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APRESENTACAO

A coletanea “Investigacdo, Construcéo e Difusdo do Conhecimento em Mateméatica”
€ uma obra composta por 27 artigos que tem como foco principal a difusdo de
conhecimentos na dimensdo matematica perante a uma diversidade de trabalhos. O
livro apresenta producdes cientificas do ambito nacional e internacional em formato de
relatos de casos, estudos bibliograficos e experimentais com teméaticas relevantes para a
comunidade cientifica, para professores em exercicio e aos que estao aperfeicoando seus
conhecimentos acerca do que esta sendo pesquisado, debatido e proposto no ensino da
educacao basica, bem como no ensino superior.

A relevancia da matematica nos diferentes niveis educacionais é imensuravel. Em
todo canto e em toda situacdo a matematica esta presente. Perante esse contexto, esta
obra fomenta as pesquisas na area da educacédo matematica, dissemina os conhecimentos
cientificos a partir das diferentes visdes tedricas e estudos contemplados pela referida
area, a saber: etnomatematica, tecnologias, recursos didaticos, formacéao de professores e
modelagem mateméatica. Também se insere nessa dimensao da difusdo do conhecimento,
as propostas interdisciplinares e conteudista para a educag¢do basica e ensino superior,
que visa primordialmente a aprendizagem com qualidade e de acordo com as exigéncias
da sociedade contemporanea, isto €, um ensino proximo ao contexto do aluno.

Debrucar nessa coletanea permite ao leitor se aventurar por diferentes conhecimentos
cientificos. Ampliara seus conhecimentos teéricos, bem como, enriquecera sua pratica
docente a partir dos relatos com materiais concretos, tecnolégicos e problemas
contextualizados. Todavia, desejo que esta obra contribua significativamente n&o apenas
para o enriquecimento teodrico e pratico, mas como meio motivador para novas investigacdes
e consequentemente para a difusdo do conhecimento cientifico matematico.

José Elyton Batista dos Santos
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ABSTRACT:
general functional-integral equation:

In this work we consider the

1
u(x) =f (xf Kk(x, y)g(y.u(y))dy) +h(x), x€[01]
0

We use Chebyshev Tau method to determine
the approximations of the solutions and provide
a convergence analysis in the space of square-
integrable function. We added some numerical
experiments to illustrate the results of this work.
KEYWORDS: Fredholm
equation, Chebyshev Tau method.

functional-integral

UMA APROXIMACAO NUMERICA PARA
SOLUCOES DE EQUAGCOES INTEGRAL-
FUNCIONAIS DE FREDHOLM PELO
METODO DE TAU CHEBYSHEV

RESUMO:
equacéo integral-funcional geral:

Neste trabalho consideramos a

1
u(x) =f (xf K(x, y)g(y.u(y))dy) +h(x), x€[01]
0

Usamos o método de Tau Chebychev para
determinar as aproximacbes das solucbes e
fornecemos uma analise de convergéncia no
espaco das fungdes quadrado integraveis.
Adicionamos alguns exemplos numéricos para
ilustrar os resultados deste trabalho.

PALAVRAS-CHAVE:

Equacéao integral-
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funcional de Fredholm, Método de Tau Chebyshev.

11 INTRODUCTION

Functional-integral equations of several type have been studied in a vast literature
(Browder, 1971, Sheng et al., 2016, Rocha et al., 2018) and references therein. Motivated
by these works, we consider the following nonlinear functional-integral

u(x) = f(x, f, K(x, y)g(y,u(y))dy) +h(x), x€[01] (1.1)

Equations of this type arise very often in many applications in engineering, economics
and mathematical physics (Banas; Knap, 1989, Emmanuele, 1991), justifying the
importance of your study.

The main purpose is to implement the Tau method for nonlinear functional-integral
equation and produce an error analysis which theoretically justifies an exponential-
like rate of convergence. The numerical discretization is done with the Chebyshev Tau
method (Ansari and Mokhtary, 2019), resulting in a system of nonlinear equations that
are subsequently solved by using a Picard iterative method (Rocha et al., 2018). In this
step we show that the approximate solution converges, under particular conditions, to an
exact solution in space of square-integrable function, and finally analyze the rate of its
convergence.

In the following section, we present preliminary concepts and highlight that, under
certain conditions, eq. (1.1) has a unique solution in L2 ([0,1]) space, which can be obtained

as the limit of successive approximations.

2 | PRELIMINARIES

Let h:[0,1] = R be a Lebesgue measurable function. We say that h is square
integrable in [0,1] or that k belongs to L? ([0,1]) space if

J, 1h(x)[?dx < oo.

