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APRESENTAÇÃO

Atualmente, notamos grande necessidade do desenvolvimento das ciências, 
bem como o aprimoramento dos conhecimentos já adquiridos pela sociedade. Sabe-
se também que as ciências tecnológicas, exatas e da terra cumprem um papel 
importantíssimo na construção de saberes ligados a humanidade. Tais saberes só 
se tornam possíveis por meio de autores responsáveis por desenvolver pesquisas 
científicas nas mais diversas áreas do conhecimento. 

Permeados de tecnologia este e-book contempla estudos na área da ciência 
tecnológicas, exatas e da terra, mostrando a aplicabilidade destas ciências em 
variados temas cotidianos. Temas ligados a Medicina, saúde, agricultura e ensino, 
são abordados nos capítulos desta obra, entre outros temas relacionados à produção 
científico-metodológica nas ciências.

Para o leitor, esta obra intitulada “Ciências tecnológicas, exatas e da terra e 
seu alto grau de aplicabilidade” tem muito a contribuir com estas áreas, já que cada 
capítulo aponta para o desenvolvimento, e aprimoramento de pesquisas científicas 
envolvendo temas diversos, mostrando-se não somente uma base teórica, mas 
também a aplicação prática de vários estudos.

Boa leitura!

Felipe Antonio Machado Fagundes Gonçalves 
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ESTABILIZAÇÃO DE UMA EQUAÇÃO  COM OPERADOR  
Δ2P COM TERMO NÃO LINEAR

CAPÍTULO 28
doi

Ricardo Eleodoro Fuentes Apolaya

RESUMO: Nosso objetivo principal é estudar o 
problema de controlabilidade exata do sistema 
seguinte

onde

Palavras chaves: Equação de placas não linear, 
solução ultrafraca, controlabilidade exata, ponto 
fi x.

STABILIZATION FOR AN EQUATION WITH 
OPERATOR  Δ p2  WITH NON LINEAR TERM

ABSTRACT: Our main ojjective is to study the 
exact controllability of 

Where

KEYWORDS: Nonlinear plate equation, 
ultraweak solution, exact controllability, fi x 
point.

1 |  INTRODUCTION

Let Ω be a bounded domain of R n with 
regular boundary of type C p4 , where 

p ≥ 1so that the origin of n

R .
Let us consider  K: [0, +∞[ 2nR®

The function such that for each t associate 
na orthogonal matrix

K(t) : n

R ®
n

R

We suppose K(t) twice continuously 
diferentiable for each t.
Defi ne the subsets of n

R , as follows

Ω t = {x Є n

R , x = K(t) y, y Є Ω }
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With boundary denoted by Γ t .
We denote by 

�

Q  the noncylindrical domain a set of R 1+n  defi ned by
�

Q  = U
Tt<<0

Ω t x { t } with lateral boundary Σ
t
= U

Tt<<0

Γ t  x { t }

2 |  NON LINEAR PROBLEM

Consider the non homogeneous problem

(2.1)              

Our objective is to solve the problem of exact controllability at the boundary of 
problem, that is, given T 0  > 0 for each pair of initial data {u 0 , u 1 } of problem
before in a convenient space on Ω 0  we will a function v in a certain space 
of controls on  

�

� so that the corresponding solution u of problem satisfi es the 
fi nal condition

u(x, T 0 ) = u´(x, T 0 ) = 0,  in Ω
0T

Therefore, to solve the problem of exact controllability of the problem (*) will, 
through the transformation, solve the problem of exact controllability of 
problema  (2.1). We will initially approach the study of exact controllability
on the boundary of the problem

(2.2)                                        

2.1 Equivalent Problem

Let the cylindrical problem follows:
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(2.3)                  

Lw = w’’ + Δ p2 w + �
= �
�n

j ix1,1
( a ij (y, t) 

jx
w

�
� ) + �

=

n

i 1
 b i (y, t) 

xi
w
�
� '  + �

=

n

i 1
 d i (y, t) 

xi
w

�
�

Let L* be the formal adjoint operator of L, defi ned by

L*z = z’’ + Δ p2 z + �
= �
�n

j ix1,1
( a ij (y, t) 

jx
z

�
� ) + �

=

n

i 1
 b i (y, t) 

xi
z

�
� '  + c(y, t) z’ +

�
=

n

i 1
 d i (y, t) 

xi
z

�
�  + f(y, t) z

We consider the operator

Rz = z’’ + Δ p2 z + �
= �
�n

j ix1,1
( a ij (y, t) 

jx
z

�
� ) + �

=

n

i 1
 b i (y, t) 

xi
z

�
� '  + c(y, t) z’ +

�
=

n

i 1
 d i (y, t) 

xi
z

�
�  + f(y, t) z

where the operator coeffi cients verify

 a ij Є C 1 ( Q ) such that a ij = a ji  and a ij Є L � (Q),  i,j = 1, 2,..., n..
 b i , c, d i f Є W �,1 (0,T, L � (Ω)), 

i

i

y
b
�
� Є L � (Q).

we want to determine a solution to the following problem

(2.3)                        

Theorem 2.1 (Strong Solution) If { z 0 , z 1 , h } Є H p2
0 (Ω) ∩ H p4 (Ω) ∩ L 4 (Ω) x 

H p2
0 (Ω) x W 1,1 (0,T, L 2 (Ω))  then exist a unique strong solution z = z(y, t) of the 

non linear problem in the class

z Є C([0,T], H p2
0 (Ω) ∩ H p4 (Ω) ∩ L 4 (Ω)) ∩ C 1 ([0,T], H p2

0 (Ω))

and satisfi es

Rz + z 3  = h  a. e. in Q
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Proof: Galerkim method and two estimates are used.

