific heat (J/g°C), p is specific mass (Kg/m3), %
is the temperature variation in time, and (% +%; + %) = V2T represents the termal

gradient.

2.2 General heat conduction equation by finite differences method
(FDM)

The FDM allows the temperature calculation at any point in the domain (Figure
1) from its boundary conditions.
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/b1

Figure1: Finite Diferences Mesh Example.(COELHO,2016).

The method consists in the substitution of differential equations by algebraic
equations, making derivative transformations into finite differences. Based on studies
carried out by (COELHO,2016) the substitutions of First Order Differential Equations
and Second Order Differential Equations are shown in table (1) by their respective
Finite Differences forms:

12 Order of Derivatives: 22 Order of Derivatives
aT Tier —=Tica ~ Tiea —Ticg T Tisjy = 2Tign + Ty Tivayn = 2T + Tica g
ox Xis1 ~ Xj-1 20x ax* (is1 — Xi1)* Ax?
aT T = Tion  Tar— T 9%*T Tijarg = 2Ty + Tijoap — Tijeny = 2T + Tijoay
dy Vit1 — Vi1 20y ay? j+1 — ¥j1)? Ay?
aT Tier =Tt Tiga = Ticy 2T Tijier = 2T+ Tijior - Tijpen = 2T+ Tijia
dz Zisy — 211 24z 2% (@141 — 71-1) Az

Table 1: First and Second order derivatives expressions aproximated through the FDM.

In the transient case there will be at least one time derivative. According to [5],

aT
the term —

vl with time increments (x), is defined as:

ar Tk Tk

2
at At @

By replacing the ODEs with the corresponding differences in Eq. (1), we
define the general heat conduction equation in three-dimensional finite differences:

T o= 2T+ T 1)1 + TH e = 2T + T 4,
Ax* Ay*
+ TH e — 275 +T5

Az?

3)

K 1T_k+l_Tk

P A S
k D At
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Beign D = i, known as termal diffusivity.
pc
Considering Ax* = Ay? = Az?, and simplifying Eq. (3), arise the Eq. (4):

T = F(T* g+ T o A T pag + TRy + TR + T jam) + (1 - 6F)TF “)
+ G
In which,
At.D
F= 5

A (5)

Axt AL
g=3-2% -4t (6)

pc

The expression in FDM allows the calculation of temperature at any point in
the domain. The virtual points outside the domain are determined by the boundary
conditions. The application of the FDM expression to all points of the domain leads
to a system of n equations with n unknowns, of type Ax = B, which is solved by the
classical mathematical methods in MatLab (COELHO,2016).

2.3 General heat conduction equation by finite elements method (FEM)

According to (COELHO, 2012), the temperature distribution T (x, y, z, t) inside
the solid body is defined as:

1 AT\* AT\  9Ty* . aT
f:zﬂfvl’(((a) +(5) + %) )‘Z(Q‘WE)TJW M
Using Galerkin’s Method as solution to Eq. (7), the following steps were
adopted, [19]:

1. Divide the domain V into E finite elements with p nodes;

2. Assume the appropriate variational form of T in finite elements with
elements, expressed by:

T@(x,y,2,t) = [N(x,y,2)]T© ®)
where:
[Nxy.2)] = [Ny(xy,2) N:(xy.2) .. Ny(xy.2) ] ©)
_ Ti(t)
T (10)
T, (1)

3. The integral of the weighted residue on the element domain is set equal
to zero, having the same weights as the interpolation functions Ni. If
the solution of the previous equation is not exact, it is replaced by the
differential equation, which instead of zero will have a different value
called the residual. Thus, the criterion to be satisfied at each instant of
time is:
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dv (11)

aT®\ a /aT@\ 8 /aT® ) aT®
"fﬂve (a::)*@( a;:)*&( az) AP

Rewritng the first termo of the integral:

M1 () = ] (T ] (s i

Being Lx the cosine in x-direction. For the complete equation:

N (AT®N AN (AT 9N aT(f‘) ﬂ'l'(EJ BT(E’
~ R F R + S (50) + S v+ ek (5 1+ (5 +

ay oz BY

(@ (13)
(Z2) 12] ds + fff,. Nik (4 pcﬂ) av

The boundary of element © is composed of S,©, S,© and S,©. The surface
integral equals to zero due to T in S,©, the derivatives of T in respect to x, y and
z are zero too. In S,© and S,©, the boundary conditions satisfies the problem, thus
having as surface integral in S, and S©

aT® ar® aTe®
I | () (55 + (%5 )1 as
= ﬂ Niq dSZ - [f h(T(E) — Too) d53
5,(®) 52(2)