Moreover, if h € L*([0,1]), we define

1/2

1
1Al = f|h(x)|2dx
0

In what follows, we assume that h: R — R is square integrable in [0.1] and the
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function f:[0,1] x R —» R in (1.1) satisfies the Caratheodory conditions, that is,
i f(x,y)is continuous in x for each fixed y;
i, f(x,y)is measurable in x for each fixed y;

Iii. .There is a non-negative Lebesgue-integrable function m:[0,1] = R such that

|f ()| < m(x), forall (x,y) € [0,1] X R.

Theorem 2.1. Assume that the following conditions are satisfied:

(A1) There are a non-negative function h; € L?([0,1]) and a non-negative constant
b, such that

|/ Co, ¥)| < hy(x) + bylyl,
for almost every x € [0,1],y € R.

(A2) The kernel k (x,.) is measurable, belongs to the space for all L2 ([0,1]), x € [0,1],
and

1/2
(follx(x,y)|2dy) < M,(x), foranyx € [0,1],

where M, is a non-negative function in L*([0,1]).

(A3) The function g:[0,1] X R = R satisfies Caratheodory conditions and
19(s, 2)| < by(s) + cylzl,

where b, is a non-negative function in L? ([0,1]) and C, is a non-negative constant.

(A4) The function f:[0,1] x R — R satisfies Lipschitz condition in the second variable,
i.e., there is M > 0 such that

If(x, 1) = f(x, )l < My, —y,|, foranyx €[0,1] and y; y, € R.

(A5) The function g:[0,1] X R = R satisfies Lipschitz condition in the second variable,
i.e., there is L > 0 such that

lg(s,z,) — g(s,z,)| < Llzy, — z,], forany s € [0,1] and z; z, € R.

Under such hypotheses, the successive approximation

uy(x) =0,

Upi (X)) = (x,] k(x, y)g(y,,un(y))dy) + h(x), n=0,123,..
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converges almost everywhere to the exact solution of (1.1) provided

1
f C*|M;(x)|*dx :==T?* <1, where(C = ML. (2.1)
0

Therefore, eq. (1.1) has a unique solution in Lz([O,l]), which can be obtained as the
limit of successive approximations.
Proof. The ideas to prove this result follow from (Afonso et al., 2019). Basically, we

consider the operator

(A = f (% f) kG ) g(y,u@))dy) + h(o),  x€[01],

and we show that it is a map from L?([0,1]) into L2([0,1]).

By virtue of condition (2.1), A: L*([0,1]) — L?([0,1]) is a contractive map. We apply
Banach’s fixed point theorem and obtain a unique solution to the abstract equation Au = u.
Consequently, it is possible to guarantee the unique solvability of (1.1), where the method

of successive approximation converges for starting point ©y = 0.

3 | NUMERICAL METHOD

Let us suppose that

co
uG) = 37 (), (3.1)
and uy (x) represents the Tau approximation, i.e.,

u(x) =~ uy(x) = Zleajqu(x) = uy®(x), (3.2)

where

uy = (a,ay, ..., ay, 0,...)7 and ®(x) = (¢p;(x), p,(x), ..., p5(x),0,..)7T

are shifted Chebyshev polynomials of degree defined on interval [0,1].
Assume also that

h(x) = 37 hich;(x) = hE®(), (3.3)

with hy = (hy, hy,...,hy,0,...)7.
Substituting relations (3.2) and (3.3) in (1.1), we get

ul () = ko) + f (x, [} kx, gy, uf@())dy).  (34)
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Let X = (x1;x2; ey XN)T be the Chebyshev nodes and the vector that contains
values of the integral (3.4) at the same nodes. Following (Driscoll, 2010), the integral into
(3.4) can be approximated in matrix form

K(xy,x0) k(X x5) o k(X xy) wy
v=|| Kx) Klax) o wa ) Y2 |g(rubew), (3.5)
k(e x1) Ky, x2) o Kk(xy, xy) Wn
where

g(x,uy@(x)) = (g(xl, uy®(x,)), g(x,, u%d)(xz)), Y g(xN: u%‘p(xw)))T

and the set {w} for fixed i are quadrature weights relative to integration interval [0,1],
with the integration nodes {x}. For more details on the numerical implementation of this
integral see (Trif; lonescu, 2011).

Note that expression (3.5) can be written as

V =KWg(x, uy@(x)). (3.6)

Using collocation about N Chebyshev nodes and substituting relation (3.6) into (3.4),
we obtain

uy®(x) = hie(Xx) + f (X, KWg(x, uﬁ(b(x))).