Theorem 2.2 (Weak Solution)1 If { z 0 , z 1 , h } Є H p2
0 (Ω) ∩ L 4 (Ω) x L 2 (Ω) x 

L 1 (0,T, L 2 (Ω))  then exist a unique weak solution z = z(y, t) of the non linear 

problem 

1.- The weak solution check the following equality

2.- Exist a unique weak solution z = z(y; t) such that

z Є C([0,T], H p2
0 (Ω)  ∩ L 4 (Ω)) ∩ C 1 ([0,T], L 2 (Ω))

3.- The linear application:

{z 0 , z 1 , h }   →  z

is continuous in their topologies.

4.- The weak solution satisfi es

E(t) = E(0) - dssz
y
sza

y
t

j
ij

i

))('],)([(
0� �

�
�
�

 + dsszsz
y
bt

i

i ))('),('(
2
1

0� �
�

- �
t

dsszsPz
0

))('),((  +

Where Pz = c(y, t) z’(t) + d i (y, t) 
iy

z
�
�  + f(y, t)z

And  E(t) = )|)(||)('(|
2
1 22 tztz p�+  + 

4
1 |z(t)| 4

Remark 2.1. For the results of existence, uniqueness and regularity the method 

of galerkim is used.

3 |  LINEAR PROBLEM

We want to determine a solution to the following problem
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(3.1                    )

Theorem 3.1 (Strong Solution) ) If { z 0 , z 1 , h } Є H p2
0 (Ω) ∩ H p4 (Ω)  x H p2

0 (Ω) x 

W 1,1 (0,T, L 2 (Ω))  then exist a unique strong solution z = z(y, t) of the 

 linear problem  in the class

z Є C([0,T], H p2
0 (Ω) ∩ H p4 (Ω) ) ∩ C 1 ([0,T], H p2

0 (Ω))

and satisfi es

Rz  = h  a. e. in Q

Proof: Galerkim method and two estimates are used.

Theorem 3.2 (Weak Solution) If { z 0 , z 1 , h } Є H p2
0 (Ω) x L 2 (Ω) x L 1 (0,T, L 2 (Ω))  

then exist a unique weak solution z = z(y, t) of the linear problem 

1.- The weak solution check the following equality

for all v Є H p2
0 (Ω), j ЄD(Ω).

2.- Exist a unique weak solution z = z(y; t) such that
z Є C([0,T], H p2

0 (Ω) ) ∩ C 1 ([0,T], L 2 (Ω))

3.- The linear application:

{z 0 , z 1 , h }  →  z

is continuous in their topologies.

4.- The weak solution satisfi es
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And  E(t) = )|)(||)('(|
2
1 22 tztz p�+

Theorem 3.3 (Direct Inequality). If z = z(y, t) is the weak solution of (3.1) and 

h = 0, then

If  x 0 Є R n , we denoted by

m(x) = x - x 0  = (x l  - x 0
l ) = ( m l ),  l = 1, 2,..., n,   R(x 0 ) = Max ‖ m(x) ‖, x Є�

and

Γ(x 0 ) = { x ЄΓ, m(x). 0)( �xn }

where  n (x) unit normal vector to Γ, directed towards the exterior of Ω.

We shall sets

Γ*( x 0 ) = Γ - Γ(x 0 ),  Σ(x 0 ) = (0, T) x Γ(x 0 ),   Σ* (x 0 ) = Σ - Σ(x 0 )

Theorem 3.4 (Inverse Inequality). If z = z(y, t) is the weak solution of (3,1) with 

h = 0, exist T 0 > 0 such that

�� ����
)( 0

2

0

)0()(||
x

p ETTCdz

Now we are interested in studying the solutions of the inhomogeneous problem 
in the frontier of the type

(3.2)          
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Theorem 3.5 (Ultraweak Solution) If { z 0 , z 1 , g } Є L 2 (Ω) x H p2� (Ω) x  L 2 (Σ)  

then exist a unique ultraweak solution z = z(y, t) of the linear problem  such that

z Є C([0, T,  L 2 (Ω))  ∩ C 1 ([0,T], H p2� (Ω)) 

Moreover

|| z|| ))(,,0( 2 �LTC  + || z’ || ))(],,0([ 2 �� pHTC  ≤ C {|| z 0 || )(L2 �
 + || z 1 || )(2 �� pH  + || g || )(2 �L }

Theorem 3.6 (Regularity) If { z 0 , z 1 , g } Є H p2
0 (Ω) x L 2 (Ω) x  H 2

0 (0, T, L 2 (Γ)) ,

then there is a single weak solution w such that 

z Є C([0, T],  H p2 (Ω))  ∩ C 1 ([0,T], L 2 (Ω))

which is also an ultraweak solution.

4 |  METHOD THE FIX POINT

Let v is weak solution of

(4.1)                     

Let w ultraweak solution of

(4.2)                     

We observe that y = v + w is solution of the
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(4.3)            

Checking the stability condition  y(T) = y’(T) = 0 in Ω.
Denote by
W = { w Є C([0, T], H p2 (Ω)), w’ Є C([0, T], L 2 (Ω)), w = 0, on Γ*( x 0 ) }
With norm

|| w ||W = { || w || 2
))(,,0( 2 �pHTC  + || w’ || 2

))(],,0([ 2 �LTC } 2/1

We have defi ne the application in WB �e  such that

eee BB ®� :

wv +=� )(fe

Is a contraction.
We observe, in (4.1) result thatWe observe, in (4.1) result that

We chose the appropriate e  so that  e�  is contraction
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