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Abstract:The article addresses the impor-
tance of linking the content of Numerical
Methods courses with practical applica-
tions in Railway Engineering. It proposes a
more realistic and contextualized approach
that can motivate students and introdu-
ce them to topics such as the design and
analysis of forces in railway bridges or ca-
tenary elements, using systems of linear
equations, matrices, and polynomial ex-
trapolation. It highlights that Numerical
Methods courses in most higher education
institutions are usually unique throughout
the degree program and often lack practical
examples, which demotivates students and
hinders their learning. This contributes to
high failure and dropout rates, especially in
the early years of higher education, as ob-
served in engineering degree programs at
the National Technological Institute of Me-
xico, Cancin campus. The text emphasizes
that basic skills and mathematical tools at
intermediate levels of study are essential for
addressing real problems in railway engine-
ering. Providing practical examples, such
as calculating forces in lattice structures or
Warren bridges, helps students apply nu-
merical methods using the knowledge they
have acquired up to that point. In addition,
application programs are mentioned, whi-
ch are also useful for advanced applications
when related subjects are taken in later se-
mesters. In conclusion, the document ad-
vocates an approach that links numerical
methods with real-world applications in
the field, seeking to improve learning and
reduce dropout and failure rates.

Keywords: Engineering; Railway; me-
thods; numerical; TecNM.
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INTRODUCTION

Professors who teach the Numerical
Methods course in the Railway Enginee-
ring specialization are concerned because
real-world applications are not usually in-
corporated to solve problems, or they are
presented in a theoretical or very abstract
way, which has no meaning or real-world
applications for engineering students. Fur-
thermore, most universities only offer one
course on Numerical Methods throughout
the entire degree program. Therefore, it is
recommended that the time allocated to
the course be used to the maximum to un-
derstand and give real meaning to the appli-
cation of the proposed methods. According
to the study by Arroyo E, Cano ]., Arroyo,
M. (2020) at the National Technological
Institute of Mexico (TecNM)/Cancun Te-
chnological Institute (ITC), high failure
rates in engineering degrees occur at the
beginning of higher education studies. This
is because new students often fail in basic
skills such as those necessary for optimal
academic development, and they do not
find a real application for the content in the
academic programs. Although they have
excellent results in the CENEVAL 2022
exam, when they join TecNM.

Although there are various applica-
tions and proposals in railways, such as
presented by Amrapali, S. & Nandkishor,
S. (2022), which provide solutions for bri-
dge construction, or Deepak, S. & Patel,
R. (2022) obtain results with the help of
finite elements or deformations in catena-
ries and support posts, tools are required
that students at this academic level of the
degree program do not yet have. In addi-
tion, the use of application programs such
as ANSYS, or SAP2000, , among others,
is required. These programs require a fou-
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ndation in subjects that are covered in the
final semesters of the degree program in
question. Therefore, it is important to pro-
vide students with problems that they can
solve with the mathematical tools they have

acquired halfway through their studies.

MATERIALS
To improve the high dropout and

failure rates, activities have been implemen-
ted to connect them with real problems in
railway engineering in the classroom. Below
are some examples from the course.

Example 1: Consider a lattice structu-
re or a Warren-type railway bridge (Griggs
Jr. E 2015) or lattice (Azizi, M., et al. 2022),
where you want to calculate the stresses at
different points in the set of elements. The
lp(z)’ and¥ 5 are divided into
. Ly and¥ where
it can be three-dimensional and its distribu-

'Y
forces o,

three components,

tion is shown in Figure 1.

[

|

I

Figure 1. Lattice structure applied to a Warren-

-type bridge with simple support for calculating
the resistance of its supports.

The problem consists of solving the
system of linear equations of “m.”lines and

«K._»

n” unknowns as follows:

Frax + Vioy + Fzzt + Fm =
Foax + Py + Pzt + Fm =
F31X + P32y + Faaz+ + Fym = ¥
S
g[m,lx + le,zy + 5Um,By +- + m,nTn = 5Um

In n x m (square) matrix notation, it
can be written as follows:
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Wi L 2P ¥ .. Y x ¥,
Wo1 War Wz ... Wou y w,
Wiy W3, W3 WY, z |=| ¥
Wor Yoz Was W m v

Or it can also be expressed as:

Wy =y (equation 1)

Where W represents the coefficient
matrix for the system, the vector to be
n]’, and @
.‘I’a]Tcorresponds to the other

solved is called x= [x, y, z, ...
SV,
matrix of non-dependent terms. There are
several different solution methods, as in
(Chapra & Canale, 2015), (Mahesh et al.
2021) & (Reina-Pérez, F. 2022), using the
methods of: Gaussian elimination, Gaus-
sian pivoting, Gauss-Jordan, Gauss-Seidel,
or the Jacobi procedure.