Due to the nonlinearity of this expression, we resort to an iterative procedure. In
this case we choose the Picard iterative method that consists of determining a sequence
(uf*1) in which the following relation of recurrence holds

ul Vo (x) = Ko (x) + f(x KWQ( (ul® d)(x))), k= 0.

The procedure is terminated provided that one of the following criteria is satisfied

(k) _

k > Koy or e = |JulP- uF )| < tol,.

Once we get the solution vector u(k)

we have to relate it to the basis functions
{Qb;}] | as follows
N
(k}CD(x) a}k)qb i(x) = ug() (x).

j=1
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(k)

Finally, we obtain a solution u,,* that must satisfies

1
u,(\,k)(x) =h(x)+f (x,fo k(x,v)g (y, uf\,k)(y)) dy) + h(x),Vx € [0,1].

4| CONVERGENCE ANALYSIS

We provide a convergence analysis of the proposed method for the numerical solution
of (1.1) In our subsequent analysis, some definitions and results are needed.
Firstly, we introduce the orthogonal projection

My : L?([a,b]) = Py

which is a mapping that, for any v € L?([0,1]), satisfies

(v—IHyv,¢) =0, V¢ € Py,

where P is the space of all algebraic polynomials of degree up to N. Concerning
the truncation error of a Chebyshev interpolation, the following estimates holds (Atkinson;
Han, 2009)

™My

axmll,

lv=1yvll; < NT"* vl [vlm =

(4.1)

form > 0.
The next result is devoted to provide a convergence analysis for the numerical scheme
showing that the rate of convergence is exponential. Consider integral operator

1

(K (x) = f k(x%,9)9 (v, u())dy

and Nemytskii operator

(FW(x) = f(x,ulx)).

Theorem 4.1. Let u_ be the Tau approximation ey(x) = u(x) — uy(x) of the exact
solution of the Fredholm nonlinear functional-integral equations and consider the error
function en(x) = u(x) — uy(x) and the operator

1

(FKuy)(x) = f (x, f k(x,)9(y, uw(y))dJJ)-
0

If the functions k, fand g are sufficiently smooth and satisfy assumptions (A2), (A4)
and (A5), respectively, moreover condition is satisfied, then we have
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llexllz < D(N_kl|h|k1 + N_kzl(FKuN)(x)lkz + N_k3|K|k3||uN||z),

where k; = 0,i = 1,2,3, given that is sufficiently large and D is a constant independent
of N.

Proof. The ideas of this proof come from (Ansari; Mokhtary, 2019). Let

ey(x) = h(x) —Tyh(x)
+f (% Jy k(0 )g(y.uG))dy) = Iy f (2[5 (%, v)g(y,u())dy)
= (FKu)(x) — (FKuy)(x) + Jo +J1 + )2

and consider the difference
Jo = h(x) — IIyh(x),
with
Ji = £ (% fy k(x99 (vun3))dy) = T f (x, J; k(x99 un(3))dy),
and

Jo =Ty (f (x, Jy xCx g (v, un())dy) = £ (x, fy Tyre(x, )9 (, uN(y))dy))-

Since fand g are Lipschitz in the second variable, from conditions (A4) and (A5), we

have
lex(x)| < [(FKu)(x) — (FKuy) ()| + [Jol + V1] + 12|

1
< ML f k(x,y)exdy| + Jol + /1] + /2]
0

1 1/2 , 4 1/2
sm([ |x(x,y>|2dy) (f |eN(y)|2dy) ol + Ul + |
0 0

1 1/2
< MLM,(x) (f lex (V)2 d}’) + 1ol + 2l + 121,
0

where the last inequality was obtained using condition (A2).
Applying the L2 norm for both members of the above inequality we have

||9N||2 < 1_‘”t‘«’f\f”:z + ”]0”2 + ”]1”2 + ||]2||2;

whence we have

(1 =Dllenllz < Wollz + IJxllz + ll/21l2-
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By (2.1), I' <1, thus we obtain C, > 0 such that

llexll, < G4 (”]0”2 + J1llz + 112112)- (4.2)

Employing inequality (4.1), an estimate for J  is given below

Woll, < N~ 4[hly,, (4.3)

where K, > exists by virtue of smoothness of
Using again , we get

/11l < N_k2|(FKuN)(x)|k,, (4.4)

where k, > 0 exists due to smoothness of f.