The matricial form of the equation is:

(14)

[, OT + [k O]T + [T - P© = 0 o)
In which:
iy aTN; +a~ OTN,\ | ON (ATN;\| (16)
1 ﬂ’fv dy \ oy ) o0z \ oz
Ky = f hN,N, dS; (17)
550€)
Kyy© = f peN,N, dv (18)
vie)
F‘”f=f q,v[dv-f qudSZ—f h(T.,) dS; (19)
vie 5,@ 5,®

4. The matrix elements can be written in the usual form:

[Ks]T© + [K@|T® = B (20)
E

K] = [k (21)

e=1
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E
[E] - Z[Kl(e) + Kz(e)] (22)
e=1

E
P= [fi(e)] (23)

The equations must be solved by incorporating the boundary conditions and
the initial conditions. The expressions [K1(e)], [K2(e)] e [K3(e)] and P(e) are written
as matrixes with notation:

Kﬁ”:ﬂ [BIT[D)[B]dV (24)
ve
1@ = [[| niwrmimas, (25)
53¢
K;© = H pc[N]"[N]dv (26)
ve
Pl — ?;1 (e —PZ(B) " ‘—,S(E) 27
Where:
——(€) _ o
P, = gINTTdv (28)
e
PT.@:H q[NI" ds, (29)
SS(t]
P = f hT [N dS, (30)
55
Pl — ?l(e) _ ?Z(G) " ﬁg(e) (27)
k., 0 0
[D]=]0 ky O (31)
0 0 kK
ax dx T ox
aN, @aN, an,
Bl=|— —= .
[B] 3y Ty 3y (32)
aN; AN, an,
9z 9z T oz
31 RESULTS

The presented results were developed by FDM and FEM in the first problem,
with implementation in MATLAB and PHYTON, respectively, showing the transient
heat flux for a situation with heat generation. In the second problem, results are
displayed for a thermomechanical coupling using the analytical solution compared to
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the FEM using the ANSYS WORKBENCH software.
3.1 Complete 2D heat equation with internal heat generation

The proposed case consists of a concrete plate of unit dimensions, with
internal heat generation. The points analyzed were P1, P2 and P3, which are located
in the center line of the x-axis, 0.25 m from the upper surface, at the plate central
point and 0.25 from the lower surface of the y-axis, respectively. The adopted heat
generation is represented by q° = g,.m.e"™ where g = 200 J/mds.

¥(m)
1,00
71
0,75 . 10,50;0.74)
o
0,25 {0,50:0,5h)
(2]
0,00 . {0, 05;0,25)

0,25 0,50 0,75 1,00 X(m)

Figure 2: Plate and points analyzed by equation.

The considered thermal and mechanical properties are in Tab. (2):

Property Sl Valor
Thermal Conductivity k 1,79 (W/m.°C)
Specific Heat c 1000(J/g.°C)
Specific Mass p 2388(Kg/m?)
Thermal Expansion Coefficient a 16,67.10 (/ °C)
Elasticity Module E 210000MPa
Conductive Heat Transfer Coefficient h 13,95 W/mK

Table 2: Thermal and mechanical properties.

3.1.1 Analysis of results

The comparison between results was performed by comparing the temperature
evolution curves obtained by the numerical solutions of the FDM and FEM at the
stipulated time of 17280 s, as a function of the positions shown in graphic (1,2). The
first graph, graphic (02), considered the position variation only around the x-axis
by adopting the central position of the plate (0.50 m) at y. In the abscissa axis the
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position variations in x (m) were considered and in the ordinates the temperature
variation (°C).

100

—&— MDF
20 —¥— MEF

80

70

60

50

Temperature(°C)

40
30
20

10 ¥

o

0 01 02 05 0.6 07

x(m)

03 04 08 09 1

Graphic1: Temperature along the x-axis for full 2D equation.

Analyzing graphic. (1) it can be seen that in the position x = 0.00 m the
temperature corresponds to 100 °C, and for position x = 1.00 m to 10 ° C, which are
the initial boundary conditions. In other positions, the results overlap, showing that
the results obtained are reliable. The graphic. (2) considered the position variation
only around the y-axis and adopted the central position (0.50 m) for x.