The Warren bridge example will be
solved using the Gauss-Seidel method, star-
ting from the equation x = to obtain the
solution.

Yx-y =0 (equation 2)

To facilitate the solution, a vector
equation corresponding to f(x) = 0 is consi-
dered, and the matrix F is to be found with
the vector C, as follows:

x=¥x+c (equation 3)

To arrive at the solution, take a matrix
with a value for the first approximation cal-
led x, which will also be the initial appro-
ximation of the vector called x. Then calcu-

NUMERICAL METHODS FOR ANALYSING PROBLEMS IN RAILWAY ENGINEERING

)
i)

5}
z
<




late the following approximations from the
Mto  (n) | .
valuex = x in the equationx =¥ x + ¢, as

shown below:
x®&D=Wxk +¢ , wherek=0,1,2, ....n

T
(k) — ko ko k k
Thus:x® = [x *x*xk ..x F]

Cycles or iterations starting from 0 to

value n are represented as: X(O), x(l), X(Z),
(n) .

x , when properly set up, will tend toward
a convergence of the solution vector x, so
that the value x ™ , 1<a <n (the compo-
nents of the vector x(™) should approxima-
tex,, where 1<a <n and should correspond
to: x), so the absolute values:| Xam - X, |,
1<a <n must be less than a previously given
value, which generally tends to be small and
should give meaning to the characteristics
of the problem and thus also to the result.
Likewise, the values of the iteration vectors
are preserved as:

i m — < < .
Jim xg™ =X Ase=n (equation 4)

For the example in question, the algo-
rithm and numerical value of convergencee
are determined; proposed for the systemY x
=y , the simplest way is to clear the values
from x1 in the first equation, x2 in the se-
cond, and so on until the last value is rea-
ched. The results obtained for the main dia-
gonal must be different from “0,” and the
solution is reached more quickly when the
quantities are approximately equal to |1].

The set or system of linear equations is
represented as follows:
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Prax+Pray+FPisw + Praz= y
Por1x+ Poy+ Posw + Phuz= y,
Va1 x+ Papy+ Wasw + Fa,z= y,
Furx+ ¥,y + Faw + + ¥ z=y,

The following are proposed:

L0 = ¥ 0 - %
i Yo
W,

w0="2 ="
33 ¥aa

To check the proposed value ofe , it must
be substituted into the original system of
equations as shown below:

Fi1 x® + P2 v+ ¥is w® + P14 20 = V’1(o)
972'1 x (@) + 50'2,2 y(o) + 9/2,3 w(® + 972'4 z(0) = WZ(D)
¥, x©@ 4 ¥, y(ﬂ) + ¥4 w@® 4 7, 7(0) = %(0)
¥, x(©@ ¥a y(O) + W3 w® 4 ¥y 7(0) = %(0)

Thus, the values

4 10): Vi~ 'f"'l(o)
4 L"S}): v, — v,
4 '7";0): V3 ~ ,;,3(0)
A WE,O): Vo — W4(0)

The results obtained are compared
againste , yes the values: Ay®@ | AILIJ(U)
AP A @Y and A Y are less than or
equalto€ and theprocedureisinterrupted.

To calculate the second element of the
matrix called x((l))’x(o)is substituted-In
this particular case, we obtain:
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Y@ = i_& (o) _ &W(o) _ &Z(o) _
!F/l,l Elp1,1 l‘Frl,l gfl,l

yo— Y2 Por y_ FPoa o Fos o) _
5E’Z.Z 55{2.2 %,2 ?2.2

w@ = &_&x(l) — Ey(l) — &2(0) —
3,3 EUQB %,3 3,32

L Ve Faa gy Ey(l) _ Haa oy
Foa Paa Fia Faa

v, — 501,23’(0) - 501,3“’(0) - 501,42(0)

Y22

v, — o x® — Py — 9,20
P23

v, — Sr/4,13‘(1) - 974,2.’)’(1) - S1/2,3'*“’(1)
Faa

To verify the maximum error value ofe,
the values obtained are replaced in the original
equation and presented as follows:

PLax P+ PoyWr Paw® + 9,20 =y @
Poax W+ W, y®W+ Paw® + o, 20 = v, @
Poix W+ Py W Poaw® + ¥, 20 = Vs @
Fapx D4 Wy W Faw® 4 @20 =y @

Thus, the values

4 Wﬁl): Vi~ 'f'fl(l)
4 W;lj: Vo~ ‘f'fz(l)
4 WS): Y3 — %{1)
4 'Vilj: v, — v,

The aim is that: Ay@ Ay @Ay ©
> A,V AY O2Ap O,Ap ©O2Ap .

Once again, the maximum error
values are comparede , yes:Ay™ <e , A<,
e ,Ap W <e & Ay V<, . The process is
interrupted.

To calculate the next element of the
matrix or vector y? substitute x"and ob-
tain the results for: y?, w?, and 2@,

x(@ = 'llJl _1111,231(1) —1111,3“’ @) _q’mz o
Wia
J_,(2) — ‘l’z .. @Qw O w, 0

k4
22

w® = 'lP3 —Wyx @ =W,y @, 2O
k3
33

2@ = W4 W, x@W, yOw, W@

v
4.4
And the process continues.

To present the values of x, y, w, & z in
a clearer way, such as those of

Tterations Values y(n) Dy1 (1) Values y(0) [ Ayy ) | Valuesw®@ | agym) | Valuesz0) | agym)
0 x 0 Dy1 (0) v ©) Ay (0) w ©) Ay3 (0) . ) A4 (0)
1 « D Dy1 (D) y@ Ay (1) w® Ag3 (1) ey Apy (1)
2 <@ Dyl @) v Ay (2) w@ Ap3(2) o) A4 (2)
3 ME) Dyl () v Ay (3) w0 Ap3z (3) ,0) Awy (3)
4 <@ Dyl 4) @ Ayo (4) w@® Ay3 4 , @ Ayy (4

Table 1. Summary of each iteration, values, ande obtained using the Gauss-Seidel iterative method.

Gauss-Seidel iterative method.
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Ayl Ay 2,Ayp 3 &amp;Ayp 4, a ta-
ble is created that summarizes this data as
follows:

Table 1 shows the reduction ofAy
LAy 2,Ayp 3 &amp;Ay 4 in each itera-
tion; if they increase, it is due to a calcula-
tion error.

Thus, the number of iterations from
“0” to m that are necessary to complete
the method will depend on the given val-
ue of € that was defined at the beginning.
This numerical procedure has the following
advantages:

* The approximate solution can be
reached from the first rounds of
the process.

e In each iteration, it calculates and
identifies the error made.

* For systems of linear equations,
it is more efficient than direct
methods.

e It is possible to determine the re-
quired level of precision from the
outset.

* It uses less memory than other
methods
calculations.

when

scheduling

It has some disadvantages:

e The element A-lis not obtained,
nor is the determinant of A.

e It may be that when executing
the calculations to converge to
the result, it is slower because it
can oscillate or if high accuracy is

desired.

In modern railways, the poles or su-
pports of the catenary systems are essential
as they support the porticos, semi-porticos,
and other parts that supply electrical power
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to the electric motors of the train. In order
to comply with the above, certain basic cha-
racteristics must be met, such as:

The calculation to support the stresses
to which they are subjected, as they contain
the catenary, brackets, supports, etc.

Its deformation under various loads
is calculated, and its geometry must not be
altered, as this would also be reflected in
the catenary and could fall outside the li-
mits standardized by ISO 13920:2023. An

example in static form is shown below.

Example 2. A support is shown where
the railway catenaries are installed as indica-
ted in Figure 2. A horizontal force is applied,
caused by the weight of the supports and the
cables, which will generate the force named
F at the top, which deforms a distanced each
time the “convoy pantographs” pass, which
is a function of F or can be written asd 0 =

f (FO) as follows:

EE
EFEFPEP

44

Figure 2. Application of a force to the catenary
support and its deformationd .

Subsequently, each of the deforma-
tionsd is evaluated each time the force F is
increased, and the results can be summari-
zed as shown in Table 2:

A
n
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Measurements | Forces Deformations
0 E 8,
1 F, 8,
2 F, S,
3 EF, 8,
4 F, 8,
5 E, 8,

Table 2. Applied force versus deformationsd .