Since IIy is an orthogonal projection, then ||1y||, = 1. Moreover, as f and g are
Lipschitz in the second variable and , we get

1 1
W2l <||f (xf k(x9)g(y, uN(y))dy) —f(x.f HNK(x,y)g(y.uN(y))dy)
0 0 2

1

<M f lic(x,¥) — Iy (x, W) |g(y, un(3) — g(0,0)|dy
0 2

< ML f [k (x, y) — Myre(x, V)| luy()|dy (4-5)

0

2

) 1 1 N 1 5 1/2
<C ( f ( j (k(x,y) — Myk(x, y)) dy)(f (un () dy) dx)
0 0 0

< CN7*s il lup 2,

where k, > 0 exists thanks to smoothness of k, and C = ML as in (2.1). We note that
to obtain inequality (+) it was used Hélder’s inequality (Folland, 1999).
Combining (4.3), (4.4) and (4.5) in (4,2) we have

leyll; < Ci(N~lhly, + N7 |(FKuy) (O, + CN e[kl lluyll;).  (46)

Let C, > max{1,C} be a constant such that

N~ 1|h], < C;N7*1|h]y,, “4.7)
N=%2|(FKuy) ()|, < C;N7*2|(FKuy) ()|, (4.8)
and
CN~Fs Kl llunllz < CZN_k3|K|k3”uN”2- (4.9)
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Therefore,D = C;(, taking , we conclude, by (4.6), (4.7), (4.8) and (4.9), that
lenll, < D(N~F1 A, + N7 |(FKuy) ()i, + N 75|kl llunll),

which completes the proof.

51 NUMERICAL EXAMPLES

For the numerical application, we use Picard iterative process and admit that the
convergence is achieved when the stopping criterion has tolerance tol = le — 12 in L?
in norm and tol = 1e — 12 in L? norm and k., = 1000.The error was computed using the
following relative measures

(k)
[ =y

err = ) 5.1
Tl (>-1)

Here we employ the Chebyshev series and in the computation MATLAB package

Chebpack available at the Mathworks website:

https://www.mathworks.com/matlabcentral/fileexchange/32227-chebpack as a stand-
alone algorithm for solving nonlinear systems and investigating the performance of the
numerical solution.

Example 1. Consider the nonlinear functional-integral equation with exact solution
u(x) = sin(x) Take

k(x,y) =sin(x +y), f(x,y)=sin(y)

and

lyl
g(xry) - E

The function is defined by

(cos(x) — cos(1 + x) sin(1))
20

h(x) = — sin( ) + sin(x).

We point out that all of the hypotheses of Theorem 2.1 are satisfied and there exists
a unique solution for this equation. Furthermore, the hypotheses of Theorem 4.1 are also
satisfied and we can guarantee the convergence for this solution.
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Figure 1. Relative error corresponding to Example 1: (a) of the numerical solution in relation to number
of integration points N putting the iterations n = 2,10, 20 using semi-log scale; (b) of the numerical
solution on iterations number from to 0 using log-log scale.

Figure 1(a) establishes the minimum number of integration points in terms of error
on L? norm. We noticed that 10 integration points are enough to have convergence as the
number of iterations increases. It suggests us to conclude that few integration points are
sufficient to preserve the convergence of the method when the hypotheses of Theorem 4.1
are satisfied.

Figure 1(b) depicts the exponential decay of the relative error considering a variation
in the iterations number n, from 1 to 40. Recalling Fig. 1(a), note that for n > 10 this decay
becomes almost imperceptible.

Example 2. Let us consider the nonlinear functional-integral equation:

u(x) = x? — sin (511:78)() — sin (f k(x, y)u(y) d'y),
0

with kernel
1+4x—y 0<y<1/2,
k(x,y) ={

1 1 <1
— ;<y_ .

Here the exact solution in is given by

u(x) = x2,
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Figure 2. Relative error corresponding to Example 2: (a) of the numerical solution in relation to number
of integration points N putting the iterations n = 2,10, 20 using semi-log scale; (b) of the numerical

solution on iterations number n, from 1 to 40 using log-log scale.

In this example we can see that the kernel is discontinuous, contrary to the hypotheses
of Theorem 4.1. Consequently, disagreeing with the previous experiment, Fig. 2(a) shows
that the increase in the number of integration points does not contribute satisfactorily
to the convergence of the method. This is confirmed by Fig. 2(b), whose exponential

convergence is violated.

CONCLUSION

This paper proposes a numerical method for Fredholm functional-integral equations
based on Chebyshev basis functions considering the Tau method. The hypotheses of
Theorem 2.1 are sufficient for conclude that the functional-integral equation (1.1) has
a unique solution in L*([0,1]) space. Moreover, Example 1 shows that assumptions from
Theorem 4.1 were satisfactory to ensure the convergence of the Tau method for a moderate
number of iterations. On the other hand, through Example 2 we can infer that piecewise
continuous kernel causes damage to exponential convergence, restricting the results to a
sufficiently regular kernel.
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