In the abscissa axis are the position variations in y (m) and in the ordinates
the temperature variation (°C).

2— MDF
+— MEF

ol : 3 . ~ ’ y ’ rerey '

[ 0.1 02 03 )4 0S5 )6 07 o8 )9 1

yim)

Graphic 2: Temperature along the y-axis for the complete 2D equation.
As in the graphic (2) and graphic. (3), the temperatures dependent on the

boundary conditions remained the same, at 50 °C and 0 °C, and the other points
presented overlapping results.
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Afterward, the temperature evolution was analyzed as a function of time by
the two numerical methods at three points on the plate (P1, P2, and P3). The point
P1 is located at the coordinates x = 0.50m and y = 0.25m. P2 at coordinates x =
0.50m and y = 0.50m and point P3 at coordinates x = 0.50m and y = 0.75m. The
comparisons can be seen in Graphics. (3a), (3b) and (3c).

C)

Temperature(

Graphic 3a: Transient temperature analysis of the Point (P1).
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Graphic 3b: Transient temperature analysis of the Point (P2).
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Graphic 3c: Transient temperature analysis of the Point (P3).
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In all the Graphics (3), it can be observed that the results obtained by FDM
and FEM are coincident, showing a good treatment of data and that both are efficient

in the solution of heat problems.

3.2 Thermomechanical coupling in a retangular plate

In this section, numerical-analytical results will be compared for the case
of rectangular plate with fixed boundary conditions subject to a non-uniform heat
variation AT, according to Fig. (3), as proposed by (SZILARD,2004).

T,

18

N

Tb
Secgio A=A’

Caso A

T AL ESSSSSS

Figure 3: Comparison of the mechanical results for the bi-anchored beam.

Considering the edges of the plate free to slide, but with restriction to rotation,
case A, the moment in the plate is given by Eq. (33).

Da(AT
_Daan)

= (1) (33)
3
Being M the moment due to the temperature gradient (AT); D = #"ﬁz) =is
the flexural stiffness and v is the Poisson’s coefficient.
The correspondent maximum stress omax,b is given by:
6M
a'mcu:b = i? (34)

Was modeled in ANSYS Workbench a solid body of dimensions (x, y, z) =
(0.5, 0.5, 0.1), as in Fig. (07), with temperatures T=0°C atz=0.0 mand T = 100
°C at z = 0.1 m. The results for the temperatures can be visualized in Fig. (04),
presenting a uniform thermal distribution.
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Figure 04: Mechanical results for the bi-anchored beam.
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If there is only the displacement restriction at z, the maximum and minimum
stresses found at the central points of the body are + 9,4303E7 Pa. Using Egs.
(33) and (34), the maximum stresses are + 8,57E7 Pa, differing only in 9.0 % from
the software result. The graph of Fig. (05) presents the stress distribution in the
abscissa axis (Pa), by the thickness in the ordinates axis (m). The ‘calculated stress’
curve represents the maximum tensions found analytically, ‘Stress X’ represents the
stresses found by the program along the width and ‘Stress Z’ the stresses in the
thickness direction, being free to rotate, the stresses in that axis are zero. However,
the maximum stresses by both methods are very close.

0 0,04 0,1

-5,0E+07
-1,0E+08

e Tensdo Calculada O Tensdo X ¢ TensdaoZ

Figure05:Thermal stresses result comparison for different cases.

With this analysis, it can be affirmed that the analytical method and the MEF,
applied through the ANSYS, can be used in the resolution of thermomechanical
problems in engineering, and can later apply this methodology to more complex
situations. Other similar analyzes can be observed in (COELHO et. all, 2016).
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41 CONCLUSIONS

With the presented results, it is possible to affirm that the thermal and
thermomechanical analyzes can be done by means of different methods, like the
analytical method, FDM and FEM. The comparisons between the simulations
performed with the exposed alternatives were coincident, showing a good treatment
of the data and a correct manipulation of the computational tools. It is also noted that
the initial conditions and boundary properly applied are essential in order to reach
the expected results. Although the cases presented are simple, they are essential if
advances are to be achieved, as they are part of a needed preliminary study phase
of validation that aims to arrive at solutions, with confidence in numerical simulations,
of more complex problems.
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