The force F applied is perpendicular to
the support of the beam that supports the
catenary, and it is assumed that it will main-
tain its shape when the load is applied. The
question is to find the deformationd 6 when
applying the force F6, since when exceeding
its maximum deformation §__ the element

could break.

This method uses extrapolation by
polynomial approximation to solve linear
equations. It is simple with few data points
(around 5), but becomes more complicated
with a larger number of data points.

The solution begins as follows: the
equation is expressed in general terms and
then applied to the catenary support (inclu-
ding supports and cables). The first-degree
function f(x) is proposed; it is tabulated and
expressed as follows:

p(x)=a o(x-x1)+a 1 (x-x0) (equation 5)

The arguments of the function begin
with the set of points x0, f(x0), & x1, f(x1),
and the valuesa 0, &amp; 0 1 to be found;
and to determine the coefficienta 0, it is as-
sumed that x = x0 in the previous equation,
resulting in:

p(xo) _ f(x0)

Xg — X1  Xg — Xp

ay = (equation 6)

oo ‘ DOI https://doi.org/10.22533/at.ed. 317582501103

Next, to find the value of a 1, x is
replaced by x1, and the following result is
obtained:

p(x1) . f(x1) (equation 7)
X1 — Xp X1 — Xp

o =

Substituting equations (6) and (7)

into equation 5, we arrive at the following

expression:
p9 =L () + LI sy =
) S 4 e )

To find the quadratic or parabolic
function, we have the following:

P,(x) =a (xx) (xx,) +a,(xx) (x-x)
+a,(x-x ) (x-x,)

f(x2)

(2 — X0) (2 — x1)

2:

In the example, Newton’s polynomial
approximation is used for the solution,
where:

P, (0 =f [xx, ] (x —x) + f(x,)

For this procedure it is proposed that:
flxpx ] f(x1)=f(x0)
x1 —x0

The quadratic equation is expressed as:

i~
=
o
&
3
E=
i~
=4
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P, () =p, () +f [xx,x,](x —x )
x—x)
=f (x) +f [xyx] x —x) +f

[xx %, ] (X —x) (X —x,)

The third-degree equation is:

P;(X) =p,(X) +f [x%,%,%,](x —
X ) (X =x)(x =x,)f (%)) +f [x,x,]
(x —xo)

=f [x,x,x,](x —x(o)(x —x,) +f
[ 52,0, ] (X —x(o) x—x,(x—x,)

Table 3 is constructed in order to ob-
tain and observe its tabulation for each term
in a simpler way.

The 4th order polynomial:
P, () =f (xg) +f [xpx ] (x —x,) +f

[x ] (x —x ) (x —x)

f [xy 2, %, %, J(x =%, )(x —x, )
x—x,)

+ (f X px,%,x, 1% —x(o)(x —x,(x
—x,(X —x(3)

And to find the equation of the 5th or-

der polynomial, we have:

p5(x) =f (x0) +f [x0,x1](x —x0) +f
[x0,x1,x2](x —x0)(x —x1)

+f [x, %, %, 2, J(x—x )X —x, )X —
x,)

+f [x0 XX, Xy X, J(x —X, )X —x,)
(x—x,)(x—x,)

+f X X% ,%,% ] (X —x(o) (x —x,(x

—x,(x —x;)(x —x,)

After substituting the values of FO, F1,
... F5, calculations must be performed to
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find the function f(x0), f(x1), ... f(x5), whi-
ch in this case are the results obtained in the
deformations:8 ,6 , ... 8. The results are
intended to be accurate in order to help find
the extrapolation when replacing the values
of F6, and it is assumed that by correctly
applying the method, a value lower than &
max ( maximum deformation in the struc-
ture) is reached so that there is no failure or
fracture in the catenary support.

Example 3. Bacterial growth is shown
on the exterior windows of the train, which
can obstruct the driver’s visibility. The we-
ekly increase is shown in Table 5.

Measure- Week Bacteria count
ments
0 0 31.6
1 1 100
2 3 1x107
3 4 3.1622776 x 10*

Table 5. Bacterial growth in different weeks.

The estimated bacterial count for week
5%s sought; in the case of very large values,
this can be solved using base 10 logarithms,
as shown in Table 6.

Measu- | Week | Bacterial count Log

rements 10x
0 0 31.6 1.5
1 1 100 2
2 3 1x10Y 15
3 4 3.1622776x 10® | 33.5
4 5 2

Table 6. Logarithm values for bacteria counts.

The resulting polynomials are:
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X | f(x) term 2nd term 3rd term
M| i)
B L) = fln)
/ﬁxﬂx ﬂ_ X1 —Xp \\
. X121 = flxg ;]
1 fix1) - f[x. X1 ]=_£L1J_x — 1.] e
f(xz)_f(xl)//' 0 270 _ flxi %] = flxg.% %]
Flxw 2] = flxo x1% . % ]= o—x
FE G L 1 P
x2 ﬁxz)/ }[x'x &43=ﬂ3—f_ﬁ__3]—ﬂx_l-'\—t_ 3 M
~ fl) —f) P71 X3™X fx, 22,1 — flx, 2, x0]
fIx, 2] = w\\ /f'[xl X2%,4 )= —
7 Sxx] = flxx] A
= f{xs) flxx x & \ 30Ky K5 | T 12 Ay
\f[x x]= frd=tld o S f o X uxs] = e xx]b ( i[;x e
3 x'l’( _ax \\ /
1" flx,a] = )
o fw) flxx x3= _
. 3 X5 X3
Lx) = f(x)
x5 X =
) \f [x"’xS] 1 ( x
Table 3. General formulas for polynomial approximations from the 1st to the 3rd term.
X | flx) 4th term 5th term
xl f(x])
2 | ) [I020,% 2] = FX0,%0,X0%5]
erXo Xy Xy X3 X, ] = 4t o
o ﬂ: ) f[xo-xa)‘xzaxz:xqaxs]
x3
ln%n%hfmﬁﬁmLmﬁﬁg 6y Xy X ] = Flx0 X, X0 ]
f[I T x (—dx X, —%,
= 1(xa)

Table 4. General formulas for 4th and 5th degree polynomial approximations.

It can be solved by applying

f(xq)

flx1) \
f[xvxz]:%:65 <
fi )/ flnas] =55
N Bs5-15
flxa,x5] = =3 185

65-05_
3-0

\f[xo'xl,xz] =

DOI https://doi.org/10.22533/at.ed.317582501103

2 \\ _4—2_05
f[xo.xl,xz-XB] 10 v

/

4
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p,X) =f [x,x ]x —x) + f(x) =
1.5+ 0.5x

pZ(X) =p1(X) +f [XO’xl’xZ] (X _x(o)
(x =x,)) = L5 + 0.5x +x (x —1)2
=2x*—1.5x+ 1.5

p(3) (x) :p(z) (x) +f [xorxllxz'x?)](x —x(O)
XXX —xz)f xy) +f [xo’xﬂ(X Xo=

=2x—15x+ 15 +x (x— D(x —
3)(0.5) =0.5x3+ 1.5

Evaluating the equation with the ini-
tial values gives the values

Week Bacteria y(x) =0.5x3 alog 10~
count +1.5
0 316 y(x) = 0.5(0)* 315
+15=15
1 100 y(x) = 0.5(1)*+ 100
1.5=2
3 1 x10% y(x)=05(3)° | 1x10°
+15=15
4 31622776 | y(x)=05(4)° | 3.1622776
x 10% +15=33.5 x 10%
5 02 y(x)=05(5)* 1x10%
+1.5=64

Table 7. Values before and after obtaining the
polynomials.

As can be seen, all the values match
the originals, so the equation is correct. To
obtain the value in the 52 week’ the base 10
antilg)égarithm of 64 is applied, resulting in 1
x 10 bacteria.

With this method, results or events
can be predicted by knowing the previous
values.
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RESULTS
When explaining the Gauss-Seidel

method, start as if working with a vertical
beam supported at its base and apply the
method to extrapolate using polynomial or
Lagrange approximation, and present the
post to support the catenary by applying a
horizontal force F against its deformations.

8 Railway Engineering students not
only learn the procedure, but also become
more interested in solving problems in this
area. Similar efforts were made at TecNM in
the area of Civil Engineering, as mentioned
by Arroyo E et al. (2021), with excellent re-
sults and a significant reduction in the failu-
re rate in Numerical Methods.

CONCLUSIONS

By applying exercises focused on
railway engineering, the pass rate for this
subject improved by 50% when using
examples specific to its area of application.
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